17 Using Laplace Transforms

ThisMaple V session illustrates how Laplace transforms can be used to solve linear differential equationswith
constant coefficients. Laplacetransformsare especially useful in solving equationsin which discontinuities appear.
Using built-in Maple V Libraries allows one to include the unit step or Heaviside Function as well as an infinite
impulse or Dirac Delta Function. Maple commands that may be new to you for this session include:

We first show how the laplace option for dsolve can be used to solve the d.e.
y’ + 3y —y = cos(t).
Asaways, we must first enter the equation.

> deq = diff(y(t),t$2)+3*diff(y(t),1)-y(t) = cos(t);

¥ 3
deq = (ﬁy(t)> +3 (ay(t)> —Yy(t) =cos(t)
We now use dsolve with the laplace option to solve the differential equation.

> dsolve(deq,y(t),laplace);

y(t)—isun(t) Ecos(t)Jriy(O)e‘ 3/2”smh(}«/ﬁt>«/ﬁ
+l—23D(y)(0)e<3/2‘>sinh< «/_t> V13+y(0)e'~ 3/2‘>cosh< «/_t>
+£e(’3/2”cosh }\/Et
13 2

Noticethat the output contains y(0) and D(y) (0) asconstants. If initial conditionsfor this method are specified
they must be at 0. Solving this equation without the laplace option resultsin avery different looking answer since
Maple V uses a different algorithm to solve the equation. It is difficult to verify that the solutions are the same,
and sometimes even Maple V is not able to simplify the difference of the two answersto 0. In those cases you
may conclude that both answers agree if you can verify that both answers are actually solutions, and the unique-
ness theorem appliesin this, the linear case, to prove that they are the same. As an example let us use the initial
conditions:

y0 =1y(0 =1
> init := y(0)=1,D(y)(0)=1;

init:=y(0)=1,D(y)(0)=1
The solution to the initial value problem using the laplace option yields:

> soll := dsolve({deq,init},y(t),laplace);
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3 2 5 1
= = —9§ _ (—3/2t) o h - 1 1
soll:=vy(t) 13sm(t) 13cos(t)+13e sin (Zv 3t> V13
15 1
(—3/2t) b
+ 13 cosl1(2v13t>
The solution using dsolve with no optionsis

> sol2 := dsolve({deq,init},y(t));

sol2:=y(t) =
5 15
> 22 Je(vizn) S 15
—Ecos(t)jtisin(t)jt<26«/E+26> : _2_6m+2_6
13 13 ()32 (e )3/2/e(VB31)

You might feel that these two solutions are not equal. However, the next three Maple commands demonstrate
their equality.

> exprl expand(convert(soll,exp));

1:=v(t) = 3| vy, 3 | 1 gy 11 5 /13ve(v13t)
exprl:=y( )——% e +2_6e(|t)_Ee _Ee('t)+2_6 (&)

5 V13 L5 VeV L35 1
26 ()32 /v 26 (€)¥2 26 ()32, /a(vIBD)
> expr2 := expand(convert(sol2,exp));

2:—vy(t) = 3| vy, 3 | 1 4y 1 1 5 4/13ve(v13t)
exprzi=y(t)=—sle "+ 5~ 13° ~13ai0 2% &7

5 V13 N 15 v e(v131) +15 1
26 (e)3/2/e(v13D) 26 (€)3/2 26 (€)3/2/eV13D)

> exprl-expr2;

0=0

Noticethat if you simply subtract sol2 from sol 1 without the simplification commands that you get avery com-
plicated expression that is not obviously zero.

> simplify(soll - sol2);

5 1 15 1
_ (—3/2t) o = (—3/2t) =
0= 13 smh<2«/13t) V13 + 13e coslw(2v13t>

_ Ee(_3/2t+1/2mt)«/ﬁ— %e(—3/2t+1/2mt)+ ie(—s/zt—l/zmt)m

26 26
_ 15 —sarapvmy
26

But,
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> expand(convert(soll-sol2,exp));

0=0

Thus, we concludethat in this case we that the sol utionsthat are obtained by the two different methodsareidentical.
The laplace option for dsolve is based on computing Laplace transforms. Maple has a built-in procedure for
computing Laplace transforms called laplace. To useit to solve an equation the following steps are used.

1. Take the Laplace transform of the entire equation.
2. Solvefor the Laplace transform of the dependent variable.

3. Apply the inverse Laplace transform to the resulting equation.
We now use this method to solve the above initial value problem.

1. Takethe Laplace transform the entire equation.

> Leq := laplace(deq,t,s);

Leq = (laplace(y(t),t,s)s—y(0))s—D(y)(0) + 3laplace(y(t),t,s)s—3y(0)

— laplace(y(t),t,s) = 11
2. Solvefor the Laplace transform of the dependent variable.

> LY := solve(Leq ,laplace(y(t),t,s));

—sy(0) —D(y)(0) —3y(0) —
$?4+3s—-1

S
2
LY :=— s+1

3. Apply the Inverse Laplace transform to the resulting expression.

> sol := invlaplace(LY,s,t);

sol = %sm(t) %cos(t)+ y(0)e =2V ginh (1 Jﬁt) V13

+1—23D(y)(0)e(3/2“sinh< x/_t> V13+y(0)e'~ 3/Zt)cosh< \/_t>
1+ 2 6920 o ( L Bt
13 2

Now substitute the initial conditions.

> subs({y(0)=1,D(y)(0)=1},so0l);
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3 2 5 3. (1 15 ooy (1
13 SN(1) — gz cos(t) + - e sinh 2\/1_3t J1_3»+13e cosh 2\/1_3'[

The above answer should agree with sol1. In fact

> simplify(" - rhs(soll));

0

The method of Laplace transforms is especially applicable in cases where the function on the right hand side of
the d.e. is discontinuous. Many functions with finite jump discontinuities can be expressed in terms of asimple
function known as the Heaviside function, H(t):

Ht) =0 if t<0 and HM) =1 if t>0.

Maple has a the unit step function Heaviside.
We now solvethe d.e.

y'+5y +6y=f(1), y0=0 y0=1

where
fd)=1 if 0<t<1l and f(t)=0 if t>1.

\Y

deg2 := diff(y(t),t$2) + 5*diff(y(t),t) + 6*y(t) =
Heaviside(t)-Heaviside(t-1);

2
deg2 := (%y(t)) +5 (%y(t)) + 6y(t) = Heaviside(t) — Heaviside(t — 1)

\

y2 := rhs(dsolve({deq2,y(0)=0,D(y)(0)=1},y(t),laplace));

2 1 1 1 1 1
29— _ Za(=3) 4 Za(=20) 4 = _ Heavis t—1 = T A(-3t3) T A(—2t42)
y. 3e ~|—2e +6 eaviside( ) 6—|—3e 2e

We now verify that y2 isthe solution. First the initial conditions:

\%

simplify(subs(t=0,y2));

\Y

simplify(subs(t=0,diff(y2,t)));

Now we check if y2 satisfies the differential equation.

simplify(subs(y(t)=y2,deq2));

1 — Heaviside(t — 1) = Heaviside(t) — Heaviside(t — 1)

Note, that since the Heaviside function isequal to 1 for t > 0, the above equation is true for all positivet.
We can also plot the graph of the solution:
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> plot(y2,t= 0..10);

More complicated combinations can also be solved.

> f := sum(Heaviside(t-2*n)-Heaviside(t-2*n-1),n=0..4);

f := Heaviside(t) — Heaviside(t — 1) + Heaviside(t — 2) — Heaviside(t — 3)
+ Heaviside(t — 4) — Heaviside(t — 5) + Heaviside(t — 6) — Heaviside(t — 7)
+ Heaviside(t — 8) — Heaviside(t — 9)

Before finding a solution of this equation, we give aplot of its right hand side.

> plot(f(t),t=0..10);

> deq3 := diff(y(),1$2) + 5*diff(y(),0) + 6*y() = f;

2
deg3:= (%y(t)) +5 (%y(t)) + 6y(t) = Heaviside(t) — Heaviside(t — 1)

+ Heaviside(t — 2) — Heaviside(t — 3) + Heaviside(t — 4) — Heaviside(t — 5)
+ Heaviside(t — 6) — Heaviside(t — 7) + Heaviside(t — 8) — Heaviside(t — 9)

> y3 := rhs(dsolve({deq3,y(0)=0,D(y)(0)=1},y(t),laplace));

2 1 1 1 1 1
3:=— -3 4 2 4 © — Heaviside(t — 1) ( S + - €733 — Z g2t
4 3 *3 *% Sde(t=1)15+3 2

1 1 1
r _ - T A(=3t46) - A(-2t4+4)
+ Heaviside(t — 2) ( +Z¢ e )

38
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1 1
— Heaviside(t — 3) ( + 3e< ~3t+9) _ Ze(2t+6))
1 1 1
is — T4 T a(-3tH12) | = o(—2t48)
+ Heaviside(t — 4) (6+3e 29 )
1 1 1
—H 19 _ - — a(=3t415) (—2t+10)
eaviside(t — 5) <6+3e 2e
1 1 1
isi _ L T A(-3t418) _ T o(—2t4+12)
+ Heaviside(t — 6) <6+3e Ze )
1 1 1
- isi — = T al=3t+21) (—2t+14)
Heaviside(t —7) <6+Se 2e )
+ Heaviside(t — 8) (% %e<f3t+24> 1 t 2t+16)>
1 1 1
_H _ - (—3t+27) (—2t+18)
eaviside(t —9) (6 3e 2e

The graph of this solution isinteresting.

> plot(y3,t=0..10);

We now use dsolve with the laplace option to solve equations that involve the Dirac delta function which em-
ulates an infinite impul se of O duration.

> d := sum(Dirac(t-2*n*Pi),n=0..4);

d := Dirac(t) + Dirac(t — 27 ) + Dirac(t — 47 ) + Dirac(t — 67 ) + Dirac(t — 8x)

We use the above sum of Dirac Delta Functions as the right hand side of the following
equation.

> deq := diff(y(t),t$2)+ 4*y(t) = d;

82
deq = <ﬁY(t)) +4y(t) =
Dirac(t) + Dirac(t — 27 ) + Dirac(t — 47 ) + Dirac(t — 67 ) + Dirac(t — 8m)

> init := y(0)=0,D(y)(0)=0;

init:=y(0)=0,D(y)(0)=0
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> y3 := rhs(dsolve({deq,init},y(t),laplace));

1. 1 . .

y3:=Esm(Zt)+EHeavlsde(t—Zn)sn(Zt—4n)
1 - . 1 - .

+EHeavlsde(t—4n)sm(2t—8n)+éHeawsude(t—Gn)sm(Zt—lZn)

1 .. .
+ > Heaviside(t — 87 )sin(2t — 167)

This function satisfies the differential equation since:

> simplify(subs(y(t)=y3,deq));

Dirac(t — 27 ) + Dirac(t — 4m) + Dirac(t — 67 ) + Dirac(t — 87 ) =
Dirac(t) + Dirac(t — 27 ) + Dirac(t — 47) 4+ Dirac(t — 67 ) + Dirac(t — 8x)

We now plot the last solution:

> plot(y3,t=0..10);

A
VY

Exercises 17.0 In this problem you are asked to solve the following initial value problem:

L® =y O +e’y®) =f1), yO=a Y0 =b
for various values of w, a, and b, and different functions f(t).

1. Use dsolve with the laplace option to solve:
y'() +25y(t) =sin(t), y(0) =1, y(0) =1/2

2. Plot the graph of the solution to problem 1 on the interval on the interval [0, =].

3. Usedsolve with the laplace option to solve:

y'() +25y(t) =sin(5t), y0) =1, Yy(0) =1/2

4. Plot the graph of the solution to problem 3 on the interval on the interval [0, 4x].
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5.

10.

Use Maple V and the built in Heaviside function to express the function

f)=2 if O<t<nm/2 and f(t)=1 if t>mn/2
in aclosed form.

Use dsolve with the laplace option to solve

y'®O+25y10 = ft), y0=2 y0=1

where

f)=2 if O<t<n/2 and f(t)=1 if t>n/2

Plot the graph of the solution to problem 6 on theinterval on theinterval [0, z]. Show the command you use
and paste the graph at the prompts listed below:

Use Maple and the built in Heaviside function to express the function
gty=t> if 0<t<4 and gt)=4 if t>4
in aclosed form.

Use dsolve with the laplace option to solve:

y'(t) +25y(t) = g(t), y(0)=0,y(0)=0

where

gt)y=t> if 0<t<4 and gt)=4 if t>4

Plot the graph of the solution to problem 9 on the interval on the interval [0,6].



