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15 Studying First Order Systems

In thislesson you will learn some tools for studying first order differential equations using Maple V. In particular,
we will see how to find the general and particular solutions certain first order equations. In addition we will learn
how to plot direction fields for first order scalar equations and systems of equations. Solution curves can also be
added to these plots.

15.1 Analyzing First Order Scalar Equations

For our first example consider the first order differential equation
X = X(2 - X).

> deql := diff(x(t),t) = x(@®)*(2-x(1));

deql = %x(t) =X(t) (=x(t)+2)

Normally one uses the dsolve command to find the solution of adifferential with Maple V, but, sincethis prob-
lem can be solved by separation of variables, we will now show how to use Maple V to solveit by that method.

> deqgsepl = deql/(x(t)*(-x(t)+2));

EX(t) _
X(t) (=x(t) +2)

The preceding command shows that the equation is of separable type. The next step isto integrate both sides.
The next command integrates the left hand side of the equation using lhsand int.

degsepl =

> intlhsdegsepl := int(lhs(deqgsepl),t);

intlhsdegsepl = % In(x(t)) — % In(x(t)—2)
Theright side isintegrated and a constant of integration is added.

> intrhsdeqgsepl := int(rhs(deqsepl),t)+C;

intrhsdeqsepl =1+ C
Setting the two expression equal to one another and solving for x(t) give us a solution which we denote by ¢;.
> phi[l] := solve(intthsdegsepl=intrhsdeqsepl ,x(1));
e(2t+2C)
¢1 =2 1_ e(2t+20)

The command unapply can be used to convert ¢, from an expression to afunction.

> phi[1] = unapply(phi[1],t);
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e(2t4+2C)
$ri=t—> =2 1_ e2t+2C)

It easy to check to seeif ¢, isasolution of the differential equation.

> eval(subs(x=phi[1],deql));

e(2t+2C)
e(2t+2C) (2 + 2)

e(2t+2C) (e(2t+2C) y2 1_ e(2t+2C)
—4 1_e2H2C) — T (1 _e2t+20))2 e 1_ e(2t+2C)
> simplify(");
. e(2t+20) e(2t+20)

(—1+ e(2t20))2 =—4 (—1+ e(2t20))2

So substituting x = ¢, into the differential equation leadsto the equality of both sidesand hence ¢ isasolution,
ageneral solution.

Next we show that the use of dsolve leads to the same solution. Thisis the most typical way to solve differential
equations when using Maple V.

> dsolve(deql,x(t));

1 1
— (—2t)
=—-4¢€ _C1
X(1) 2+

In this result we have an “implicit” solution. Sometimesit isimpossible even for Maple V to find the solution
explicitly, but we can for this problem by using solve.

> phi[2] := solve("x(t));

1
=2 —1-2e-20) (1

Does this result agree with the previous one? The constants, C and _C1, are arbitrary. So substitute C1 =
—exp(—2 % C)/2 into the latter solution.

2=

> phi[2] := subs(_C1l=-exp(-2*C)/2,phi[2]);
1
—1+ e(—=2t) g(=2C)

The claim is that the function ¢4 (t) and the expression ¢, agree for al values of t. To see this consider the
following:

> simplify(phi[2]-phi[1](t));

¢ =2

0

When we used dsolve above we obtained only an implicit solution, for which were able to solve for explicitly
by using solve, The latter step could have been omitted had we used the option explicit in the dsolve command.
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> dsolve(deql,x(t),explicit);

1
—1-—2e(=20) _(C1

X(t)y=-2

The dsolve command can be used to find the solution of an initial value problem. For example, suppose we
wish to solve the following initial value problem.

X =%X(2—-x), x(0)=3.
Then we typein the following:

> dsolve({degl,x(0)= 3}x(t),explicit);

X(t)=-2 i
-1+ § e(=2t)
> phi[l] = rhs(");
1
$ri=—2——g——
-1+ § e(=20)
Next we find the solutions of
X = X(2-X), x(0)=3
X = Xx(2-x), x(0)=0.1
and
X = X(2-x), x(0)=-0.1
> phi[2] := rhs(dsolve({deql,x(0)= 1}x(t),explicit));
1
¢ =2 g~
> phi[3] := rhs(dsolve({deql,x(0)=0.1}x(t),explicit));
p3= 2 :
= 7% 1-19.00000000 (-2
> phi[4] := rhs(dsolve({deql,x(0)=-0.1}x(t),explicit));

1
-2
—1+ 21.00000000€&( 20

¢a =

A solution of an initial value problem is a parameterized curve which can be plotted. We plot all four curves
on the same axes.

> P1 = plot({phi[1],phi[2] },t=0..2,x=0..3):
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> P2 := plot({phi[3],phi[4]},t=0..2,x=-3..3):

> plots[display]({P1,P2});

\l

Notethat al of the curves that wereinitialy positive seem to move toward the equilibrium solution x(t) = 2.
Whereas the three curves that areinitially smaller than 2 move away from the equilibrium solution x(t) = 0. This
suggests that the first equilibrium solution is stable, and the second one is unstable.

Next weinclude the direction field of the given differential equation by using procedures contained in the DEtools
package.

> with(DEtools):
The next plot uses the DEtools procedure DEplot1 to produce a direction field plot.
> P3 := DEplotl(deql,|t,x],t=0..2,x=-3..3):

This plot can be plotted along with the previous two plots to produce the following plot which contains the
direction field along with four solution curves.

> plots[display]({P1,P2,P3},view = [0..2,-3..3]);

It isinformative to study the linear differential equations resulting from linearizing the original equation near
the equilibrium points x = 0 and x = 2. Recall that the linear approximation of a differentiable function f (x) at a
pointasuchthat f(a) =0is

fo~ f@x-a

for x near a. Thus we obtain the derivative of the right hand side of the differential equation.

> fprime := D(x->x*(2-x));

forime ==X — 2—2X
The equilibrium pointsareat x = 0and x = 2 soweneed f’(0) and f'(2).

> fprime(0);fprime(2);
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-2

Recall that and equilibrium point x = aisunstableif f’(a) > 0, and stableif f’(a) < 0. This confirms our
guessesthat x = Oisunstable, and x = 2 is stable for our problem. We plot the direction field for the linearization
near x = 0 along with two solution curves. Thistime we use DEplot1 to plot the durves as well as the direction
fields.

> P4

DEplot1(fprime(0)*x,[t,x],t=0..2,x=-3..3):

> P5 := DEplot1(fprime(0)*x,[t,x],t=0..2,{x(0)=0.4,x(0)=-0.4},
> x=-3..3,arrows=NONE):

> plots[display]({P4,P5});

\ \ \v\\\\\\

cossll

Observe that this plot has many of the same qualitative features that the original nonlinear differential equation
possesses near the unstable equlibrium point x = 0. Now do the same thing about x = 2.

> P6 DEplot1(fprime(2)*(x-2),[t,x],t=0..2,x=-3..3):

> P7

DEplot1(fprime(2)*(x-2),[t,x],t=0..2,{x(0)=1,x(0)=3},
> x=-3..3,arrows=NONE):

> plots[display]({P6,P7});

SR
SN

AR

Notethat this plot showsthat solutions of the linearization about x = 2 has nearly the same qualitative behavior
around x = 2 asthe original equation there.

Exercises 15.1 In the following problems we study the first order scalar differential equation
tx' = xIn(tx) — x. Q)

1. Use the Maple V command dsolve to find the general solution of the scalar differential equation (??) in
explicit form. Your first Maple V statement should be something like the following.
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> deql := tdiff(x(t),t) = x*In(t*x(t))-x(t);

deql:= t%x(t) = xIn(tx(t)) — x(t)

2. Find the solution of the initial value problem satisfying equation (??) and x(1) = 2.
3. Plottheintegral curvefoundinpart2for1 <t<2, 0<x<2.

4. Makeadirectionfield plot for the differential equation (??), for1 <t < 2, 0 < x < 2 along with the solution
found in part 2.

15.2 Analyzing Systems of Equations

The next example shows how Maple V allows usto study a system of differential equations. We study the system:

X = xy

y = 2—-x(@).
> deq2 := diff(x(t),t)=x()*y(t),diff(y(t),t)=-y()+2;

deq? 1= T X(1) =X(DY(D), T y(t) = ~y(1) +2
In this example we use the DEtools procedure DEplot2.
> P1 := DEplot2([deg2],[x,y],t=0..1,x=-2..2,y=-1..3):
The direction field for the system is given by the the following:
> plots[display](P1);

The next two commands produce a plot that creates some solution curves.
> P2 := DEplot2([deq2],[x,y],t=-1..2,{[x(0)=-1,y(0)=1],
[X(0)=-0.5,y(0)=1],[x(0)=0.5,y(0)=1],[x(0)=1,y(0)=1]},arrows=NONE):
> P3 := DEplot2([deqg2],[x,y],t=-1..2,{[x(0)=0.4,y(0)=2.4],
[X(0)=-0.4,y(0)=2.4],[x(0)=-1,y(0)=3],[x(0)=1,y(0)=3]},arrows=NONE):

The next command plots the solution curves along with the direction field.

> plots[display]({P1,P2,P3},view=[-2..2,-1..3]);
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Observethat thisplot suggeststhat the point (0, 2) isan equilibrium point. Let usnow analyzethelinearization
of the system near this point. We need the linalg package.

> with(linalg):
Warning: new definition for norm
Warning: new definition for  trace
The jacobian matrix evaluated at the point (0,2) represents the “derivative’ of the right hand side
<Xy, 2—y>
of the system.

> J := jacobian([x*y,2-y],[x,y]);

\Y

JO1 := subs(x=0,y=2,eval(J));

2 o
w=[2 9]

The linearization of the system is given by multiplying the latter matrix by < X,y —2 > .

\

A = multiply(JO1,vector([x,y-2]));

A:=[2x2—-Y]
We now obtain solution curves and the direction field for the linearized system.

> P4

DEplot2(convert(Alist),[x,y],t=0..1,x=-2..2,y=-1..3):

> P5 := DEplot2(convert(Alist),[x,y],t=-1..2 {[x(0)=-1,y(0)=1],
[X(0)=-0.5,y(0)=1],[x(0)=0.5,y(0)=1],[x(0)=1,y(0)=1]},arrows=NONE):
> P6 := DEplot2([deq2],[x,y],t=-1..2,{[x(0)=0.4,y(0)=2.4],
[x(0)=-0.4,y(0)=2.4],[x(0)=-1,y(0)=3],[x(0)=1,y(0)=3]},arrows=NONE):

> plots[display]({P4,P5,P6},view=[-2..2, -1..3]);
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Observe that the qualitive behavior of the phase plane of the linearization seemsto agree with that of the non-
linear system near the equilibrium.

We now consider another system of equations:
X = —X+ xy/100,
y = 2y-—2xy/25.
> deq := diff(x(t),t)= -x(t)+x()*y(t)/100, diff(y(t),t) = 2*y(t)-2*x(t)*y(t)/25;

xy® d 2x()y(t)
To0 gV =2y -

L et us determine the equilibrium pointsfor this system. The equilibrium points are those pointswhere theright
hand side of each equation vanishes. The solve command will do this.

> solve({rhs(deq[1])=0,rhs(deq[2])=0},{x(t),y(D)});

d
deq = ax(t) = —x(t) +

{x(t) =0, y(t) =0}, {x(t) = 25, y(t) = 100}

Thuswe conclude that equilibrium pointsfor this system are the points (0,0) and (25,100). Let usnow plot the
direction field for the system in the region x in [-60,60], and y in [-300,300].

> P1 := DEplot2([deq],[x,y],t=0..1,x=-60..60,y=-300..300):

> plots[display](P1);

L2194
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Thereareanumber of thingsto observein the preceding plot. Notethat the field becomes moreinteresting near
the equilibrium points. Also note that the field is parallel to the coordinate axes at all points along the coordinate
axes. This means that each coordinate axis is invariant relative to the flow of the system, in the sense that once a
solution curve is on an axis it remains on that axis for al time. This also implies that each quadrant is invariant.
Thus, for example, a solution curve which isinitially in the first quadrant will remain in that quadrant. Thisis
important in biological models where x and y may denote populations of certain species and negative populations
make no sense. Let us now find the linear approximations to the system at the two equilibrium points. First we
find the linearization at the point (0,0).

> J := jacobian([-x+x*y/100,2*y-2*x*y/25],[X,¥]);

[
o _2y 2 _ 2X

25 25
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o]

This means that the linear approximation of the system near (0,0) is the vector field:

> JO0 := subs(x=0,y=0,eval(J));

> V[1] = multiply(J00,[x,y]);
Vii=[-X 2Y]
The direction field for this linearization is given by

> DEplot2(convert(V[1],list),[x,y],t=0..1,x=-20..20,y=-100..100);

LA
RN

st/
ESSNNNN
ASSSNNNN

Observethat, asin our previous examples, the qualitative behavior of the linear approximation of the system at
the equilibrium point (0,0) isthe same asthat of the nonlinear system near (0,0). We now investigate the behavior
of the linearization at the point (25,100).

> J25100 := subs(x=25,y=100,eval(J));

0 1/4
J25100 :=
-8 0
> V[2] := multiply(J25100,[x-25,y-100]);
Vo= [2—1’ _ 25, —8x+ 200]
> PL1 := DEplot2(convert(V[2],list),[x,y],t=0..1,x=5..40,y= 50..150):";

As we might now be able to predict the behavior of the linearized vector field isthat of the origina nonlinear
system near the equilbrium point (25,100). For illustration purposes we will now plot this direction field with a
couple of solution curves of the linear system.

> PL2 := DEplot2(convert(V[2],list),[x,y],t=0..10,{[x(0)=25,y(0)=60],
[x(0)=25,y(0)=75]},x=5..40,y= 50..150,stepsize=0.1,arrows=NONE):

> plots[display]({PL1,PL2});
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In this case the solution curves form two concentric closed curves centered at the equilibrium point. Let us
now compare the latter plot with solution curves with the sameinitial conditionsfor the original nonlinear system.

> P2 := DEplot2([deq],[x,y],t=0..10{[x(0)=25,y(0)=60],[x(0)=25,y(0)=75]},
x=-60..60,y=-300..300,stepsize=0.1, arrows = NONE):

> plots[display]({P1,P2},view = [0..60,0..300));
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Notice that the solution curves of the nonlinear system near the equilibrium point (25,100) are like the solution
curves for the linear approximation at that point. We will now plot time domain plots for the same two solutions
of the nonlinear system. For aplot of x vst we invoke the following command, where we use the scene option:

> DEplot2([deq],[x,y],t=0..10,{[x(0)=25,y(0)=60],[x(0)=25,y(0)=751},

arrows=NONE, x=0..60,y=0..300,scene=[t,x],stepsize=0.1);

Similarly for y vst.
> DEplot2([deq],[x,y],t=0..10,{[x(0)=25,y(0)=60],[x(0)=25,y(0)=751},

arrows=NONE, x=0..60,y=0..300,scene=[t,y],stepsize=0.1);

A

Note that the curvesin the last plot have larger amplitude than the curvesin the x vst plot. Also observe that
both solutions seem to be periodic with period around 4.5.
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Exercises 15.2 In the following we will study the first order system of differential equations

X = 2x-—6xy/5, 2
y = -—y+9%y/10. 3

Your first Maple V statement should be something like the following.
> deq2 := diff(x(t),t)=2*x(t)-6*x(t)*y(t)/5,
diff(y(t),t) = -y(t) + 9*x()*y(t)/10;

exyt) d - Ix(My(®)
— 5 gV ="YO+—5—

1. Plot the direction field for the system (??) - (??)forO<t <1, 0<x<5, 0<y<5.

_d B
deg2 := ax(t) = 2X(t)

N

Plot two solution curves of system (??)-(??) inthe(X,y) planethat at time zero passthrough the points (1,0.5)
and (1,1), respectively,for0<t <10, 0<x<5, 0<y<5.

Plot a composite of the curves found in problem 2 and direction field found in problem 1.
Plot the two solutions from problem 2 in the (t,x)-plane, with0 <t <14, 0 < x <5.

Plot the two solutions from problem 2 in the (t,y)-plane, withO <t < 14, 0 <=y <=5.

o o~ w

Using the plots produced above estimate the period for each of the solutions.



