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Abstract. Forward and reverse modes of algorithmic differentiation (AD) trans-
form implementations of multivariate vector functions F' : IR"™ — IR™ as com-
puter programs into tangent and adjoint code, respectively. The reapplication
of the same ideas yields higher derivative code. In particular, second derivatives
play an important role in nonlinear programming. Second-order methods based
on Newton’s algorithm promise faster convergence in the neighbourhood of the
minimum by taking into account second derivative information. The adjoint mode
is of particular interest in large-scale gradient-based nonlinear optimization due
to the independence of its computational cost on the number of free variables.
Solvers for parametrized systems of n equations embedded into the evaluation of
the objective function for a (without loss of generality) unconstrained nonlinear
optimization problem require the Hessian of the objective with respect to the free
variables implying the need for second derivatives of the nonlinear solver. The lo-
cal computational overhead as well as the additional memory requirement for the
computation of second-order tangents or second-order adjoints of the solution
vector with respect to parameters by a fully algorithmic method (derived by AD)
can quickly become prohibitive for large values of n. Both can be reduced signifi-
cantly by the second-order symbolic approach to differentiation of the underlying
numerical method to be discussed in this paper.

1 Introduction and Summary of the Results

This paper builds on [NLLT12], in which the first-order algorithmic differenti-
ation (AD) [GWO08,Naul2] of solvers for systems of nonlinear equations is dis-
cussed. In this paper we consider two alternative approaches for evaluating the
second derivatives of numerical simulation programs which contain calls to solvers
for parameterized systems of n nonlinear equations. The first approach is the al-
gorithmic version (derived by AD) of computing second derivatives in which the
local computational overhead as well as the additional memory requirement for
the computation of second-order tangents or second-order adjoints of the solution
vector with respect to the parameters can quickly become prohibitive for large
values of n. The second approach is differentiation of the underlying mathemati-
cal formulation (symbolic version) which computes the derivatives of the solution
under the assumption that the exact solution has been reached. Therefore the
accuracy of the calculated derivatives depends on the accuracy of the solution,
but it reduces the computational complexity by orders of magnitude.

With forward and reverse modes of AD as the two fundamental approaches
to the computation of truncation-free first derivatives, there are 4 combina-
tions yielding second derivatives, namely forward over forward (FoF), forward



over reverse (FoR), reverse over forward (RoF) and reverse over reverse (RoR)
[GWO08,Naul2]. In this paper we focus on FoF and FoR for reasons laid out later
in this work.

The run time and memory overhead for algorithmic and symbolic approaches
to the differentiation of an iterative (e.g. Newton-type) method for the solution
of nonlinear systems is shown in Table 1.

Symbolic Algorithmic
FoF FoR FoF FoR
Memory |O(n?) O(n?)| O(n?) v-O(n>)
Run Time|O(n®) O(n®)|v - O(n®) v - O(n?)

Table 1. Computational complexity and memory requirement of one projection with second-
order algorithmic and symbolic tangent and adjoint modes of differentiation for v (e.g. Newton)
iterations applied to systems of n nonlinear equations.

Computing the second derivatives by a fully algorithmic method corresponds
to a straight application of AD without taking into account any mathematical
properties of the numerical method. It turns out to be the worst approach in
terms of computational efficiency. The performance of the different approaches
depends on the number of the iterations v performed by the nonlinear solver
(e.g. Newton steps) and on the problem size n. Any nonlinear solver with a
direct linear solver called in each step, which approaches to solution of the non-
linear system, will do the same (e.g. SIMPLE). We do not really rely on Newton
as the nonlinear solver. In this paper we refer to Newton’s algorithm for param-
eterized systems of nonlinear equations as an example to show the complexities
in algorithmic mode (see Sections 4.1 and 5.1).

2 Foundations

In this section we recall some aspects from [NLLT12]. We consider the compu-
tation of second-order tangents (directional derivatives) x(1?) € IR™ as well as

second-order adjoints A(f) € IR™ for solvers of parametrized systems of nonlinear
equations described by the residual

r=F(x,A): R"x R" — IR". (1)
For a given A € IR™, a vector x € IR™ is sought such that F(x,A) = 0.

Without loss of generality, the nonlinear solver is assumed to be embedded
into the unconstrained convex nonlinear programming problem (NLP)

Inin f(z)

for a given objective function f : IR? — IR. In the context of second-order
derivative-based methods (e.g. Newton) the gradient and the Hessian of y =



f(z) € IR with respect to z € IR? need to be computed, which involves the sec-
ond derivative of the nonlinear solver itself.

As in [NLLT12], f is decomposed as

y = f(2) = p(S(x’, P(2))), (2)

where P : IR? — IR™ denotes the part of the computation that precedes the
nonlinear solver S : IR" x IR™ — IR"™ and where p : IR"™ — IR maps the result x
onto the scalar objective y.

Most of our arguments will be based on the following algorithmic description
of Equation (2)

A= P(z) (3)
x=5x"%X) (4)
y = p(%). (5)

The parameters A € IR™ are computed as functions of z € IR? by the given
implementation of P. They enter the nonlinear solver S as arguments as well as
the given initial estimate x” € IR" of the solution x € IR™. Finally, the computed
approximation X of the solution x is reduced to a scalar objective value y € IR
by the given implementation of p. In this paper, P is called the preprocessor, S
is called the nonlinear solver and p is called the postprocessor.

As an example for a nonlinear solver we consider Newton’s method. A basic
version of Newton’s algorithm for parameterized systems of nonlinear equations
F(x,A) =0 yields

for i =0,...,v
iz = OF
A_F(X 7A)— aX(X7A) (6)
b :=—-F(x"A)
s:=L(A,b) (= A-s=Db) (7)
xtl=x' 4. (8)

While the symbolic approach does not rely on a specific method for the
solution of the nonlinear system, the algorithmic version requires insight into the
individual algorithmic steps performed by the nonlinear solver.

3 First- and Higher-Order Algorithmic Differentiation

We mention some significant elements of AD described in further detail in [GW08,Naul2].
Without loss of generality, the following discussion will be based on the resid-

ual function in Equation (1). In the following we use the notation from [Naul2]

which is partially inspired by the notation used in [GWO08]. Let therefore be

uE(i)G]Rh



and h = n + m. AD yields semantical transformations of the given implemen-
tation of F : IR" — IR™ as a computer program into first and potentially also
higher (k-th order) derivative code. For this purpose F' is assumed to be k times
symbolically differentiable for k =1,2,... .

For AD to become applicable, the given implementation of F' is assumed to
decompose into a single assignment code (SAC) as follows

forj=h,....h+qg+n—1

vj = ©;(vi)i<js

where i < j denotes a direct dependence of v; on v;. The result of each intrin-
sic function! p; is assigned to a unique auxiliary variable v;. The h indepen-
dent inputs u; = v;, for © = 0,...,h — 1, are mapped onto n dependent outputs
Tj = Uh4q+j, for j = 0,...,n — 1. The values of g intermediate variables vy, are
computed for k =h,...,h+q— 1.

The SAC induces a directed acyclic graph (DAG) G = (V, E) with integer
vertices V = {0,...,h+q+n — 1} and edges E = {(4,j)|i < j}. The vertices
are sorted topologically with respect to variable dependence inducing a partial
order according to Vi,j € V : (i,j) € E =i < j.

The intrinsic functions ¢; are assumed to posses jointly symbolic partial
derivatives with respect to their arguments. Association of the local partial
derivatives with their corresponding edges in the DAG yields a linearized DAG.
The linearized DAG of our reference objective is shown in Fig. 1 (a) with (high-
level) intrinsic functions P, S, and p.

By the chain rule of differential calculus, the entries of the Jacobian A =
(a; ;) = VF(u) can be computed as

Q4,5 = Z H Cl.k> (9)

m€fi—h+q+j] (kl)em

where

]

CLk = 7 (Vw)w<i
8’[)k

and where [i — h+q+7j] denotes the set of all paths that connect the independent
vertex ¢ with the dependent vertex h + ¢ + j [Bau74]. For example, according to
Fig. 1 (a)

of 0y Op 0S OP 09y 0Ox OA

0z 0z Ox ON 0z Ox OMN 0z

! Intrinsic functions can range from fundamental arithmetic operations (+, *, ...) and built-in
(into the used programming language) functions (sin, exp,...) to potentially highly complex
numerical algorithms such as routines for interpolation, numerical integration, or the solution
of systems of linear or nonlinear equations. In its basic form, AD is defined for the arithmetic
operators and built-in functions. A formal extension of this concept to higher-level intrinsics
turns out to be reasonably straight forward. For a complex algorithm to become an intrinsic
function all we require is the existence of and knowledge about the partial derivatives of its
results with respect to its arguments.
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Fig. 1. Reference Problem: (a) Linearized DAG; (b) Tangent Extension; (c¢) Adjoint Extension

3.1 First-Order Tangent Model

The Jacobian VF = VF(u) of a multivariate vector function r = F(u), F :
IR" — IR™, induces a linear mapping IR" — IR" , where h = n + m, defined by

uV < VFul) >= VF(u) - ul

A first-order tangent projection of VF in direction u(®) € IR" is defined as
the usual matrix-vector product VF(u) - u™). Alternatively, we use the inner
product notation < VF,u)) > as introduced in [Naul2].

The function F) : R" x R" — IR" | defined as

r) = FO(u,uM) =< VF,u® > (10)
is referred to as the tangent model of F. Let [VF],; = g%ﬂ]’; € R™" with
k=0,...,n—1and j=0,...h—1 be a 2-tensor (a matrix). Hence, Equation
(10) yields

>
—_

W), =< [VFlpw,u® >= N [VF] ;- @) |

<.
Il
o

for k = 0,...,n — 1. The kth row of VF is denoted by [VF] .. The expression
< [VFk,*],u(l) > denotes the usual scalar product of two vectors in IR". This
tensor notation will be required for the discussion of higher derivative models in
Section 3.3 and the following.
The directional derivatives r™) can be regarded as the partial derivative of r
with respect to an auxiliary scalar variable s, where initially

ou



Interpretation of chain rule on the corresponding linearized DAG (the tangent
extension of the original linearized DAG) yields

Oor Jr Ou
== _ =7 “7_ Fu) >
T T8 ou Bs < VEWT >
For example, in Figure 1(b) the tangent extension of the linearized DAG of our
reference objective is shown. Equation (9) yields y = % 2 =< %,z(l) >.

Note that % e R4,

Tangent (also: forward) mode software tools for AD transform a given imple-
mentation

1 |F(u, r)
of Equation r = F'(u) with input u=u and output r =r into the (algorithmic)
tangent subroutine

1 |t1_F(u, tlou, r, tl_.r)
where t1.u =u® and t1r =rM. A prefix t1_ marks lst-order tangent mode.
The Jacobian of the residual with respect to u can be accumulated by letting
t1_u range over the Cartesian basis vectors in IR". The individual columns of

the Jacobian are returned in t1_r while r contains the value of the residual. The
complexity of this model for evaluating the whole Jacobian is O(h) - Cost(F).

3.2 First-Order Adjoint Model

The adjoint of a linear operator is its transpose [DS88], since
<ul, u) >=< ul®, VFT(u)- raq) >=< r(l),r(l) >=< VF(u)- u®), ra) > .

Consequently, the transposed Jacobian VFT = VF(u)?T of a multivariate
vector function r = F(u), F : IR" — IR", induces a linear mapping IR" — IR"
defined by

ra) —=<Tr(), VF(U) >= VF(U)T T

A first-order adjoint projection of VF' in direction r(yy is defined as the usual
matrix-vector product VF (u)? - r(1). Alternatively, we use the inner product no-
tation < r(;), VF(u) > as introduced in [Naul2].

The function Fiy : R" x R" — IR" , defined as

u() = Fuy(u,r)) =<r@), VF(u) > (11)
is referred to as the adjoint model of F. Let VF' = [VF]; ; = g[[lrj}’; € R™" with
k=0,...,n—1and j=0,..,h—1 be a 2-tensor (a matrix). Hence, Equation
(11) yields

n—1

[yl =<ra), [VFl; >= Y [VFlej ole
k=0



for j =0,...,h—1. The jth column of VF is denoted by [V F], ;. The expression
<r(),[VF]i; > denotes the usual scalar product of two vectors in IR".

Adjoints can be regarded as partial derivatives of an auxiliary scalar variable
t with respect to r and u, where

(Y g = (1)
I’(l) =\or an 11(1) =\ ou .

By the chain rule, we get

at\T  foe\T o\ T
wo=(g) = (&) (&) ~
For example, in Figure 1(c) the adjoint extension of the linearized DAG of our

T
reference objective is shown. Equation (9) yields z(1) = % Y1) =< Yy % >,

Adjoint (also: reverse) mode software tools for AD transform a given imple-
mentation

1 |F(u, r)
of Equation r = F'(u) with u=u and r =r into the (algorithmic) adjoint subrou-
tine

1 |5L1_F(u7 al_u, r, al_r)
where al u =u(;) and alr =r(;). A prefix al_ marks 1st-order adjoint mode.
The Jacobian of the residual with respect to u can be accumulated by letting
al_r range over the Cartesian basis vectors in IR"™ while setting al_u=0. The
individual rows of the Jacobian are returned in al_u. The output argument r

contains the value of the residual. The complexity of this model for evaluating
the whole Jacobian is O(n) - Cost(F).

3.3 Second-Order Tangent Model

The Hessian V2F = V2F(u) of a multivariate vector function r = F(u), F :
IR" — IR™, induces a bilinear mapping IR" x IR" — IR" defined by

(u(l),u(z)) < V2F, u(l),u(2) >=<< V?F, uM >,u(2) > .

A second-order tangent projection < V2F,u® u® > of a symmetric 3-tensor
V2F, where

Ir]k
V2F = [V2F)gi; = Wgﬁlb

for k=0,...,n—1and i,j =0,..,h — 1 with [V2F]g;; = [V?Flg ; for i,j =
0,...,h — 1, in directions u¥,u® e R" is a first-order tangent projection in di-
rection u® of the first-order tangent projection of V2F in direction u(®), which
is << VZF,ul® > u® >,

The function F12) . R" x IR" x R" — IR"™ , which is defined as

rt2 = P2 (g, u® u®) =< V2F,u® u® > (12)



is referred to as the second-order tangent model of F. The Hessian tensor (V2F)

is projected along its two domain dimensions (of size h) in directions u® and
)
u'“),

Let V2F be a symmetric 3-tensor as defined above and

B =< V?F, uM >e ™" ;

Then,
h—1

br,j = Z[V2F]k,j,i‘ [u®);
i—0

for j=0,...,h—1and kK =0,...,n — 1. Hence, Equation (12) yields

h—1 h—1h-1
e =D b 0y =3 D [V Fliga - V-
=0 7=0 i=0

for k=0,...n— 1.
Application of tangent mode to the tangent model
r) = FO (u,u) =< V2F, u® >
yields
r12) =<« VFul? > 4 < V2F,u® u® > |
where u® = g—‘; and uh?) = a‘é—s). Thus, for u(l?) = 0, Equation (12) follows.

Second-order tangent (also: forward-over-forward) mode software tools for
AD transform a given implementation

1 |F(u, r)

of Equation r = F(u) with u =u and r =r into the (algorithmic) second-order
tangent subroutine

1 |t2_61-F (u, t2.u, tlou, t2-t_1_u, r, t2.r, tlr, t2_tl_r)

where additionally t1_.u =u®, t2.u Zu®, t2_t1_u =u®? t1r =r(M t2r =r?),
and t2_t1.r =r(12) The prefix tm_ marks tangent versions of program variables
(and of F' itself) generated by the mth application of forward mode AD. The
Hessian at point u can be accumulated by setting u(? = 0 initially and by
letting u™ and u® range independently over Cartesian basis vectors in IR" .
The individual columns of the Hessian are returned in t2_t1_r while t1_r and t2_r
contain the individual columns of the Jacobian and r contains the value of the
residual. This model yields a computational complexity of O(h?) - Cost(F) for
the accumulation of the whole Hessian.

10



3.4 Second-Order Adjoint Model

With tangent and adjoint as the two basic modes of AD there are three combina-
tions remaining, each of them involving at least one application of adjoint mode.
In [Naul2] we show the mathematical equivalence of the various incarnations of
second-order adjoint mode (that is, forward-over-reverse, reverse-over-forward,
and reverse-over-reverse) due to symmetry within the Hessian of twice sym-
bolically differentiable multivariate vector functions. All three variants compute
projections of the Hessian tensor in the image dimension (of size n) and the do-
main dimension (of size h) with potentially varying computational costs due to
implementation issues; see [Naul2|. In the following forward-over-reverse mode
AD is explained.

The Hessian V2F = V2F(u) of a multivariate vector function r = F(u),
F: IR" — IR", induces a bilinear mapping IR" x IR" — IR" defined by
(I‘(l), u(2)) =), V2F, u® >=<< Ty, V2F >,u(2) >

A second-order adjoint projection < ry), V2F, u® > of a symmetric 3-tensor
V2F, where

271 2 g %
VF =[V°Flii; = [U]iafu]j

for k=0,..,n—1and i,j =0,...h — 1 with [V2F]g;; = [V?Flg ; for i,j =
0,...,h — 1, in directions r(;) € IR" and u® e R" is a first-order tangent pro-
jection in direction u(® of the first-order adjoint projection of VZF in direction
r(1), which is <<r(y), V2F >, u® >.

The function F ((12)) : R" x R™ x IR" — IR" | which is

aff) = By (), u?) =< r), V2F(x),u? > 13)

is referred to as the second-order adjoint model of F. The Hessian tensor (V2F)
is projected in directions r(;) € IR" and u® e R .

Let V2F be a symmetric 3-tensor as defined above and
B =<rq), V’F > R""
ugg =< B,u® >=<r(),V*F,u®? >c R"
Then,
bij = S rzolr@lk - [V2Flrij
for i,7 =0,...,h — 1. Hence, Equation (13) yields

h-1 h—1n-1
[uﬁfi]i = by [P =)0 ek - [V2Flkiy - [0,
j=0 7=0 k=0

fori=0,....h —1.
Application of tangent mode to the adjoint model

11



u(1) = F(l) (u, I‘(l)) =< r(1)7 VF(U) >
yields

ugg =< rgg, VE(x) >+ <rq), V2F(x),u® > |

where u® = 92 and r® = 62(51). Thus, for rgg = 0 Equation (13).
Second-order adjoint (also: forward-over-reverse) mode software tools for AD
transform a given implementation

1 |F(u, r)

of Equation r = F(u) with u =u and r =r into the (algorithmic) second-order
adjoint subroutine

1 |t2_al_F (u, t2.u, al_u, t2.al_.u, r, t2_.r, al_r, t2_al_r)

Subscripts of second-order adjoint subroutine and variable names are replaced
with the prefixes al_and t2_; for example, al u =uy), t2_u 2u®@ | t2.al_u ﬁug;,
alr =r(), t2r 2r®@ and t2.alr ﬁrgg. The computation of a projection of the

(2)

Hessian in directions u(® and r(1) requires i) = 0 initially. The entire Hessian

can be accumulated by letting u® and r(j) range over Cartesian basis vectors
in IR" and IR™ respectively. The individual rows of the Hessian are returned in
t2_al_u while al_u contains the individual rows of the Jacobian and r contains
the value of the residual. This model yields the computational complexity of
O(h - n) - Cost(F) for the accumulation of the whole Hessian.

3.5 Third-Order Tangent Model

The third derivative tensor V3F = V3F(u) € R" x IR" x IR" x IR" of a mul-
tivariate vector function r = F(u), F : IR" — IR" induces a trilinear mapping
R" x IRM x IR — IR™ defined by

UM, u® u®) < V3F,ul u® u® >=<<< V3Fu® > u® > u® >

A third-order tangent projection < V3F,u u® ul® > of a symmetric

4-tensor V3F, where
VAF = [V3Flkiji = paulpa

for k =0,..,n—1and i,j,l =0,..,h —1 with [V3F; ;1 = [V3F|j, 270
any permutation 7 of 4,7,{, in directions u® u®@ u® e R" is a first-order
tangent projection in direction u® of a second-order tangent projection of V3F
in directions u® and u®, which is << V3F,u®, u® > u® > It is a first-
order tangent projection in direction u®® of a first-order tangent projection in
direction u® of a first-order tangent projection of V3F in direction u(¥, i.e.
<<< V3F,uM > u® > u® >,

for

12



The function F(123) . R x RM x R" x R" — IR", defined as
r123) = pU23)(y u® u® u®) =< V3 F(u),u®,u® u® > (14)

is referred to as the third-order tangent model of F. The 4-tensor V3F is pro-

jected along its three domain dimensions (of size h) in directions u, u® and
(3)
ul?),

Let V3F be a symmetric 4-tensor as defined above and

B=<V3F,u) > R" x R" x R" , that is
h—1

br,ij = Z[V3F]k,i,j,l ]
1=0

for k=0,..,n—1and ¢,j=0,....,h — 1. Moreover,

C =< B,u(z) >=<< V°F, u >,u(2) > R" x R" | that is

h—1 h—1h-—1
cri= Y brig - [P =" [V ][]y
=0 =0 1=0

for k=0,..,n—1and ¢=0,....,h — 1. Then we have

r123) =« 0 ul® s=<<< V3F,uM > u® > u® >e R* | thatis

h—1 h—1h—1h—-1
[r(123)], = ch,i Cu®); = Z Z Z[V3F]k,i,j,l u®) @ @
=0 i=0 j=0 1=0

for k=0,....,n— 1.

Application of tangent mode to the second-order tangent model
r(12) =< V2F, u® u® >

yields

r(123) =< V2F(u),u(1’3),u(2) >+ < V2F(u), uM u@d > 4 < V?’F(u),u(l), u® u® >,

where g—‘s‘ =u®), a‘a‘il) = u®? and 6‘5—(82) = u®3), Thus, for u®? = u3) =0,
Equation (14) follows.

Third-order tangent (also: forward-over-forward-over-forward) mode software
tools for AD transform a given implementation

1 |F(u, r)

of Equation r = F(u) with u =u and r =r into the (algorithmic) second-order
tangent subroutine

13



1
2

t3_.t2_t1_F (u,t3_u,t2_u,t3_t2_u,tl_u,t3_tl_u,t2_tl_u,t3_t2_tl_u,
r,t3.r ,t2-r ,t3-t2.r ,t1or ;43 t1_r ,t2_t1_r ,t3_t2_t1_r)

where t1_u Zu®, t2.u Z2u® t3.u Zu®, t2_t1_u =u? t3_t1.u =u®3), t3_t2_u
2u3) t3.62_t1u =u23) t1r=rM 2. r 2r®@ t3.r 2r®) t2_t1r =r(b2) t3.t1r
2r(13) $3_42.r 2r(®3) and t3_t2_t1_r =r(1:23) | First-order projection of V3F in
directions u®, u® and u® are returned in t1_r, t2_r and t3_r by letting u®, u®
and u® range independently over Cartesian basis vector in IR". Corresponding
second-order projections are returned in t2_t1_r, t3_t2_r and t3_t1_r. The third
derivatives are returned in t3_t2_t1_r. This model yields the computational com-
plexity of O(h3) - Cost(F) for evaluating the whole third derivative tensor.

3.6 Third-Order Adjoint Model

Due to issues in implementation, the preferred approach to the computation of
higher derivatives of multivariate scalar functions is the repeated application of
forward mode AD to the first-order adjoint code.

The third derivative tensor V3F = V3F(u) € R" x R" x R" x IR" of a
multivariate vector function r = F(u), F : IR" — IR" induces a trilinear mapping
R x IR" x IR" — IR" defined by

(r(l),u(2),u(3)) =< r(l),V?’F, u® u® >=cc<c r(l),V?’F > u® > u® >
A third-order adjoint projection < r(y), V3F, u®, u® > of a symmetric 4-tensor
V3F, where

0
VAF = [V*Fliji = papalon

for k=0,..,n—1and ,j,0 =0,....,h — 1 with [V*Flp;;1 = [VFly 50
any permutation 7 of 4, j, [, in directions r(;) € IR" and u® u® ¢ R"is a first-

for

order tangent projection in direction u® of the second-order adjoint projection
of V3F in directions r() and u® | that is << r(l),V3F, u® > u® > Itis a
first-order tangent projection in direction u® of the first-order tangent projec-
tion in direction u® of the first-order adjoint projection of V3F in direction (1),
Le. <<1(p), V3F > u® > u® >

The function F (2,3)

NI R" x R™ x R" x R" — IR", defined as

ugsg) = F((f)’g) (u, r(l),u(Z), u(?’)) =<r(), V?’F(u), u(z),u(?’) > (15)

is referred to as the third-order adjoint model of F. The 4-tensor V3F is projected
in directions r(;) € IR" and u® u® e Rh.

Let V3F be a symmetric 4-tensor as defined above and

B =<1, V’F > R" x R" x R" | that is
n—1

biji= > [t [V Fleiji
o

14



for i,5,l =0,...,h — 1. Moreover,

C =< B,u(2) >=<<r 1),V3F >,u(2) >c R" x R" , that is

(
h—1 h—1n— 1
2
cig = biji- P =>" (VA @)
=0 1=0 k= 0

for ¢, =0,....,h — 1. Then we have

11833) =< C,u® >=<<<r), VP F > u® > u® >e R" | that is
L. h=1h—1n— 1
o= ca > AV Fhga Pl O
J=0 =0 1=0 k= o

fori=0,....,.h — 1.
Application of tangent mode to the second-order adjoint model

g; =<rq ),VQF(u),u@) >

yields
8)3) =< rgg, V2F(u),u(2) >< 1y, V2F(u),u(2’3) >+ <1, V3F(u), u® u® >,
where g—‘; = u(?’),% = rg’g and a‘éf) = u®3 . Thus, for rgg = u®3 =0,

Equation (15) follows.

Third-order adjoint (also: forward-over-forward-over-reverse) mode software

tools for AD transform a given implementation

1 |F(u, r)

1
2

where al_u =u u(), t2u£u(2) t3_u =u (3) t2_.al_u =u (2

of Equation r = F'(u) with u =u and r =r into the (algorithmic) second-order

tangent subroutine

t3_-t2_al_F(u,t3_u,t2_u,t3_t2_u,al_u,t3_al_u,t2_al_u,t3_t2_al_u,

r,t3.r ,t2.r ,t3_t2_r ,al_r,t3_al_r ,t2_al_r ,t3_t2_al_r)
t3.al_u =u(}) t3.t2.u

~.(2)
) ,t2.alr = r(l) t3_alr

ug)
u®?) t3.t2_t1_u ugl) ) alr =r(y), t2.r =r(? t3r =10
(2,3)

—rg’g t3_t2_r =r(®>3) and t3_t2.al_r :r(l) . The computation of the projection
of tensor V3F in directions u®,u® and r(1) requires u?3) = 0 and rgg =0
initially. The entire tensor can be accumulated by letting u®, u® and r(1) range
over Cartesian basis vectors in IR" IR" and IR™ respectively. The third partial

derivatives are returned in t3_t2_al_u. This model yields the computational com-
plexity of O(n - h?) - Cost(F) for evaluating the whole third derivative tensor.

The application of forward or reverse mode AD to any of the third derivative

models yields fourth derivative information and so forth.

15



The derivative code that is generated by AD can compute projections of
derivative tensors of arbitrary order, for example, (transposed) Jacobian-vector
products in the first-order case, Hessian-vector products in the scalar second-
order case, and so forth. Sums of the projections of tensors of various orders are
returned by higher derivative code. AD users need to understand the effects of
choosing certain directions for these projections (the seeding of the derivative
code) in order to be able to retrieve (harvest) the desired results. For more
information refer to [GW08,Naul2].

4 Second-Order Tangent Nonlinear Solver

We distinguish between two alternative approaches to the generation of second-
order tangent solvers for systems of nonlinear equations. A algorithmic second-
order tangent version of the solver computes second-order directional derivatives
of the approximation of the solution, which is actually computed by the algo-
rithm. Second-order AD is applied to the individual statements of the given
implementation yielding an increase of roughly four in memory requirement as
well as operations count.

A second-order symbolic tangent version of the solver computes the second
directional derivatives of the solution under the assumption that the exact solu-
tion x* has been reached. The nonlinear system F'(x, A) = 0 can be differentiated
symbolically in this case. In symbolic tangent mode, the computation of second-
order directional derivatives amounts to the solution of a linear system based on
the Jacobian of F' with respect to x*, which results in a significant reduction of
the computational overhead in comparison with the algorithmic tangent version.
The discrepancies in the results computed by second-order algorithmic and sym-
bolic tangent nonlinear solvers depend on the accuracy of the approximation of
the primal solution.

4.1 Algorithmic Mode

As an example for a nonlinear solver we solve the nonlinear system in Equation
(1) with Newton’s algorithm. The latter uses the Jacobian of the nonlinear system
(VF(x")) at the current iterate x* to determine the next Newton step.

A first-order tangent version of Newton’s algorithm requires second direc-
tional derivatives of the residual. Consequently, second-order tangent version of
the Newton’s algorithm requires third directional derivatives of the given imple-
mentation of F.

As shown in [NLLT12], the first-order algorithmic tangent version of the
given objective with Newton’s algorithm used for the solution of the embedded
parametrized system of nonlinear equations results from the straight application
of tangent mode AD to Equations (6)—(8) as follows

Fori=0,...,v:

A=—"—(x' ) (16)



82F . Xi (1)
W=~ = (x,
b=—F(x' ,)\)
1 _ g
P T S o N < A“)) -
— L(A,b)
OL A
=
o =< g 40 ()
xth=x"+5s
it (D) — 5 () 4 D) (17)

The linear solver (L) is augmented at the statement-level with local tangent
models, thus roughly duplicating the required memory as well as the number of
operations performed.

Reapplication of tangent AD to Equations (16)—(17) yields

fori=0,...,v
(ER(n+m)><n)
oF < oF oF I,
A= a( s ) . I >= <8(x,A)’ <Om> > (18)

=< —
x I, x' (2)
A(>< ’Om’)\(2)>
i (1)
(1) X In X
A 8x8x/\ ()\(1>>< x)\2’<m>7</\(1)>>
I

A(12) _ 0’F xi (1,2 - L PF (X0 < @ N
= xa(x,A)T | A Bx0, N2\ AW )\ A®
82F xt (1,2) PF ; xt (1) %t (2)
e 82F I, xt (1,2) . BF I, xi (1) %t (2 §
T O(x,A)27\0,, ) A1:2) AP \0,, ) NONEAW
b= —F(x' )
oF xt (2)
(2 — _
b <8(X,)\)7<A(2)> >
oF %t (1)
1 — _
b <6(X,>\)7<A(1)> >
L2 _ _ OF xt (1,2) . 92F xt (1) «i (2 y
= _a(X, A) A(l 2) 8(X, A)Q’ A(l) ) A(2)
—L(A,b)

OL A®)
8(A, b) (Av b)7 <b(2)> >
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s =<




OL )
1 2
o =< a e () >

OL AM A®)
(1,2) —
S < 8(A,b) (Av b)7 <b(1,2)> >+ < 8(A,b)2 (A7b)7 <b(1)> ) <b(2)> >

xt =x'+s
Xt @) = 50 ) 4 4@
L) Z i (1) 4 )

xit1 (12) = i (1.2) 4 g(1,2)

)

where all derivatives of I, e.g. % are evaluated at point (x%, \).

In Equation (18), I, € IR™*™ is the identity matrix, filled with m zero rows
yielding <é"> e RM™™)>" Furthermore, the differentiation of L(A,b) € IR"

m

with respect to (A4, b) is done through serialization of (4, b), meaning that A €
IR™™ and b € IR", (A, b) is considered as a vector of size n? + n. Consequently,
_OL_(A b) € R and ~ZL (4 b) € R +)x(0+n0) Similarly we get

B(A4,b) (A,
k
(’&) e R+ for k = (1), (2) or (1,2).

In the above equations, first, second and third derivatives of F' with respect
to (x,A) are required when computing third-order tangents of F with respect
to (x%, A) using AD software tools, the function value as well as derivatives up
to third order are evaluated.

In this case, the required memory is four times the memory (M EM) required
by the nonlinear solver itself, i.e. M EM (L) ~ O(n?) and the number of opera-
tions is four times the operations (OPS) performed by the nonlinear solver itself,
i.e., OPS(L) ~ v-O(n3).

4.2 Symbolic Mode

Lemma 1 (Differentiation of a Matrix-Vector Product).

Let G(c) =< A(c),b(c) > be a symbolic bilinear map in which A(c) € R™ ™ b(c) €
R™ and G : R™™ x R™ — R™ are differentiable functions. Differentiation of

G with respect to ¢ yields

GW(c) =< AW(c),b(c) > + < A(c), bW (c) >
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Proof. Let G = %G(c) and G € R™. Then we have

G = % < A(c),b(c) >
02 (Z ai(c) b;»(c)) =3 o (ais(e) bi(©)
j=1 Jj=1
j=1
- Z aala] ©) bj(c) + Z a;j(c) 8baj((:C)) )
j=1 j=1
for i = 1,...,m. Consequently,
Gl = 8‘2@ b(c)+ A(c)- 8gic) —< AW (), b(c) > + < A(c),bD(c) >

For further information refer to [Gil08].

Lemma 2. Let T € R<tm)x(ntm) x(1) x(2) ¢ Rr gnd XV, A2 ¢ Rrm™.
Then we have

<) ) x(1) 0, <) x(2)
<) (o) =< (5,) () > +<7(5,) - (5.,)
0, 0, 0, x(2)
+ < T, ()\(1)> R <A(2)> >4+ < T, ()\(1)> s <Om> >

1) (2)
Proof. Let a = <)(()m> b= <)(()m> ,C = <)f)(7f)> ,d = <)(\)(72l)> € R*™, There-

fore, we have
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<) 0, <) %2
<. (5,) () <2 (3,) (5.) >

0, 0, 0, x(2)
beT (w) , (A@Q St <T, (w) , (Om> .

n+mn+m n+mn+m

= Tyr-ar-di+ > Y Tijr-ax b
J=0 k=0 J=0 k=0
n+mn+m n+mn+m
+Z ZTijk’Ck'dj-FZ ZTijk'Ck’bj
j=0 k=0 j=0 k=0
faxiQuasig 0, <MY\ /x®
-3 2 (5,)- () + (5.) (6
7=0 k=0
0, 0, 0, x(?)
Hlam) a@) T lam) (o, )

n+mn+m

—Z ZTM

7=0 k=0

(a)
S (2.
()
()

=0 k=0 m
n+mn+m 2) (1) 0
X X n
=D Ty (e 0, )" (Aa)) )
=0 k=0
n+mn+m 2) (1) 0
X X n
=22 T ((ye o )t (Au)) )
j=0 k=0 m
ngmmnim M\ (x®
X X .
= Z Z ,—Tijk : <)\(1)> : <A(2)> for i=0,....n
7=0 k=0

S0 2)

x x

=<T, <A( )> s <A(2)> >

Theorem 1. Symbolic Second-Order Tangent Solvers of Nonlinear Equa-
tion: Let r = F(x(A),A) : R" x R™ — IR" for a given X € IR™, a vector
x € R" is sought such that F(x(X),X) = 0. Second-order tangent differentiation

of F(x,X\) = 0 at the solution x = x* with respect to A\, i.e., computation of
x(12) € R™, amounts to the solution of the linear system

or OF x(D x?@
o X =< g = <V, <,\<1>> ’ (m) > - W)
Proof (Version 1).

As shown in [NLLT12], first-order symbolic tangent differentiation of F'(x(X), A) =
0 at the solution x = x* with respect to A, i.e., computation of x(1), yields
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oF oF

il D) = Y 1)

I (x,A) - x N (x,A) - A (20)
which is a linear system and —‘gf: is the Jacobian matrix. This equation can be
written as

oF or oF oF
el xM 2 1 o 22 (1) il (ORS
o (x,A) + X (x,A) - A < o (x,A), x>+ < N (x,A), A

(21)

An alternative for evaluating the second directional derivatives of the solution

x = x* with respect to A in F(x,) = 0 is to differentiate Equation (21) with
respect to A

d oF oF
Y << (0. x >4 < X x A), A >> @ (22)
d < 2Z(x,x),x1) > d < 28(x,A), A >
_ x XAy 2) ox\Xs A)s (2)
< N AN >+ < N A >

d< 28 (x,2)xV> d< 28 (x 2) A1 >
ax ax

where < ,)\(2) > and < ,)\(2) > are the total deriva-
tives of g1 =< ‘g—i(x, A), x> and g, =< g—f(x, )\),)\(1) > with respect to A
respectively. Because g1 and go depend on x as well as A, we have

dg1 2 < _ dg1 (2) 991 Ox @ <
d)\’)‘ > =< 8>\’)‘ >+<a <8)\>‘ (23)
—x(2
oF 1) oF ey
:<a< 8X(X7A)7X >,A(2)>+<8< 8X(X7A)7X >’X(2)>
O\ ox
92 ) 992 @ 992 _ 0% )
<d,\)‘><8)\)‘ >+<a <8)\)‘ (24)
—x(?
or (1 oF (1)
_ O HENAT > ey, OSHEENAT > o)
oA ox

According to Theorem 1, the first term on the right hand side of Equation (23)
yields

0 < 2L x> O°F or  ox()
I * 2 oo )@ bl e N )
X S A > <8x8)\’x ;A >+<8x’< X S A >>
B O*F x(1) 0,
=< _8(X,A)2’ <Om> ) (A(2)> >
oF oxM)
i N )}
+ < aX,< X S A >>

(1) 0 OF
_ w2 (X n (1,2)
<VF’<Om>’<A(2>>>+< %X > .
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Similarly, the second term on the right hand side of Equation (23) becomes

0 < 9L x> O*F oF  ox(W
9<5X"> @.__9F o _ @ OF _9x1 (3
- x> =< og X x> < o < x>
0
O*F x() x(2)
a2 o, ) \o,) 7
————
V2F

Applying Theorem 1, the first term on the right hand side of Equation (24) yields

8 < 9L AW > O?F oF oAl
D —2,>\(1),A(2) >4 < 7o, < o AP >
oA OA oA OOA
__O*F 0, 0,
S amar ) ae) 7
N——
V2F

Similarly, the second term on the right hand side of Equation (24) becomes

6 < g—i(x, A),A(l) > (2)

O*F oF oA
AL { V) gr _9A T @
< o , X\ > <8/\8x’}‘ , X >+<8A’< % ;X >>
0
. O’F 0, xP
o A2\ )\, ) T
N——
V2F

Consequently, Equation (22) yields

1) 0 oF 1) (2)
2 X n (1,2) 2 X X
<VF’<Om>’<A(2)>>+<_6x’X >+<VF,<Om>,<Om>>

2 On On ) OTL X(2) .
+ < V°F], <)‘(1) , )\(2) >+ < V7F, )\(1) '\ o, >=0

oF x(1) 0 %1 x(2)
oF a2 o__ 2 n B 2
e () (8o v () () o
) 0, 0, 5 0, x(?)
— <V F, <A(1)>,<)\(2)> >—<V F, <A(1)>7<0m >

Therefore, according to Theorem 2,

<&,X( ) >:$'X( ):—<V F, A(l) s A(2) >
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In the above equation, the right hand side can be calculated by second-order
tangent AD. Computing the right hand side and the Jacobian matrix g—f: with
AD, this system can be solved by using the same linear solver as applied for
computation of the first-order symbolic tangent x(!) in Equation (21), e.g. Gauss.

Proof (Version 2).

As shown in [NLLT12], the first-order symbolic tangent differentiation of
F(x(A),A) = 0 at the solution x = x* with respect to A, i.e., the computation
of x(V yields

oF oF

&(X, A)-x) = _a_)\(x’ A)- AW (25)
oF oF
OF
ox oA

(1)
which is a linear system of type Ac = b, where A = VF , ¢c = <X ) and

0,

An option to evaluate the second-order directional derivatives of the solution
x = x* with respect to A in F(x,A) = 0 is to apply the symbolic first-order
tangent version for linear solvers to Equation (26) .

As shown in [Gil08], for the linear system Ac = b we have

c=L(Ab) |
c® =104, 40 b, bM) =< S—Z,A(l) >+ < S—E,b(” >, 27
where
A.<@,A<”>:—A(”'c 7 (28)
0A
A < g_:;b(l) > —pM (29)

For the computation of Equation (27) the matrices A, A e Rrx(tm) are as-
sumed to be serialized. Therefore, differentiation of ¢ € IR™™™ with respect to
A € RVH™  gives a matrix g—f‘ € R(+tm)x(n*+nm) Projecting this matrix in
direction A1) € RV vields < g—g, A e Rrtm,

Computing AD, b®) and ¢ in Equation (26) yields
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AWM =< Y A@ >
= a(avAF))\(?) >S4+ < 8(§XF),< g—i,)\@) > >
X
(2
~<on (30) >+ < 5an (o)
=< V?’F, (f@)) >+ < V2F, <)BZ)> >
=< V?F, (ig;) >,

where A, AV ¢ R*(+m) Moreover,

0,
b=—-<VF, <A(1)> >,
d 0
1) n 2

0,
0 < VF, <)\(1)> >
= —< Y A > <

0, —x(2)
0 < VF, <)\(1)> > ———

ox oA

=-<

0, 0,
0 < VF, </\(1)> > 0 0 < VF, (A(1)> > )
{al) > < {5.)-

OxOA OxOA
_ 2 0, 0, 2 0, x(?)
_—<VF, <A(1)>7<A(2)> >—<VAF7 <A(1)>7<0m >

B ) 0, )
(%) ()

and

)
(o)
y_ d <X(”> @ N0/

oA

ox) 1,2
(& A2 _ x(1,2)
0, O
Now applying Equations (28)-(29) to the linear system in Equation (26) we have
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vr < 2 405 < V2F, <X >> <X(l>

)
|

9 (2)
VF-<—cb(1)>:—<V2F,< ) §(2>

O

b’

Consequently, Equation (27) yields

«(12) ~ e)
( 0 ) = — (VF) L < V?F, (A@)),

x(1,2) ) ) x(1) ) 0, )
VE. ( 0, > =— < V°F, (A(2)> , <Om> > — < V°F, (A(1)> , <)‘(2)> >
x(1,2) ) <) <(2)

OF xM\  /x®
— x1? =— < V°F, ( ) : <)\(2)> >

Both g—i and the right hand side can be computed automatically by AD.

The required memory for evaluating the symbolic second-order tangent non-
linear solver is the memory required by the nonlinear solver itself (e.g. Equation
(7) in Newton’s algorithm), i.e. M EM (L) ~ O(n?). In Equation (19) the com-
plexity of evaluating the right hand side is O(1) - Coost(F'). The decomposition
of the Jacobian (g—f:) which is done in the evaluation of the first-order partial
derivatives with symbolic tangent (Equation (20) or Equation (25)) at the cost
of O(n?) can also be used in evaluating the second-order directional derivatives.
Solving the linear system (Equation (19)) e.g. with forward/backward substi-
tution at the cost of O(n?), the overall complexity of evaluating the symbolic

second-order tangent directional derivatives x(1?) is proportional to O(n?).

5 Second-Order Adjoint Nonlinear Solver

As in Section 4 we distinguish between second-order algorithmic and symbolic
modes when deriving adjoint solvers for systems of nonlinear equations. Similar
remarks regarding numerical consistency between the primal and the adjoint
solvers apply.

5.1 Algorithmic Mode

As mentioned in the previous section, solving the nonlinear system (Equation (1))
with e.g. Newton, the nonlinear solver uses the Jacobian of the nonlinear system
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(VF(x')) at the current iterate x’ to determine the next Newton step. First-order
adjoint version of Newton’s algorithm requires second directional derivatives of
the residual. Consequently, second-order adjoint version of the Newton’s algo-
rithm requires the third directional derivatives of the given implementation of
F.

It should be considered that the memory requirement for the algorithmic
adjoint nonlinear solver becomes proportional to the number of operations per-
formed by the nonlinear solver. Data required within the reverse section is
recorded in the forward section. The resulting memory requirement is likely to
exceed the available resources for most real-world applications. Checkpointing
techniques can help keeping the required memory feasible at the expense of ad-
ditional function evaluations, See [GW08,Naul2] for details.

As it is shown in [NLLT12], the first-order algorithmic adjoint version of
the given objective with Newton ’ s algorithm which is used for the solution
of the embedded parametrized systems of nonlinear equations results from the
straight application of adjoint mode AD to Equations (6)—(8). The application
of (incremental) adjoint mode AD to Equations (6)—(8) (without checkpointing)
yields

for i =0,...,v
oF ,
(AvT) - 8_X(X 7)‘) (30)
(b,7) == —F(x",A)
(s,7) :=L(A,b) (31)
xt=x' 45 (32)
fori=v,...,0

A
( (1>> = Ly(s,7)

b()
x! x! OF -
W)= (TO) + < b, X A) > (7 33
<>\(1)> <>\(1)> W a(x, A)( )> ) (33)
O*F ;
+ < A(1)7 m(x ,A) > (7—)
Data required within the reverse section is recorded on a data structure 2 7 in

the augmented forward section (Equations (30)-(32)). The input value of X
depends on the context in which the nonlinear solver is called. In the specific
scenario given by Equations (3)-(5) it is initially equal to zero as adjoints of
intermediate (neither input nor output) variables should be; see, for example,
2 Using AD overloading tool, e.g. dco (Derivative Code by Overloading), datas required within

the reverse section will be recorded on tape, whereas by using AD source transformation

tool, e.g. dcc (Derivative Code Compiler), datas required within the reverse section will be
recorded on stack.
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[GWO08]. In Equation (33) the projections of %(xi,/\) and %(xi,/\) in
directions b(;) and Ay respectively depend on 7, i.e., the projections on the
reverse section are dependent on the datas recorded on tape during the forward
section.

Both the Jacobian accumulation in Equation (30) and the linear solver in
Equation (31) are treated straightforwardly with an application of AD software.

As mensioned above, datas in the forward section are recorded on tape to be
used in the calculations on the reverse section. In the following for simplicity and
better readability we omit the 7.

Applying second-order algorithmic adjoint of AD to Equations (6)—(8) yields

fori=0,...,v
oF ,
0’F ; x' (2)
(2) — i
AT =< Oxd(x, A) (', ), < A > -
b:= —F(x,\)
oF - xt ()
(2) . _ Y5 i
b'“ . <8(X7A)(X7>\)7<A(2)>>
s:=L(A,b)
oL A®
(2) .
S =< 8(A,b) (A,b), <b(2)> >
Xi+1 = xi + s
xitL @) . i @) 4 @)
followed by
fori=v,...,0
i _ il
X(1) = S() = X(3)
2 ._ .® i+1(2)
S(n) = Sy T X
2 ._ 2 i+1(2)
X(1) = X)) T X
A OL
M) =< s, A b
<b(1>> 0 574,y A P)
A(2)> (A(2)> oL
1) ._ W+ < s (A,b) >
@) |- (2) 1)’ ’
<b(1) b)) 9(A,b)



x{ x{ 2F
W)= (10 )+ < Apy, =——(x", ) > 34
<>‘(1)> (A(1)> M 0x0(x, )\)( ) (34)

i(2) i(2) 2
x _ (¥ 2) OF ;
(;(12))> = (}&%) + <AL, X0 N) (x', ) > (35)
) )

(x4, A) >

7 0(x,A)

OPF i x42)
+ < Ay, m(x A, <)\(2)> >

92F ; Xi(2)
- <o gt (o )

where all the derivatives of F, e.g. % are evaluated at point (x%, X). The same

as previous section, the differentiation of L(A,b) € IR™ with respect to (A,b)
is done through serialization of (A4,b), meaning that A € IR"*™ and b € R",
(A,b) is considered as a vector of size n? + n. Consequently, %(A,b) €

R (0*+n) and %(A,b) € R +m)x(n*4n)  The gerialization is also ap-

() A®
plied for <§(1)> , <£(2)> and <b8)) ) € R+, Furthermore, the expressions
1 (1)

< Ay, sy (%', A) > in Equation (34) and < Agg, sl (%, A) > in Equa-
tion (35) denote a projection image dimension of length n?(<= n x n) of the

first derivative of the Jacobian ‘g—i(xi,)\) with respect to x and A (the Hes-
sian %(xi, A)) in the direction obtained by a corresponding serialization of

A

Equation (35) denotes a projection image dimension of length n?(< n x n) of

the second derivative of the Jacobian g—i(xi, A) with respect to x and A (the 4-

, i(2)
A1y and Ag; respectively. The expression < A(y), %(x’, A), <X > > in

tensor % (x*,A)) in the direction obtained by a corresponding serialization

L (X
of A1) and in direction <)\(2) >

In the above equations, first, second and third derivatives of F' with respect
to (x*, ) are required when computing third-order adjoints of F' with respect to
(x?,X) using AD software tools, the function value as well as derivatives up to
third-order are evaluated.

In this case, the number of operations is four times the operations (OPS)
performed by the nonlinear solver itself, i.e., v - O(n3). The required memory in
this case is proportional to the number of operations, i.e., v - O(n?). All these
computations can be done automatically using AD software tools.

5.2 Symbolic Mode

Theorem 2. Symbolic Second-Order Adjoint Solvers of Nonlinear Equa-
tion: Letr = F(x(A),A) : R" x IR™ — IR"™ for a given XA € IR™, a vector x € R"
is sought such that F(x(X),A) =0. Let z € IR" and
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oFT
I (X, A) - z=—xq) - (36)

Furthermore, let z3) =< g—i,)\@) >, z3 ¢ R" and

oF " 2 2 x(?) (2)
a_x .Z():—<Z,v F, <A(2)> >—X(1)

Second-order adjoint differentiation of F(x,A) = 0 at the solution x = x*
with respect to A, i.e., computation of )\gg € IR™, yields

(2) (2)
Al A
Proof (Version 1). As shown in [NLLT12], first-order symbolic adjoint differ-
entiation of F(x(A),A) = 0 at the solution x = x* with respect to A, i.e.,
computation of A(y), yields

0, (2)
( >+:<Z,V2F, (X >>+<z(2),VF> . (37)

OF
<z, &(X, )‘) >= X1 (38)
OF
A+ =<7 o206 A) > (39)

where Equation (38) is a linear system based on transposed Jacobian of F' with
respect to X, followed by Equation (39) for computing Ay).

An alternative for evaluating the second directional derivatives of the solution
x = x* with respect to A in F(x,\) = 0 is to differentiate Equations (38)—(39)
with respect to A. Differentiating Equation (38) yields

d F d
= = AQ = 2 @
™ <% ox (x,A) > A d)\( X)) - A

Applying Theorem 1 to the above equation yields

d oOF d OF ox
d, @ OF dOF (o) %) e
<@ AT o>t <E 550 =N

0z oF O*F O*F ox
2 32 5 5 (2) el
<< 8)\’/\ > 8x>+<z’8x8)\’)\ >+<Z’8x2’<8)\’

8X(1)
oA

2 2
oF AP > 4 <g or x®@ >= %@
) ) < (1)

A2 >

=-<

,A(2) >

< z? 8—F>+<z
T Ox T OxO

and hence

OFT . Z(2) _ 82F S 82F (2)

I (40)
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2
VIF-22 = — <2 v2F (%) > — <2 v2F x? > — Xglg
) ) A(2) ) ) Om Om

2) 2)
- _ 2p (X (1)
<z, \Y% 177 <A(2)> <Om> , (41)

which is a linear system that can be solved by using a linear solver in order to

evaluate z(2) € IR". The right hand side can be evaluated in AD by projection
2)
of the Hessian (V2F) in directions z and <§(2)>. Furthermore, X% can also be

calculated in AD.

Differentiation of Equation (39) with respect to X yields

%(A(l)) A4 = dd <z, g—i > -AG) (42)
d;‘;\l) A4 = < %( ) - A3, ZJ; >+ <z dci(g—i)-A@) >
8;\;\1) A > 4 = <<g—)\ A@ > g—§>+<z < f;;,)\(z)
s I S
A+ =<2, Z—J; >+ <z, %,A@) >+ <z, aa;—an’X@) >

0, ol 0 x(2)
(2) 2 n 2
<>\g§ + =<1z ,7( ,A)>—|—<Z,VF,<)\(2)>>—|—<Z,VF,<m>>

O (2) 2 X(2)
)\(2) + =<2z, VF >+ <z, V°F, )\(2) > . (43)

Evaluation of the above equation can also be done in AD by projection of the
Jacobian (VF') in direction z? . The < z, V2F, <i(\i))> > projection is already
computed in Equation (41).

Proof (Version 2).

As shown in [NLLT12], first-order symbolic adjoint differentiation of F'(x(\), X) =
0 at the solution x = x* with respect to A, i.e., the computation of A, yields

OF
< z, a(x, A) >= =Xy (44)
OF
At =<1z, -¢ N (x,A) > . (45)
Equation (44) becomes
oFT
I (X, A) 2= —x(
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OF T o X(l)
-7 = —
8X8)\ Om

VFT .z = — (’(‘)<1)> , (46)

which is a linear system of type Ac = b, with A = VFT c¢=zandb = — <)8(1)> .

An option to evaluate the second derivative of the solution x = x* with respect
to XAin F(x,A) = 0 is to apply the first-order tangent symbolic version for linear
solvers to Equation (44) (or Equation (46)) and then differentiate the Equation
(45) with respect to A.

As shown in [NL12], for the linear system Ac = b we have

c=L(4b) |
Oc oc
1 1.0 1) My — % 4@ Al NC)
c LY (A, A b,b") <8A’A >+<8b’b > (47)
where
A'<@ AL s = A0 ¢ (48)
814’ bl
dc
P N O RN N ¢ )
A<8b’b >=Db . (49)

The same as before, for the computation of Equation (47) the matrices A, AW ¢
R™(+m) are assumed to be serialized. Therefore, differentiation of ¢ € IR™t™
with respect to A € IRV T"™  gives a matrix g_fx € R+m)x(n’+nm)  Projecting
this matrix in direction A € R"*+7m vields < g—j, AW e Rrtm,

In this case A = VFT and ¢ = z, therefore AY - ¢ yields

4

A e =
°=(

(VFT) . A2 . g

:x(2)
O(VFT) O(VFET) = ox
T,A(z) >+ < Z787X’< 8_A’A(2) > >

2)
=<2z,V’F, <)?(3)> >+ < 2,V°F, <’(‘) ) >
@)
X
=< Z,sz, <A(2)> >

Hence, Equation (48) yields

=<1z,

8C X(2)
vET. < a—A,A(l) >= — < 7z, V?F, <>\(2)> >

m

In this case b = — <>(()(1)>, therefore b(!) yields
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d 01, Om 0,

Consequently, Equation (49) yields

dc x?
FTo <« Z b >= — [T
.

In this case ¢ = z, therefore ¢(!) yields

d Oz oz
W_ 4@ _9%% \o_ @) 5 42
=@ AT =gy AT =gy AT >

Consequently, Equation (47) becomes

(2) 2)
z? = (vF) T (- < z,V?F, G(?) >> —(VE)" . <’(‘)<1)>

m

VFT .22 = — < 2, V?F, x 8 (50)

Both g—i and the right hand side can be computed automatically by AD. The
linear system can be solved by using a linear solver in order to evaluate z(2).

The differentiation of Equation (45) with respect to A is similar to proof 1 Equa-
tions (42)—(43). As a result we have

0, @ x(2)
)\8 +=<2z® VF > + < 2,V?F, ()\(2)>

The required memory for evaluating the symbolic second-order adjoint non-
linear solver is the memory required by the nonlinear solver itself (e.g. Equa-
tion (7) in Newton’s algorithm), i.e. MEM (L) ~ O(n?). In Equation (37), the
complexity of evaluating the right hand side is O(1) - Cost(F'). The decompo-
sition of the Jacobian which is done in Equation (36) for the evaluation of z
at the cost of O(n3) can also be used in evaluating the second-order directional
derivatives. Solving the linear system Equation (41) (or Equation (50)) e.g. with
forward /backward substitution at the cost of O(n?), the overall complexity of
evaluating the symbolic second-order adjoint directional derivatives )\8 is pro-

portional to O(n?).

6 IMPLEMENTATION

One can differentiate a system of numerical simulation by applying AD tools. If
the simulation system contains a nonlinear solver, the preferable way is to differ-
entiate the nonlinear system symbolically, for example, in our system (Equations
(3)—(5)), differentiating Equation (3) and Equation (5) with algorithmic mode

32



© 00 N O U R W N

N e
B W N = O

(AD tools) and evaluating the derivatives of Equation (4) theoretically. This
means that the theoretical results should be integrated into the existing software,
which is not straightforward. For this purpose, we define an initiative generic API
3 which facilitates the exploitation of mathematical and structural knowledge
inside of often highly complex tangent and adjoint numerical simulations.

Similar to [NLLT12], as a representative case study for the implementation
of higher-level (user-defined) intrinsics in the context of overloading AD tools we
consider the solver {S(n,x,lbd)} for systems of n nonlinear equations with inputs
x=2" and {lbd}=\ and output x=z*. More generically, the proposed approach
allows users of AD tools to treat arbitrary parts of the primal code as exter-
nal functions. The latter yield gaps in the tape due to their passive evaluation
within the forward section of the adjoint code. These gaps need to be filled by
corresponding user-defined adjoint functions to be called by the tape interpreter
within the reverse section of the adjoint code. This concept is part of the over-
loading AD tool dco [NLL14].

In the following we focus on the external function interface of dco/c++ in
the context of second-order tangent and adjoint modes. The preferred method
of implementation of second-order tangent external functions is through replace-
ment of the overloaded primal function with a user-defined version. One should
not expect to be presented with the method for filling gaps in the data flow of
second-order tangent or adjoint numerical simulations. There are always several
alternatives that implement mathematically equivalent functions. The particular
choice made for dco/c++ is meant to be both intuitive and easy to maintain.
The overloading AD tool ADOL-C [GJU96| features a similar, but less generic
external function concept.

Our simulation system (Equations (3)—(5)) yields

template <typename TYPE>
inline TYPE costfunction (int n, std::vector<IYPE> &z) {
std :: vector<I'YPE> lambda(n), x(n, 0), residual(n);
int iter = 0;
preprocessor(n, z, lambda);
if (Alg)
iter = Alg_S(n, x, lambda);
else
iter = Symb_S(n, x, lambda);
std :: vector<double> x_a(n);
generate_measurements (n, x-a);
TYPE J = postprocessor(n, x, x_a);
return J;

In the above implementation, A is initialized by calling preprocessor function.
After initializing A the nonlinear solver is called, in which A is input and x is input
as well as output. There are two alternative implementations for the nonlinear
solver. If the differentiation is done algorithmically, Alg S function should be
called, otherwise, if the differentiation is done symbolically, Symb_S function
should be called. At last, the optimization function (postprocessor) is called,
which optimizes the inputs (\) with respect to the real measurements (x_a).

3 Application Programming Interface
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6.1 Algorithmic Approach

The primal nonlinear solver function S is made generic with respect to the
floating-point data type {FT} yielding

template <class FIT>
void S(int n, std::vector<FT> &x, std::vector<FI> &lbd);

Thus it can be instantiated with the dco/c++ data type {dco:: t2s_t1s :: type} and
dco/c++ data type {dco:t2sals::type} , which implement second-order tangent
and adjoint modes respectively.

template <class T>

int Alg_S(int n, std::vector<I> &x, std::vector<I> &lambda)
{ return S(n, x, lambda); }

In adjoint mode, a tape of the entire computation is generated and interpreted
as discussed in Section 5.1. Therefore, there is no gap in tape.

6.2 Symbolic Approach

In the following, we focus on the symbolic second-order tangent and adjoint
modes for nonlinear solvers discussed in Sections 4.2 and 5.2 respectively.

Based on Fig.2 in [NLLT12], Fig. 2 in the following is the linearized DAG for
second-order tangent mode of our simulation system.

In Listing 1.1, the computation of both first- and second-order tangent mode
of the nonlinear solver is shown. As mentioned in Section 4.2, the first-order
symbolic tangent differentiation of a nonlinear system F(x(X),A) = 0 at the
solution x = x* with respect to A, i.e., computation of x(!), yields

g—i(x, A)-x( = — < g—i(x, A), A0 > (51)

Differentiating the first-order tangent mode of the nonlinear solver results the
second-order tangent mode of it, i.e.

8F 1,2 2 X(l) X(2)

The computation of x() and x('? amount to the solution of linear systems

which are based on the Jacobian matrix ?)—I;.

A specialization of the generic primal solver S for dco’s scalar second-order
tangent type {dco: t2s_tls :: type} is shown in Listing 1.1.

int Symb_S(int n, std::vector<dco::t2s_tls::type> &x, std::vector<
dco::t2s_tls::type> &lambda)
{

std :: vector<dco:: t2s_tls ::type> residual(n);

std :: vector<double> px(n), plambda(n), presidual(n), tllambda(n)
, t2lambda(n), tul(n), tu2(n), bl(n), b2(n), outl(n), rhs(n),
t2s_tls_u(n);

std :: vector<std :: vector<double> > J_dr_dx(n, vector<double>(n));

intxx P;
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Fig. 2. Implementation of second-order tangent mode NLS: Solid lines represent the computa-
tion of derivatives in algorithmic mode. Dotted lines denote the computation of derivatives in
symbolic mode. In the given example, we have x°V) = x°® = x%(1:2) — o therefore they are
not mentioned in the proceeding computations.

dco::t2s_tls
dco::t2s_tls

irget (x, px);
:: get (lambda, plambda);

int iter = S(n, px, plambda);
dco::t2s_tls:: get (lambda, tllambda, 1);
dco::t2s_tls:: get(lambda, t2lambda, 0, 2);
dco:: t2s_t1ls::set (lambda, plambda);
for (int i=0; i<n; i++)

x[i] = px[i];
F(n, x, lambda, residual);
dco::t2s_tls::get(residual, bl, 1);
dco::t2s_tls::get(residual, b2, 2);
for (int ii = 0; ii < n; ii4+4) {

bl[ii] *»= —1;

b2[ii] *»= —1;
}
dr_dx_tgl(n, px, plambda, presidual, J_.dr_dx);

P = LUDecomp(n,
FBsolve(n, P,
FBsolve(n, P,

dco
dco
dco
dco

J_dr_dx);
J_dr_dx, bl, tul);
J_dr_dx, b2, tu2);

(i t2s_tls::set(x, tul, 1);

(i t2s_tls ::set (x, tu2, 2);
::t2s_tls ::set (lambda, plambda);
(1 t2s_tls::set(x, px);
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F(n, x, lambda, residual);
dco:: t2s_t1ls::get(residual , outl, 1, 2);
for (int 1=0; i<n; i++)

rhs[i]= (—1)*xoutl[i];
FBsolve(n, P, J.dr.dx, rhs, t2s_tls_u);
dco::t2s_tls::set(x, t2s_tls_u, 1, 2);
return iter;

Listing 1.1. External function for symbolic second-order tangent mode of S

In Listing 1.1, A and A are evaluated in lines 10 and 11 respectively. The
function F is the nonlinear problem. Having A(V) and A, bl=< g—i(x, A), AL >
and b2=< g—f(x, A), A® > are evaluated in lines 16 and 17 respectively. The Ja-
cobian matrix(J_dr_dx) is computed using the algorithmic tangent mode in line
22 and in line 23 it is decomposed. In lines 24 and 25 the linear systems for x(!)
and x(? in Equation (51) are solved respectively. In line 26, tul is set to x() and
in line 27, tu2 is set to x®. Up to this point, the first-order tangent derivatives
are evaluated. The right hand side of Equation (52) is computed in line 33. The
linear system in Equation (52) is solved in line 34 using the already decomposed
Jacobian matrix. Finally, t2s_t1s_u is set to x(1:2) in line 35.

Based on Fig.2 in [NLLT12], Fig. 3 in the following is the linearized DAG for
second-order adjoint mode of our simulation system.

_ 9p
X(1) =< Y < > W
( X = S(XO,A) W ( (1) 1) 3 -
(2) _ (2) o F) (2)
tx@ =< 55.a >J LX(U —<Yay o >+ <y 5E X >J

LA

A

= o _
() [ A=P@ | [ A =X 5% > ]
N -
(2) _ (2) as 8%s 2
e b(?) —< 28 5 >J bm =<x(1), 85 > + <x@), 53, A? >J

/

za) =< Aq), 35 >

2(2) 0z2

[
aa :

2
& =<Al), %L >+ <), 5F,2? >J

(a) (b)

Fig. 3. Mind the gap in the tape — Implementation of second-order adjoint symbolic NLS mode:
Solid lines represent the generation (in the forward section of the tangent and adjoint code shown
in (a)) and interpretation (in the reverse section of the first- and second-order adjoint code
shown in (b)) of the tape. Dotted lines denote gaps in the tape to be filled by a corresponding
user-defined adjoint function. In the given example, we have x%@ = 0, therefore x°@ is not
mentioned in the proceeding computations.
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In the following implementations, the computation of both first- and second-
order adjoint mode of the nonlinear solver is shown. As mentioned in Section 5.2,
the first-order symbolic adjoint differentiation of a nonlinear system F'(x(\), ) =
0 at the solution x = x* with respect to A, i.e., computation of A, yields:

F F
At =<z, g—A(x, A) >,  where Z—X(x, Mz = —X(1) - (53)
Differentiating the first-order adjoint mode of the nonlinear solver results the

second-order adjoint mode of it, i.e., computation of /\8;, which yields

0, L, [x® o
A2 + =<z, V*F, (A(2)> >+ <z9 VF > | (54)
(1)
where,
orT x(2 )
5 2 =-<zVF (A(2)> >—x}) (55)

A specialization of the generic primal solver S for dco’s scalar second-order
adjoint type {dco::t2s_als:type} marks the gap in the tape, records data that
is required for filling the gap during interpretation, and runs the primal solver
passively (without taping); see Listing 1.2.

typedef dco::t2s_als::type:: VALUETYPE base_type;

typedef base_type::VALUETYPE base_base_type;

typedef dco::t2s_als::external_function_data ext_data_S;
void t2s_als_S(dco::t2s_als::external_function_datax data);

int Symb_S(int n, std::vector<dco::t2s_als::type> &x, std::vector<
dco::t2s_als::type> &lambda)
{

ext_data_S xdata= dco::t2s_als::global_tape—>create_ext_fcn_data
<ext_data_S >(t2s_als_S);

std :: vector<base_type> plambda(n), px(n);

std :: vector<base_base_type> pplambda(n), ppx(n), b2(n),
presidual (n), dxdl_tgl(n), t2lambda(n);

std ::vector<std::vector< base_base_type> > J_dr_dx(n, vector<
base_base_type> (n));

std ::vector<dco::t2s_als ::type> residual(n);

data—>register_input (lambda, plambda);

dco::t2s_als::get(x, ppx);

dco::t2s_als:: get (lambda, pplambda);

int its = S(n, ppx, pplambda);

dco::t2s_als:: get(lambda, t2lambda, 0, 2);

dco::tls::set(plambda, pplambda);

for (int i=0; i<n; i++)
x[i] = ppx[i];

F(n, x, lambda, residual);

dco::t2s_als::get(residual, b2, 0, 2);

for (int 1 = 0; 1 < n; i+4+) Db2[i] *= —1;

dr_dx_tgl(n, ppx, pplambda, presidual, J_dr_dx);

int #xP = LUDecomp(n, J_dr_dx);

FBsolve(n, P, J.dr.dx, b2, dxdl_-tgl);

for (int i=0; i<n; i++){
px[i] = ppx[i];
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plambda[i] = pplambda[i]; }
dco::tls::set(px, dxdl_tgl, 1);
dco::tls::set(plambda, t2lambda, 1);
data—>write_to_checkpoint (n);
data—>write_to_checkpoint (plambda);
data—>write_to_checkpoint (px);
data—>register_output (px, x);
return its;

Listing 1.2. External function for symbolic second-order adjoint mode of S

In Listing 1.2, data type base_type is used for overloaded first-order solu-
tion and data type base_base_type is used for explicit second-order solution. The
passive evaluation of primal and tangent mode of the solver augmented with
recording of data required by t2_al_S. There is a forward declaration of t2_al_S
in line 4. In function Symb_S, the first-order tangent mode of the primal nonlin-
ear solver (S) is computed (see Equation (51)). For this purpose, the evaluation
of the Jacobian matrix is required, which is done by algorithmic tangent mode
in line 24 and is decomposed in line 25. The evaluation of b1=< g—f(x, A), A0 >
is done in line 22. The linear system in Equation (51) is solved in line 26. In
lines 30 and 31, dxdl_tgl is set to x1) and t2lambda is set to A respectively. At
the end, the required datas for backward interpretation are written to checkpoint.

The tape interpreter fills the gap between the tapes of P and p by calling

the function {t2s.als S} which implements the A(;) and )\g; symbolically, see
Listing 1.3. Refer to Fig. 3 for graphical illustration.

void t2s_als_S(dco::t2s_als::external_function_datax data)
{

int n;

data—>read_from_checkpoint (n);

std :: vector<double> lambda(n), x(n), al_x(n), min_al_x(n),
t2lambda(n), z(n), r(n), dz_-dl(n), t2_.al_x(n), dxdl(n,0),
als_1(n,0), als_x(n,0), dxdl_-tgl(n), rhsl(n), resl(n),
dfdl_mult_dzdl(n, 0);

std :: vector<base_type> xb(n);

std :: vector<dco::t2s_als ::type> alambda(n), alambda_1(n), ax(n),

ax_1(n), ares(n), ares_1(n);

int *xxP;

std :: vector<std :: vector<double> > J_dr_dx(n, vector<double>(n));

data—>get_output_adjoint (xb);

dco::tls::get(xb, al_x);

dco::tls::get(xb, t2_,al_x, 1);

std :: vector<base_type> plambda(n), px(n), output(n);

data—>read_from_checkpoint (plambda) ;

data—>read_from_checkpoint (px) ;

dco::tls::get(px, dxdl_tgl, 1);

dco::tls:: get(plambda, t2lambda, 1);

dco::tls::get(px, x);

dco::tls:: get(plambda, lambda);

dr_dx_adj(n, x, lambda, r, J_.dr_dx);

P = LUDecomp(n, J_dr_dx);

for (int i=0; i<n; i++) min_al x[i]=(-1

FBsolveT (n, P, J.dr.dx, min_al_x, z);

dco::t2s_als::tape::iterator posl = dco::t2s_als::global_tape—>
get_position ();

Yxal_x[1];

38



63
64
65
66
67
68
69
70

71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

87
88
89
90
91
92
93
94
95
96
97

for (int i=0; i<n; i++) {
alambda[i] = lambdali];
ax[i] = x[i];}
dco::t2s_als::set (alambda, t2lambda , 0, 2);
dco::t2s_als:: global_tape—>register_variable (alambda) ;
dco::t2s_als::set(ax, dxdl_-tgl, 0, 2);
dco::t2s_als:: global_tape—>register_variable (ax);
dco::t2s_als::tape::iterator pos2 = dco::t2s_als::global_tape—>
get_position ();
F(n, ax, alambda, ares);
dco::t2s_als::set(ares, z, —1);
dco::t2s_als:: global_tape—>interpret_adjoint_to (pos2);
dco::t2s_als:: get(alambda, dxdl, —1);
dco::tls::set(output, dxdl);
dco::t2s_als::get (alambda, als_l, —1, 2);
dco::t2s_als::get(ax, als_.x, —1, 2);
dco::t2s_als:: global_tape—>reset_to (posl);
for (int i=0; i<n; i++)
rhsl[i] = (—1)*(als_x[i]+t2_al_x[i]);
FBsolveT (n, P, J_dr.dx, rhsl, dz.dl);
for (int i=0; i<n; i++) {
alambda_1[i] = lambda[i];
ax 1[i] = x[i];}
dco::t2s_als::global_tape—>register_variable (alambda_1);
dco::t2s_als::tape::iterator pos3 = dco::t2s_als::global_tape—>
get_position ();
F(n, ax_1, alambda_l, ares_1);
dco::t2s_als::set(ares_.1, dz.dl, —1);
dco::t2s_als:: global_tape—>interpret_adjoint_to (pos3);
dco::t2s_als::get (alambda_l, dfdl_mult_dzdl, —-1);
dco::t2s_als:: global_tape—>reset_to (posl);
for (int 1=0; i<n; i++4) {
resl[i] = als_1[i] + dfdl-mult_dzdl[i];
dco::tls::set(output[i], resl[i], 1);
data—>increment_input_adjoint (output[i]) ;

Listing 1.3. Adjoint function t2s_als_S

In Listing 1.3, the datas that were written to checkpoint will be read. In line
48 the adjoint of the output, i.e. x(1), is evaluated and it is set to al x in the

next line. In line 50, x(f) is set to t2_al_x. The evaluations of the x(!) and A
that were done in Listing 1.2 in lines 30 and 31 will be read here in lines 54
and 55 respectively. The Jacobian matrix is computed with algorithmic adjoint
mode in line 58 and is decomposed in the next line. In line 61 the linear system
in Equation (53) is solved for computing z with transposed Jacobian matrix. In
line 74, the first-order symbolic adjoint dxdl=\(;) in Equation (53) is evaluated.
The right hand side of Equation (55) is computed in line 80 and the linear system
for 2z with transposed Jacobian is solved in the next line. The right hand side

of Equation (54) is computed in line 93. The variable output was set in line 75

to A(1), therefore, in line 94 output®) = Agg =resl. At the end, the output is
incremented in line 95.

The benefit of this approach is two-fold. First, taping of the nonlinear solver
is avoided yielding a substantial reduction in memory requirement of the over-
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loading based adjoint. Second, the actual adjoint mappings can be implemented
in t2s_als_S more efficiently than by interpretation of a corresponding tape. As
a general approach the external function feature can/should be applied when-
ever a similar reduction in memory requirement / computational cost can be
expected. Users of dco/c++ are encouraged to extend the run time library with
user-defined intrinsics for (domain-specific) numerical kernels such as, for exam-
ple, turbulence models in computational fluid dynamics or pay off functions in
mathematical finance.

The external function interface of dco/c++ facilitates a hybrid overloading /
source transformation approach to AD. Currently, none of the available source
transformation tools covers the entire latest C++ or Fortran standards. More-
over, these tools can be expected to struggle keeping up with the evolution of the
programming languages for the foreseeable future. Mature source transformation
AD tools such as Tapenade [HP13] can handle (considerable subsets of) C and/or
Fortran 95. They can (and should) be applied to suitable selected parts of the
given C++XX or Fortran 20XX code. Integration into an enclosing overloading
AD solution via the external function interface is typically rather straight for-
ward. The hybrid approach to AD promises further improvements in terms of
robustness and computational efficiency.

7 Case Studies

In this section we consider a case study for one dimensional and another case
study for two dimensional nonlinear system. We optimize the case studies using
a second-order derivative-based method, in which the derivatives are computed
with both symbolic and algorithmic tangent and adjoint modes. Furthermore,
the run-time overhead as well as the memory requirement of various methods of
evaluating second-order directional derivatives are compared.

7.1 One Dimensional Eliptic PDE
As a case study we solve the one dimensional nonlinear differential equation
Vi(z-u*)+u*-V(z-u)=0 on 2=(0,1)
u* =10 and z=1 for =0
u* =20 and z=1 for x =1

with parameters z(x). For given measurements u™(x) we state the following
parameter fitting problem for z

2" = arg min (2)

with
J(2) = |lu(z, 2) = u™(@)|5 - (59)

The measurements u"™(z) are generated by a given set of parameters (the “real”
parameter distribution z*(z))%. With an equidistant central finite difference dis-
cretization we get for a given u (discretized and, hence, vector-valued variables

4 Here we do not have the real datas, so we apply a small perturbation to our results and
suppose that these are the real ones.
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are written as bold letters) the residual function

1) = 57 (-1 (i1 — 20zl + el i)
g (il — [ioaluli)

2

with A = 1/n and n the number of discretization points yielding a system of n
nonlinear equations

r(u,z) =0 , ueR"zc R", (62)

which is solved by Newton’s method yielding in the i-th Newton iteration the
linear system
Vr|y=y, - Au = —r|,—yi -

The vector u’ is updated with the Newton step
utl =u' 4 Au.

In order to solve the parameter fitting problem, we apply a Newton’s method in
optimization algorithm which includes a small step size & > 0 to the algorithmic
objective J(z)

2L — k. sz(zk)—l

-VJ(@Z")

where the computation of the Jacobian and Hessian of J at the current iterate
z" includes the differentiation of the nonlinear solver for u*, i.e., differentiation
of the solver for Equation (62).

According to the Equations (3)—(5), the preprocessor A = P(z) is the identity,
while the nonlinear problem is the one dimensional nonlinear function (Equation
(60)—(61)) which is solved by a nonlinear solver (e.g. Newton’s algorithm) and
the postprocessor p(u) computes the cost functional J(z) (Equation (59)).

The goal is to apply Newton’s method in optimization algorithm (Equation
(63)) in order to minimize the postprocessor J and optimize the initial values
z; (the inputs) in the preprocessor. For this purpose the computation of the Ja-
cobian and Hessian of J at the current iterate z* is required, this includes the
evaluation of the Jacobian and Hessian of the postprocessor, nonlinear solver and
preprocessor.

In the following the algorithmic FoF (forward over forward) is the evalu-
ation of the first- and second-order directional derivatives with the first- and
second-order tangent mode of AD (Section 3.1 and Section 3.3) respectively. The
algorithmic FoR (forward over reverse) is the evaluation of the first- and second-
order directional derivatives with the first- and second-order adjoint mode of
AD (Section 3.2 and Section 3.4) respectively. The symbolic FoF is the evalu-
ation of first- and second-order directional derivatives with symbolic first- and
second-order tangent mode as Equation (20) and Equation (19) respectively. The
symbolic FoR is the evaluation of first- and second-order directional derivatives
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with symbolic first- and second-order adjoint mode as Equation (39) and Equa-
tion (37) respectively.

A straightforward approach for approximating derivatives involves the use
of finite differences. Finite difference approximation (FD) for the derivatives are
derived by truncating the Taylor series expansion of the function g = f(z) about
a point z. The accuracy of the approximations critically depends on the step size
h. More specifically, finite difference approximations for the derivatives can be
inaccurate because of truncation or condition errors.

The evaluation of the second-order directional derivatives with finite differ-
ence in several variables yields

82f ~ f(x+h1ay+h2)_f(x+h1ay_hQ)_f(x_hlay+h2)+f(x_h1ay_h2)
Ox0y ~ 4h1ho )

The discrepancy of evaluating the second-order directional derivatives of the
postprocessor J with respect to the initial values in preprocessor z; with finite
difference (Equation 7.1) and algorithmic FoF in the first iteration of the opti-
mization yields

0%J 0%J

Discrepancy = | =— — ==
H 022 FpD 022 Algorithmic

Setting n = 10 and the accuracy of the nonlinear solver § = 1076, the dis-
crepancy for different step sizes of finite difference h = h; = hy is shown in Table
2.

h |Discrepancy
1071 16.67
1072 0.15
1073|  0.001
107%|  0.0001
107%|  0.019
106 1.92

Table 2. Discrepancy of the evaluation of second-order directional derivatives with finite dif-
ference and algorithmic for different step sizes of finite difference.

The discrepancy of the results will be very small by setting h = hy = ho =
10~%, however this step size is not the smallest one. Therefore finding a suitable
step size in finite difference approximation is very crucial.

One should also notice that for the same conditions, i.e., n = 10 and § = 107,
the discrepancy of the second-order directional derivatives computed by algorith-
mic and symbolic is proportional to zero (see Figure 6).

The fully algorithmic part of the derivative computation is done by the soft-

ware tool dco/c++ [LLN11], implementing AD by overloading in C++. The im-
plementation of symbolic tangent over tangent and tangent over adjoint methods
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is supported by a custom user interface (see Section 6). For the symbolic part of
the derivative computation, the evaluation of the directional derivatives of the
preprocessor and the postprocessor will be done by algorithmic mode and only
the first- and second-order directional derivatives of the nonlinear solver will be
evaluated symbolically.

In the following we compare run time of the optimization of postprocessor
(J) with respect to the preprocessor (initial values z;) by Equation (63) for var-
ious differentiated versions of the nonlinear solver. In this paper we set ¢ as
the accuracy of the postprocessor (J(z) < €), which computes the costfunctional
(Equation (59)) and 0 would be the accuracy of our nonlinear solver (r(u,z) < 9).

Symbolic Algorithmic |Finite
n FoF | FoR | FoF FoR | Diff.
10| 0.1 | 0.05 | 047 0.09 0.3
20 | 0.99 0.1 4.25 0.35 | 2.54
30 | 4.59 | 0.28 | 21.92 1.27 |16.18
40 | 14.58 | 0.6 73.23 3.4 |41.17
50 [36.99| 1.16 | 186.87 | 7.4 -

10

run time in seconds

107! —e— Symbolic FoF
80 |277.55| 4.84 [1475.36| 41.26 - iz::::l;;n?féﬁ
100(813.47( 10.88 | - 106.39 | - 107 . Algorithmic FoR
150 - 44.0 - 560.11 - 108 —e— Finite Difference
200 - 127.69 - 1726.65| - 100 102 10 106 10" 102 10%?
250 _ 30753 _ _ _ problem dimension n

Fig. 4. Run time (in seconds) overhead comparison of optimizing our 1D sample problem with
different differentiation methods. The (-) sign implies no convergence after 2000 seconds.

In Fig. 4 we observe the expected behaviour for the computational overhead
induced by the various differentiation methods for optimizing the postprocessor
J with respect to the initial values in preprocessor z. In this example the accu-
racy of the nonlinear solver (Newton) for solving the nonlinear system (Equation
(62)) is set to 6 = le — 6 and the accuracy of the optimization in postprocessor is
set to € = le — 6. We observe that in both cases of symbolic and algorithmic, the
complexity is less if the derivatives be calculated by the adjoint mode. Optimiza-
tion using symbolic first- and second-order adjoint mode for calculation of the
directional derivatives requires less duration, however, the optimization spends
the most time by applying algorithmic first- and second-order tangent for eval-
uating the derivatives. Optimization using finite difference with h; = hy = 107°
spends less time than algorithmic second-order tangent, but for (n >= 50) it
does not converge and it is not as accurate as other differentiation methods in-
troduced in this paper.

In our test case, for second-order algorithmic adjoint, the first- and second-
order directional derivatives of preprocessing, nonlinear solver and postprocessing
are calculated with adjoint AD, this means the storage of some variables in tape
and then use the stored variables in tape for backward propagation of derivative
values. In this case the checkpoints are not needed. However, for second-order
symbolic adjoint, the directional derivatives of preprocessing and postprocessing

43



are calculated by algorithmic adjoint, in which some variables are also stored
in tape in order to be used for backward propagation of derivative values. But
the directional derivatives of nonlinear solver are computed with symbolic first-
and second-order adjoint, in which the required variables for computing the di-
rectional derivatives will not be stored in tape, but in checkpoints. The memory
requirement of second-order algorithmic adjoint contains the memory occupied
by tape, however for symbolic version the memory requirement is the memory
occupied by tape and checkpoint.

Memory Requirement (v = 5)

. Symbolic| Algorithmic
FoR FoR

10| 0.006 0.92

20 0.01 4.38

30 0.02 11.46

40 0.02 23.21

50| 0.03 40.71

60 0.03 65.02

80| 0.04 138.37

100/ 0.05 251.8

150 0.08 766.79

200( 0.11 1719.2

300f 0.16 5470.3

500| 0.27 24096.1

Table 3. Memory Requirement for evaluating the second-order adjoint mode of the nonlinear
solver (Newton) for our 1D sample problem in MB for different Problem-Dimensions.

Table 3 illustrates the memory requirement for evaluating the second-order
symbolic and algorithmic adjoint mode of the nonlinear solver (Newton) for our
1D sample problem with constant number of nonlinear solver’s (Newton) itera-
tions (v = 5) and different problem sizes (n). It shows that, the memory require-
ment in second-order algorithmic adjoint mode is considerably higher than in the
symbolic one, but for both cases it is proportional to the size of the problem.

Table 4 illustrates the memory requirement for evaluating the second-order
symbolic and algorithmic adjoint mode of the nonlinear solver (Newton) for our
1D sample problem with constant problem dimension n = 40 and different non-
linear solver’s (Newton) iterations (). In the symbolic mode the differentiation
is done symbolically after the computation of the exact solution of the nonlinear
system. It means that the memory is just needed to register the solutions of
the nonlinear solver (here X) and not the intermediate values of the nonlinear
solver’s algorithm. Therefore by setting the problem size (n) constant, it remains
unchanged by varying the number of nonlinear solver’s iterations (v). However,
in the algorithmic mode for calculation of the derivatives we should go through
the algorithm (line-by-line differentiation) v times, so the memory requirement
is proportional to the number of iterations.
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Memory Requirement (n = 40)

y Symbolic| Algorithmic

FoR FoR

1 0.02 4.49

2 0.02 9.02

3 0.02 13.75

4 0.02 18.48

5 0.02 23.21

6 0.02 27.94

10 0.02 46.85

15 0.02 70.49

20 0.02 94.14

30 0.02 141.42
50 0.02 236.0
100 | 0.02 472.43
300 0.02 1418.16
500 0.02 2363.88
1000{ 0.02 4728.2
2000| 0.02 9456.84

Table 4. Memory Requirement for evaluating the second-order adjoint mode of the nonlinear
solver (Newton) for our 1D sample problem in MB for different number of Newton’s iterations.

7.2 Two Dimensional Eliptic PDE

As a two dimensional case study, we consider the two-dimensional Solid Fuel
Ignition problem (also known as the Bratu problem) from the MINPACK-2 test
problem collection [ACM91] which is given by the elliptic partial differential
equation

Ar—z-e* =0 , (64)

where © = x(qo,q1) is computed over some bounded domain 2 C IR? with

boundary I" € IR? and Dirichlet boundary conditions x(qo,q1) = g(qo,q1) for
(g0, q1) € I'. For simplicity, we focus on the unit square £2 = [0,1]? and we set

1 ifg=1

0 otherwise

9(q0, 1) = {

We use finite differences as a basic discretization method. Its aim is to replace
the differential

0? 0?
=—+-—

ot g3
with a set of algebraic equations, thus transforming Equation (64) into a system
of nonlinear equations that can be solved by nonlinear solvers.

Az

According to [Naul2] the system of nonlinear equations to be solved is

—4 X+ Xip1j + X1+ X+ X1 = WYz €N (65)
for4,j =1,...,n — 1. Discretization of the boundary conditions yields x, ; = 1
and X;0 =X =X;, =0fori,j=1,...,n—1
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According to the Equations (3)—(5), the preprocessor is the identity A; ; =
z; j, the solution process is the two dimensional nonlinear function (Equation
(65)) which is solved by a nonlinear solvers (e.g. Newton’s algorithm). Consid-
ering x;"; as real datas® the postprocessor computes the cost functional which
is

J(z) = [|lx*(2) =" - (66)

The goal is to apply Newton’s method in optimization algorithm (Equation
(63)) in order to minimize the postprocessor J and optimize the initial values
(the inputs) z; ; in the preprocessor. For this purpose the computation of the
Jacobian and Hessian of J at the current iterate z* is required, this includes the
evaluation of the Jacobian and Hessian of the postprocessor, nonlinear solver and
preprocessor.

The fully algorithmic part of the derivative computation is done by the soft-
ware tool dco/c++ [LLN11], implementing AD by overloading in C++. The im-
plementation of symbolic tangent over tangent and tangent over adjoint methods
is supported by a custom user interface. For the symbolic part of the derivative
computation, the evaluation of the directional derivatives of the preprocessor
and the postprocessor will be done by algorithmic mode and only the first- and
second-order directional derivatives of the nonlinear solver will be evaluated sym-
bolically.

In the following, we set € as the accuracy of the postprocessor (J(z) < €),
which computes the costfunctional (see Equation (66)) and § would be the ac-
curacy of our nonlinear solver (Newton) to solve the nonlinear system Equation
(65).

In this section we compare run time of the optimization of postprocessor (J)
with respect to the preprocessor (initial values z; ;) by Equation (63) for various
differentiated versions of the nonlinear solver.

In Fig. 5 we observe the expected behaviour for the computational overhead
induced by the various differentiation methods for optimizing the postprocessor
J with respect to the initial values in preprocessor z. In this example the accu-
racy of the nonlinear solver for solving the nonlinear problem (e.g. with Newton)
is set to 0 = le — 12 and the accuracy of the optimization is set to ¢ = le — 2.
It shows that in both cases of symbolic and algorithmic, the complexity is less if
the derivatives be calculated by the adjoint mode. Optimization using symbolic
first- and second-order adjoint mode for calculation of directional derivatives re-
quires less duration, however, the optimization spends the most time by applying
algorithmic first- and second-order tangent for evaluating the derivatives.

5 Here again we do not have the real datas, so we apply a small perturbation to our results
and suppose that these are the real ones.
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—e— Symbolic FoF
—— Symbolic FoR

103 # | —+ Algorithmic FoF
—e— Algorithmic FoR

Symbolic Algorithmic
n FoF | FoR | FoF | FoR
4 x4 0.05 | 0.01 | 0.17 | 0.03

6x6 | 084|005 392 | 0.29 2

8 x8 |11.32] 0.35 | 64.67 | 2.54 P

10 x 10/ 89.59 | 1.39 | 573.51 | 14.67 £

11 x 11|218.59| 2.62 |1454.23| 31.95 2

12 x 12]495.53| 4.83 | - | 74.17

15 x 15| - [25.46| - [485.43

20 x 20| - [277.36] - - s

1044 1056 1018 102 1022 1024 1026
problem dimension n

Fig. 5. Run time (in seconds) overhead comparison of optimizing our 2D sample problem with
different differentiation methods. The (-) sign implies no convergence after 2000 seconds.

One should also consider that, as mentioned before, the memory requirement
of second-order algorithmic contains the memory occupied by tape, however for
symbolic version the memory requirement is the memory occupied by tape and
checkpoint.

Memory Requirement (v = 8)

N Symbolic|Algorithmic

FoR FoR
3x3 0.003 0.15
4x 4 0.005 0.83
5% 5 0.007 3.1
6x 6 0.01 9.16
10x 10| 0.03 201.21

15x 15| 0.06 2438.57
20 x 20 0.11 14401.5
25 x 25| 0.17 56988.3
30 x 30| 0.24 -
Table 5. Memory Requirement for evaluating the second-order adjoint mode of the nonlinear
solver (Newton) for our 2D sample problem in MB for different Problem-Dimensions. The (-)
sign implies that the memory is full on a machine with 128 GB RAM.

Table 5 illustrates the memory requirement for evaluating the second-order
symbolic and algorithmic adjoint mode of the nonlinear solver (Newton) for our
2D sample problem with constant number of nonlinear solver’s (Newton) iter-
ations (v = 8) and different problem sizes (n) of nonlinear system for adjoint
second-order algorithmic and symbolic. It shows that the memory requirement
of algorithmic adjoint mode is considerably higher than the symbolic one, but
the memory requirement is proportional to the size of the problem for both cases.
In the algorithmic mode, the memory was full for n >= (30 x 30) on a machine
(Heisenberg) with 128 GB RAM.

Table 6 illustrates the memory requirement for evaluating the second-order
symbolic and algorithmic adjoint mode of the nonlinear solver (Newton) for our
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Memory Requirement (n = 10 x 10)

y Symbolic Algorithmic

FoR FoR

1 0.03 22.94

2 0.03 48.41

3 0.03 73.88

4 0.03 99.34

5 0.03 124.81

6 0.03 150.28

8 0.03 201.21
10 0.03 252.14
15 0.03 379.47
20 0.03 506.8

30 0.03 761.47
50 0.03 1270.79
100 0.03 2544.1
200 0.03 5090.73
500 | 0.03 12730.6
1000| 0.03 25463.8

Table 6. Memory Requirement for evaluating the second-order adjoint mode of the nonlinear
solver (Newton) for our 2D sample problem in MB for different number of Newton’s iterations.

1D sample problem with constant problem dimension n = 10 x 10 and different
number of nonlinear solver’s (Newton) iterations (v). In the symbolic mode the
differentiation is done symbolically after the computation of the exact solution
of the nonlinear system. It means that the memory is just needed to register the
solutions of the nonlinear solver (here x) and not the intermediate values of the
nonlinear solver’s algorithm. Therefore by setting the problem size (n) constant,
it remains unchanged by varying the number of nonlinear solver’s iterations (v).
However, in the algorithmic mode for calculation of the derivatives we should
go through the algorithm (line-by-line differentiation) v times, so the memory
requirement is proportional to the number of iterations.

In the solution process the directional derivatives of the solution are com-
puted by a symbolic version of the solver under the assumption that the exact
solution x* has been reached. F'(x,z) = 0 can be differentiated symbolically in
this case. However, for computing the derivatives with algorithmic modes of AD,
the whole algorithm would be differentiated. For example, suppose F'(x,z) < 4.
The discrepancies in the results computed by second-order algorithmic and sym-
bolic nonlinear solvers depend on the accuracy (J) of the approximation of the
primal solution process. In the following we compare the directional derivatives of
the postprocessor J (Equation 66) with respect to the initial values in preproces-
sor z; ; computed with symbolic FoF and algorithmic FoF for different nonlinear
solver accuracies (0) in the first iteration of the optimization’s algorithm

0?7 02
0z Symbolic 0z2 Algorithmic '

As it is shown in the Fig. 6, for n = (6 x 6) in our 2D test case, by increasing
the 0 in Newton algorithm (our nonlinear solver) the discrepancies in the results
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Fig. 6. The Discrepancies in the Derivatives Computed by Second-Order Algorithmic and Sym-
bolic for different Nonlinear Solver Accuracies (4).

computed by second-order algorithmic and symbolic will be larger. Therefore, in
order to have a more exact derivative evaluation in symbolic computation of the
derivatives of nonlinear systems, the accuracy of the nonlinear solver (¢) should
tend to zero.

8 Conclusion

In this paper we discussed second-order algorithmic and symbolic direct solvers
for systems of nonlinear equations. Mathematical insight yields a reduction of
the computational overhead for evaluating second-order directional derivatives.
Computing derivatives by a fully algorithmic method corresponding to a straight
application of AD without taking into account any mathematical or structural
properties of the numerical method turns out to be the worst approach in terms
of computational efficiency. The performance of the different approaches depends
on the number of (Newton) iterations v and on the problem size n. As an al-
ternative we considered the symbolic second-order differentiation of numerical
simulation programs which contain calls to solvers for parameterized systems of
n nonlinear equations and compared them with the algorithmic version (AD)
of computing second derivatives. In Fig. 4 for 1D- and in Fig. 5 for 2D-eliptic
partial differential equation (PDE) we observe that in both cases of second-order
symbolic and algorithmic, the complexity of the optimization is less if the deriva-
tives be calculated by the adjoint mode. Optimization using symbolic first- and
second-order adjoint mode for evaluation of the directional derivatives requires
less time, however, applying algorithmic first- and second-order tangent for the
evaluation of the directional derivatives spends the most time.

Directional derivatives of the solution are computed by a symbolic tangent
and adjoint version of the solver under the assumption that the exact solution
x* has been reached. F(x,A) = 0 can be differentiated symbolically in this
case, however algorithmic tangent and adjoint versions of the solver compute
directional derivatives of the approximation of the solution which are actually
computed by the algorithm. This yields the discrepancies in the results computed
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by algorithmic and symbolic tangent and adjoint. In Fig. 6 it is shown that by
increasing the accuracy of the nonlinear solver (§) the discrepancies in the results
computed by second-order algorithmic and symbolic will be larger.

Furthermore, the memory requirement of adjoint second-order symbolic is the
memory which is used by tape and checkpoint and it depends on the size of the
problem (refer to Table 3 and Table 5 for 1D- and 2D-eliptic PDE respectively),
whereas in algorithmic version it is the memory which is used by tape and it
depends on the size of the problem and on the number of iterations performed
by the nonlinear solver’s algorithm (refer to Table 4 and Table 6 for 1D- and
2D-eliptic PDE respectively).
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1D Case Study

In the following, the implementation of our 1-dim nonlinear problem, i.e. 1-dim
case study in Section 7.1, as well as the nonlinear solver (here, Newton’s al-
gorithm) are presented. The complete codes of the second-order symbolic and
algorithmic tangent and adjoint modes of the nonlinear solver are illustrated in
Section 6. At the end, the implementation of the main functions for second-order
tangent, adjoint and finite difference of the nonlinear solver are exposed.

Nonlinear Problem

okttt ok ok skokoskskokokok ok UM CETOM . AP skoskskoskosk sk sk sk sk ok sk skt ok ok ko okokok %/

template <typename TYPE>

inline void preprocessor(int n, std::vector<TYPE> &z, std::vector<
TYPE> &lambda)

{

for (int 1=0; i<n; i++)
lambda[i] = z[i];
}

template <typename TYPE2>
inline TYPE2 F(int n, std::vector<TYPE2> &x, std::vector<TYPE2> &
lambda, std::vector<I'YPE2> &residual) {
TYPE2 delta = (TYPE2) (1.0 / n);
TYPE2 norm_res = (TYPE2) (0);
TYPE2 left , right;

for (int 1 = 0; i < n; i++) {
if (i = 0)
left = 10;
else
left = (TYPE2)lambda[i—1]xx[i —1];
if (i = n-1)

right = 20;
else
right = (TYPE2)lambda[i+1]*x[i+1];
residual [i] = (right + left — 2x(TYPE2)lambda[i]xx[i]) /
(deltaxdelta) + x[i]*(right—left)/(2xdelta);
norm._res += pow(residual [i], 2);
}
norm._res = sqrt(norme.res);

return norm_res 3

}

template <typename TYPE>
inline TYPE postprocessor(int n, std::vector<IYPE> &x, std::vector<
double> &x_a) {

TYPE J = (TYPE)O.;
for (int i=0; i<n; i++)
J +=pow(x-a[i] — x[i], 2); // x_a are real measurements.
J /= (TYPE)(n)
return J;

}

Newton’s Solver for Nonlinear Equations

1 |/********************* Newton . hpp s s sskosskokokokok sk k% sk skok sk ok okok ok /
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template <class T>
int S(int n, std::vector<I> &x, std::vector<I> &lambda)
{
std::vector<I> dx(n), r(n), x_orig(mn);
std :: vector<T> residual(n), rph(n), rmh(n), xph(n), xmh(n);

// compute Jacobian of F with respect to z
vector<vector<I> > Jacobian(n, vector<I>(n));
T norm_residual;

int nr_iterations;

int iter=0;

for (nr_iterations=0;; nr_iterations++) {
// compute Jacobian and residual using finite difference
for (int i=0; i<n; i++)
x_orig [i]=x[i];
double hh=le —8;
for (int i=0; i<n; i++) {
for (int j=0; j<n; j++) {
x[j] = (T)x-orig[j];
xph[j] = (T)x-orig[J];
xmh[j] = (T)x_orig[j];}
F(n,x,lambda,r);
xph[i] = xph[i] + hh;
F(n,xph,lambda,rph);
xmh[i] = xmh[i] — hh;
F(n,xmh,lambda,rmh) ;
for (int j=0; j<n; j++) {
T deriv = (rph[j]—-rmh[j])/(2xhh);
T derivative = (T) 0.;

derivative = deriv;
residual [j]=r[]];
Jacobian [j][i] = derivative;

|V
Vo
// solve Newton system by LU-decomposition of Jacobian
// megate residual
for (int i=0; i<n; i++)
residual [i] = —residual [i];
int #xP = LUDecomp(n, Jacobian);
FBsolve(n, P, Jacobian, residual, dx);
// update z and evaluate new residual
for (int i=0; i<n; i++) x[i]+=dx[i];
norm._residual=F(n,x,lambda,r);
for (int j=0; j<n; j++) residual[j] = r[j];
iter++;
if (norm_residual<=newton_eps) break;

}

return iter;

}

main Functions:
Second-Order Tangent Mode
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#include <iostream >

#include <stdlib .h>

#include <fenv.h>

#include <vector>
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7 | bool Disc;
8 | bool Cont;

9 |const double newton_eps = le—6;
10 | const double eps = le—6;
11

12 |#include ”dco.hpp”

13 | DCO_DEFINE_ GLOBAL.TAPE POINTER
14
15 |#include ”Function .hpp”
16 |#include ”Newton.hpp”

17

18 | using namespace std;

19

20 |int main(int argc, char xargv|[]) {

21 Disc = false;

22 Cont = true;

23 int n=10;

24 if (arge >= 2)

25 n = atoi(argv[1l]);

26 if (arge >= 3)

27 Disc = true;

28 std :: vector<double> xv(n), z(n,1.1), dJ_.dz(n,0);

29 std :: vector<std :: vector<double> > H_dJ_dz(n, std::vector<double
>());

30 std ::vector<dco::t2s_tls::type> az(n);

31 for (int i=0; i<n; i++)

32 for (int j=0; j<n; j++)

33 H.dJ.dz[i][j] = 0.;

34 // Newton Optimization

35 int iter = 0;

36 double norm_dJ = 10;

37 double J;

38 double sum = 0;

39 while(norm_dJ > eps) {

40 ++iter;

41 for (int ii=0; ii<n; ii++4) {

12 for (int jj=0; jj<n; jj++) {

43 for (int i = 0; i < n; i++) az[i] = z[i];

44 dco::t2s_tls::set(az[ii], 1.0, 0, 2);

45 dco::t2s_tls::set(az[jj], 1.0, 1);

46 dco::t2s_tls::type aJ = costfunction (n, az);

47 dco::t2s_tls::get(aJ, J);

48 dco::t2s_tls::get(aJ,dJ_dz[jj], 1);

49 dco::t2s_tls::get(aJ, H.dJ.dz[ii][jj], 1, 2);

50 sum += H_dJ_dz[ii][jj]«HdJ_dz[ii][]j];

51 Yo/ g

52

53 Yo/ i

54
55 Gauss(n, H.dJ.dz, dJ.dz, xv);

56 double alpha = 1.;

57 double tJ = J+1;

58 while (tJ > J) {

59 for (int i=0; i<n; i++) {

60 double val;

61 dco::t2s_tls::get(az[i], val);
62 z[1] = val — alphaxxv[i];

63

64 tJ = costfunction (n, z);
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30
31
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33
34
35
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37
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39
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41

alpha /= 2.0;
Y // while (tJ > J)
J = tJ;
norm_dJ = 0;
for (int i=0; i<n; i++) {
norm-dJ += dJ_dz[i]xdJ.dz[i];
}

norm_dJ = sqrt(norm_dJ);
Y // while(norm_-J > eps)

cout << ” 7 << endl;
cout << 7J=_." << J << endl;
cout << ”"Norm.of.second.derivative.is:..” << sqrt(sum) << endl;

return 0;

}
Second-Order Adjoint Mode
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#include <iostream >
#include <stdlib .h>
#include <fenv.h>
#include <vector>

bool Disc;

bool Cont;

const double newton_eps = le—6;
const double eps = le—6;

#include ”dco.hpp”
DCODEFINE_GLOBALTAPE POINTER

#include ” Function .hpp”
#include ”Newton.hpp”

using namespace std;

int main(int argc, char xargv[]) {

Disc = false;
Cont = true;
int n=10;

if (arge >= 2)

n = atoi(argv|[1l]);
if (argec >= 3)

Disc = true;

std :: vector<double> xv(n), z(n, 1.1), dJ_dz(n

std :: vector<std :: vector<double> > H_dJ_dz(n,
(n));
std:: vector<dco::t2s_als::type> az(n);
for (int i=0; i<n; i++)
for (int j=0; j<n; j++)
H.dJ.dz[i][j] = 0.;
// take chunk tape

. 0);
std :: vector<double>

dco::t2s_als::global_tape = dco::t2s_als::tape::create();

// Newton Optimization

int iter = 0;
double norm_dJ = 10;
double J;

double sum = 0;
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while(norm_dJ > eps) {
++iter;

for (int i1i=0; ii<n; ii++4) {
for (int i=0; i<n; i++) azl[i

dco::t2s_als::set(az]

ii], 1.0,

for (int i=0; i<n; i++)
dco::t2s_als:: global_tape—>register_variable (az[i]);
position = dco::t2s_als::
global _tape —>get_position ();
dco::t2s_als:: global_tape—>zero_adjoints () ;

dco::t2s_als::tape::i

terator

] = z[i

0, 2);

15

’

for (int i=0; i<n; i++4) dco::t2s_als::set(az[i], z[i]);
dco::t2s_als::type aJ = costfunction (n, az);
double mem_tape = dco::t2s_als:: global_tape—>

get_tape_memory.s
double mem_checkpoint

ize () ;
= dco::

t2s_als ::

get_checkpoint_memory_size () ;
cout << "mem_tape:..” << mem_tape << endl;

cout << ”"mem-_checkpoi
dco::t2s_als::set(al,
dco::t2s_als::get(aJ,

global_tape —

nt:..” << mem-_checkpoint << endl;
1., _1))
1)

dco::t2s_als:: global_tape—>
interpret_and_reset_adjoint_to(position);
for (int i=0; i<n; i++) {
dco::t2s_als::get(az[i], dJ_dz[i

dco::t2s_als::get(az[i], H.dJ.dz

sum += H_dJ_dz[i][ii]«H_dJ_dz[i

}
VAL

Gauss(n, H.dJ.dz, dJ.dz,
double alpha = 1.;
double tJ = J+1;

while (tJ > J) {

XV);

for (int i=0; i<n; i++) {

double val;

dco::t2s_als::get(az[i], val);
z[i] = val — alphaxxv][i];

}

tJ = costfunction (n,
alpha /= 2.0;

} // while (tJ > J)

J = tJ;

norm_dJ = 0;

for (int i=0; i<n; i++) {

z);

norm-dJ 4= dJ._dz[i]xdJ._dz[i];

}

norm_dJ = sqrt(norm-dJ);
Y // while(norm_J > eps)

)7
i], -1, 2);

’

]7 -
[1][i
[ii]

cout << ” 7 << endl;
cout << "J=_."7 << J << endl;
cout << ”"Norm.of.second.derivative.is:..” << sqrt(sum) << endl;

return 0;

}

Second-Order Finite Difference
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#include <iostream >
#include <stdlib .h>
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#include <fenv.h>
#include <vector>

double passive_time;
double forward_time;

const double newton_eps = le—6;
const double eps = le—6;

#include ”dco.hpp”

#include ” Function_FD .hpp”
#include ”Newton.hpp”

using namespace std ;
int main(int argc, char xargv|[]) {

int n=10;
if (arge >= 2)
n = atoi(argv[1l]);

std :: vector<double> xv(n), z(n, 1.1), z_-fd(n), dJ.dz(n, 0);
std :: vector<std :: vector<double> > H_dJ_dz(n, std::vector<double>
(n));
for (int 1=0; i<n; i++)
for (int j=0; j<n; j++)
H.dJ.dz[i][j] = 0.;

// Newton Optimization

int iter = 0;
double norm_dJ = 10;
double J;

double sum = 0;

double hl = 1e—-05;
double h2 le —05;

while(norm_dJ > eps) {

// computing the Jacobian with Finite Difference
for (int ii=0; ii<n; ii++) {
for (int i = 0; i < n; i++)
z_fd[i] = z[i];
z_fd[ii] 4= hl;
double Jph = costfunction (n, z_fd);

z_fd[ii] —= 2xhl;
double Jmh = costfunction (n, z_fd);
dJ_dz[ii] = (Jph—Jmh) / (2xhl);

}

// computing the Hessian with Finite Difference
for (int ii=0; ii<n; ii++) {
for (int jj=0; jj<n; jj++) {
for (int i = 0; i < n; i++)
z_fd[i] = z[i];

z_fd [ii] += hl;

z_fd[jj] += h2;

double J_1 = costfunction(n, z_fd);

z_fd[jj] —= 2xh2;
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double J_2 = costfunction (n, z_-fd);

z_fd[ii] —= 2xhl;

double J_4 = costfunction(n, z_fd);

z_fd[jj] += 2xh2;

double J_3 = costfunction(n, z_fd);

H.dJ.dz[ii][jj] = (J.1 — J.2 — J_3 + J_4) / (4*hlxh2

sum f— H_dJ_dz[ii][jj]«H-dI_dz[ii][jj]:
Y /) dd
P/

J = costfunction (n, z);
Gauss(n, H.dJ.dz, dJ.dz, xv);
double alpha = 1.;
double tJ = J+1;
while (tJ > J) {
for (int i=0; i<n; i++4) {
double val = z[i];
z[i] = val — alphaxxv[i];
}
tJ = costfunction (n, z);
alpha /= 2.0;
Y // while (tJ > J)

J = tJ;
norm_dJ = 0;
for (int i=0; i<n; i++)
norm-dJ 4= dJ._dz[i]xdJ._dz[i];
norm_dJ = sqrt(norm_dJ);

Y // while(norm_J > eps)

cout << ” 7 << endl;
cout << "J=_."7 << J << endl;
cout << ”"Norm.of.second.derivative.is:..” << sqrt(sum) << endl;

return 0;
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Rewriting Systems

Matthias Jarke, John Mylopoulos, Joachim W. Schmidt, Yannis Vassil-
iou: DAIDA: An Environment for Evolving Information Systems

M. Jeusfeld, M. Jarke: From Relational to Object-Oriented Integrity
Simplification

G. Hogen, A. Kindler, R. Loogen: Automatic Parallelization of Lazy
Functional Programs

Prof. Dr. rer. nat. Otto Spaniol: ODP (Open Distributed Processing):
Yet another Viewpoint

H. Kuchen, F. Liicking, H. Stoltze: The Topology Description Language
TDL

S. Graf, B. Steffen: Compositional Minimization of Finite State Systems
R. Cleaveland, J. Parrow, B. Steffen: The Concurrency Workbench: A
Semantics Based Tool for the Verification of Concurrent Systems
Rudolf Mathar, Jirgen Mattfeldt: Optimal Transmission Ranges for Mo-
bile Communication in Linear Multihop Packet Radio Networks

M. Jeusfeld, M. Staudt: Query Optimization in Deductive Object Bases
J. Knoop, B. Steffen: The Interprocedural Coincidence Theorem

J. Knoop, B. Steffen: Unifying Strength Reduction and Semantic Code
Motion

T. Margaria: First-Order theories for the verification of complex FSMs
B. Steffen: Generating Data Flow Analysis Algorithms from Modal Spec-
ifications

Stefan Eherer (ed.), Fachgruppe Informatik: Jahresbericht 1991
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1992-02 * Bernhard Westfechtel: Basismechanismen zur Datenverwaltung in struk-
turbezogenen Hypertextsystemen

1992-04  S. A. Smolka, B. Steffen: Priority as Extremal Probability

1992-05 * Matthias Jarke, Carlos Maltzahn, Thomas Rose: Sharing Processes:
Team Coordination in Design Repositories

1992-06  O. Burkart, B. Steffen: Model Checking for Context-Free Processes

1992-07 * Matthias Jarke, Klaus Pohl: Information Systems Quality and Quality
Information Systems

1992-08 * Rudolf Mathar, Jiirgen Mattfeldt: Analyzing Routing Strategy NFP in
Multihop Packet Radio Networks on a Line

1992-09 * Alfons Kemper, Guido Moerkotte: Grundlagen objektorientierter Daten-
banksysteme

1992-10  Matthias Jarke, Manfred Jeusfeld, Andreas Miethsam, Michael Gocek:
Towards a logic-based reconstruction of software configuration manage-
ment

1992-11  Werner Hans: A Complete Indexing Scheme for WAM-based Abstract
Machines

1992-12  'W. Hans, R. Loogen, St. Winkler: On the Interaction of Lazy Evaluation
and Backtracking

1992-13 * Matthias Jarke, Thomas Rose: Specification Management with CAD

1992-14  Th. Noll, H. Vogler: Top-down Parsing with Simultaneous Evaluation on
Noncircular Attribute Grammars

1992-15  A. Schuerr, B. Westfechtel: Graphgrammatiken und Graphersetzungssys-
teme(written in german)

1992-16 * Graduiertenkolleg Informatik und Technik (Hrsg.): Forschungsprojekte
des Graduiertenkollegs Informatik und Technik

1992-17 M. Jarke (ed.): ConceptBase V3.1 User Manual

1992-18 * Clarence A. Ellis, Matthias Jarke (Eds.): Distributed Cooperation in
Integrated Information Systems - Proceedings of the Third International
Workshop on Intelligent and Cooperative Information Systems

1992-19-00 H. Kuchen, R. Loogen (eds.): Proceedings of the 4th Int. Workshop on
the Parallel Implementation of Functional Languages

1992-19-01 G. Hogen, R. Loogen: PASTEL - A Parallel Stack-Based Implementation
of Eager Functional Programs with Lazy Data Structures (Extended
Abstract)

1992-19-02 H. Kuchen, K. Gladitz: Implementing Bags on a Shared Memory MIMD-
Machine

1992-19-03 C. Rathsack, S.B. Scholz: LISA - A Lazy Interpreter for a Full-Fledged
Lambda-Calculus

1992-19-04 T.A. Bratvold: Determining Useful Parallelism in Higher Order Func-
tions

1992-19-05 S. Kahrs: Polymorphic Type Checking by Interpretation of Code

1992-19-06 M. Chakravarty, M. Kéhler: Equational Constraints, Residuation, and
the Parallel JUMP-Machine

1992-19-07 J. Seward: Polymorphic Strictness Analysis using Frontiers (Draft Ver-
sion)

1992-19-08 D. Gartner, A. Kimms, W. Kluge: pi-Red"+ - A Compiling Graph-
Reduction System for a Full Fledged Lambda-Calculus
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1992-19-09 D. Howe, G. Burn: Experiments with strict STG code

1992-19-10 J. Glauert: Parallel Implementation of Functional Languages Using
Small Processes

1992-19-11 M. Joy, T. Axford: A Parallel Graph Reduction Machine

1992-19-12 A. Bennett, P. Kelly: Simulation of Multicache Parallel Reduction

1992-19-13 K. Langendoen, D.J. Agterkamp: Cache Behaviour of Lazy Functional
Programs (Working Paper)

1992-19-14 K. Hammond, S. Peyton Jones: Profiling scheduling strategies on the
GRIP parallel reducer

1992-19-15 S. Mintchev: Using Strictness Information in the STG-machine

1992-19-16 D. Rushall: An Attribute Grammar Evaluator in Haskell

1992-19-17 J. Wild, H. Glaser, P. Hartel: Statistics on storage management in a lazy
functional language implementation

1992-19-18 W.S. Martins: Parallel Implementations of Functional Languages

1992-19-19 D. Lester: Distributed Garbage Collection of Cyclic Structures (Draft
version)

1992-19-20 J.C. Glas, R.F.H. Hofman, W.G. Vree: Parallelization of Branch-and-
Bound Algorithms in a Functional Programming Environment

1992-19-21 S. Hwang, D. Rushall: The nu-STG machine: a parallelized Spineless
Tagless Graph Reduction Machine in a distributed memory architecture
(Draft version)

1992-19-22 G. Burn, D. Le Metayer: Cps-Translation and the Correctness of Opti-
mising Compilers

1992-19-23 S.L. Peyton Jones, P. Wadler: Imperative functional programming (Brief
summary)

1992-19-24 W. Damm, F. Liu, Th. Peikenkamp: Evaluation and Parallelization of
Functions in Functional + Logic Languages (abstract)

1992-19-25 M. Kesseler: Communication Issues Regarding Parallel Functional Graph
Rewriting

1992-19-26 Th. Peikenkamp: Charakterizing and representing neededness in func-
tional loginc languages (abstract)

1992-19-27 H. Doerr: Monitoring with Graph-Grammars as formal operational Mod-
els

1992-19-28 J. van Groningen: Some implementation aspects of Concurrent Clean on
distributed memory architectures

1992-19-29 G. Ostheimer: Load Bounding for Implicit Parallelism (abstract)

1992-20 H. Kuchen, F.J. Lopez Fraguas, J.J. Moreno Navarro, M. Rodriguez
Artalejo: Implementing Disequality in a Lazy Functional Logic Language

1992-21  H. Kuchen, F.J. Lopez Fraguas: Result Directed Computing in a Func-
tional Logic Language

1992-22  H. Kuchen, J.J. Moreno Navarro, M.V. Hermenegildo: Independent
AND-Parallel Narrowing

1992-23  T. Margaria, B. Steffen: Distinguishing Formulas for Free

1992-24 K. Pohl: The Three Dimensions of Requirements Engineering

1992-25 * R. Stainov: A Dynamic Configuration Facility for Multimedia Commu-
nications

1992-26 * Michael von der Beeck: Integration of Structured Analysis and Timed
Statecharts for Real-Time and Concurrency Specification
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1992-43
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1993-02 *

1993-03

1993-05

1993-06

1993-07 *

1993-08 *

1993-09

W. Hans, St. Winkler: Aliasing and Groundness Analysis of Logic Pro-
grams through Abstract Interpretation and its Safety

Gerhard Steinke, Matthias Jarke: Support for Security Modeling in In-
formation Systems Design

B. Schinzel: Warum Frauenforschung in Naturwissenschaft und Technik
A. Kemper, G. Moerkotte, K. Peithner: Object-Orientation Axiomatised
by Dynamic Logic

Bernd Heinrichs, Kai Jakobs: Timer Handling in High-Performance
Transport Systems

B. Heinrichs, K. Jakobs, K. Lenflen, W. Reinhardt, A. Spinner: Euro-
Bridge: Communication Services for Multimedia Applications

C. Gerlhof, A. Kemper, Ch. Kilger, G. Moerkotte: Partition-Based Clus-
tering in Object Bases: From Theory to Practice

J. Borstler: Feature-Oriented Classification and Reuse in IPSEN

M. Jarke, J. Bubenko, C. Rolland, A. Sutcliffe, Y. Vassiliou: Theories Un-
derlying Requirements Engineering: An Overview of NATURE at Gen-
esis

K. Pohl, M. Jarke: Quality Information Systems: Repository Support for
Evolving Process Models

A. Zuendorf: Implementation of the imperative / rule based language
PROGRES

P. Koch: Intelligentes Backtracking bei der Auswertung funktional-
logischer Programme

Rudolf Mathar, Jiirgen Mattfeldt: Channel Assignment in Cellular Radio
Networks

Gerhard Friedrich, Wolfgang Neidl: Constructive Utility in Model-Based
Diagnosis Repair Systems

P. S. Chen, R. Hennicker, M. Jarke: On the Retrieval of Reusable Soft-
ware Components

W. Hans, St.Winkler: Abstract Interpretation of Functional Logic Lan-
guages

N. Kiesel, A. Schuerr, B. Westfechtel: Design and Evaluation of GRAS,
a Graph-Oriented Database System for Engineering Applications
Fachgruppe Informatik: Jahresbericht 1992

Patrick Shicheng Chen: On Inference Rules of Logic-Based Information
Retrieval Systems

G. Hogen, R. Loogen: A New Stack Technique for the Management of
Runtime Structures in Distributed Environments

A. Ziindorf: A Heuristic for the Subgraph Isomorphism Problem in Ex-
ecuting PROGRES

A. Kemper, D. Kossmann: Adaptable Pointer Swizzling Strategies in
Object Bases: Design, Realization, and Quantitative Analysis
Graduiertenkolleg Informatik und Technik (Hrsg.): Graduiertenkolleg In-
formatik und Technik

Matthias Berger: k-Coloring Vertices using a Neural Network with Con-
vergence to Valid Solutions

M. Buchheit, M. Jeusfeld, W. Nutt, M. Staudt: Subsumption between
Queries to Object-Oriented Databases
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1994-06 *

1994-07
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1994-09 *

1994-11

1994-12

1994-13
1994-14

O. Burkart, B. Steffen: Pushdown Processes: Parallel Composition and
Model Checking

R. Grofle-Wienker, O. Hermanns, D. Menzenbach, A. Pollacks, S. Repet-
zki, J. Schwartz, K. Sonnenschein, B. Westfechtel: Das SUKITS-Projekt:
A-posteriori-Integration heterogener CIM-Anwendungssysteme

Rudolf Mathar, Jiirgen Mattfeldt: On the Distribution of Cumulated
Interference Power in Rayleigh Fading Channels

O. Maler, L. Staiger: On Syntactic Congruences for omega-languages
M. Jarke, St. Eherer, R. Gallersdoerfer, M. Jeusfeld, M. Staudt: Con-
ceptBase - A Deductive Object Base Manager

M. Staudt, H.-W. Nissen, M.A. Jeusfeld: Query by Class, Rule and Con-
cept

M. Jarke, K. Pohl, St. Jacobs et al.: Requirements Engineering: An In-
tegrated View of Representation Process and Domain

M. Jarke, K. Pohl: Establishing Vision in Context: Towards a Model of
Requirements Processes

W. Hans, H. Kuchen, St. Winkler: Full Indexing for Lazy Narrowing
W. Hans, J.J. Ruz, F. Saenz, St. Winkler: A VHDL Specification of a
Shared Memory Parallel Machine for Babel

K. Finke, M. Jarke, P. Szczurko, R. Soltysiak: Quality Management for
Expert Systems in Process Control

M. Jarke, M.A. Jeusfeld, P. Szczurko: Three Aspects of Intelligent Co-
operation in the Quality Cycle

Margit Generet, Sven Martin (eds.), Fachgruppe Informatik: Jahres-
bericht 1993

M. Lefering: Development of Incremental Integration Tools Using Formal
Specifications

P. Constantopoulos, M. Jarke, J. Mylopoulos, Y. Vassiliou: The Software
Information Base: A Server for Reuse

Rolf Hager, Rudolf Mathar, Jiirgen Mattfeldt: Intelligent Cruise Control
and Reliable Communication of Mobile Stations

Rolf Hager, Peter Hermesmann, Michael Portz: Feasibility of Authenti-
cation Procedures within Advanced Transport Telematics

Claudia Popien, Bernd Meyer, Axel Kuepper: A Formal Approach to
Service Import in ODP Trader Federations

P. Peters, P. Szczurko: Integrating Models of Quality Management Meth-
ods by an Object-Oriented Repository

Manfred Nagl, Bernhard Westfechtel: A Universal Component for the
Administration in Distributed and Integrated Development Environ-
ments

Patrick Horster, Holger Petersen: Signatur- und Authentifikationsver-
fahren auf der Basis des diskreten Logarithmusproblems

A. Schiirr: PROGRES, A Visual Language and Environment for PRO-
gramming with Graph REwrite Systems

A. Schiirr: Specification of Graph Translators with Triple Graph Gram-
mars

A. Schiirr: Logic Based Programmed Structure Rewriting Systems

L. Staiger: Codes, Simplifying Words, and Open Set Condition
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1994-18

1994-19
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1994-21

1994-22
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1994-26 *
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1994-28
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1995-04

1995-05

1995-06
1995-07

1995-08

1995-09

1995-10
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Bernhard Westfechtel: A Graph-Based System for Managing Configura-
tions of Engineering Design Documents

P. Klein: Designing Software with Modula-3

I. Litovsky, L. Staiger: Finite acceptance of infinite words

G. Hogen, R. Loogen: Parallel Functional Implementations: Graphbased
vs. Stackbased Reduction

M. Jeusfeld, U. Johnen: An Executable Meta Model for Re-Engineering
of Database Schemas

R. Gallersdorfer, M. Jarke, K. Klabunde: Intelligent Networks as a Data
Intensive Application (INDIA)

M. Mohnen: Proving the Correctness of the Static Link Technique Using
Evolving Algebras

H. Fernau, L. Staiger: Valuations and Unambiguity of Languages, with
Applications to Fractal Geometry

M. Jarke, K. Pohl, R. Démges, St. Jacobs, H. W. Nissen: Requirements
Information Management: The NATURE Approach

M. Jarke, K. Pohl, C. Rolland, J.-R. Schmitt: Experience-Based Method
Evaluation and Improvement: A Process Modeling Approach

St. Jacobs, St. Kethers: Improving Communication and Decision Making
within Quality Function Deployment

M. Jarke, H. W. Nissen, K. Pohl: Tool Integration in Evolving Informa-
tion Systems Environments

O. Burkart, D. Caucal, B. Steffen: An Elementary Bisimulation Decision
Procedure for Arbitrary Context-Free Processes

Fachgruppe Informatik: Jahresbericht 1994

Andy Schiirr, Andreas J. Winter, Albert Ziindorf: Graph Grammar En-
gineering with PROGRES

Ludwig Staiger: A Tight Upper Bound on Kolmogorov Complexity by
Hausdorff Dimension and Uniformly Optimal Prediction

Birgitta Konig-Ries, Sven Helmer, Guido Moerkotte: An experimental
study on the complexity of left-deep join ordering problems for cyclic
queries

Sophie Cluet, Guido Moerkotte: Efficient Evaluation of Aggregates on
Bulk Types

Sophie Cluet, Guido Moerkotte: Nested Queries in Object Bases
Sophie Cluet, Guido Moerkotte: Query Optimization Techniques Ex-
ploiting Class Hierarchies

Markus Mohnen: Efficient Compile-Time Garbage Collection for Arbi-
trary Data Structures

Markus Mohnen: Functional Specification of Imperative Programs: An
Alternative Point of View of Functional Languages

Rainer Gallersdorfer, Matthias Nicola: Improving Performance in Repli-
cated Databases through Relaxed Coherency

M.Staudt, K.von Thadden: Subsumption Checking in Knowledge Bases
G.V.Zemanek, H.W.Nissen, H.Hubert, M.Jarke: Requirements Analy-
sis from Multiple Perspectives: Experiences with Conceptual Modeling
Technology
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1996-09-5

1996-10

1996-11 *
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1996-13 *

1996-14 *

1996-15 *

M.Staudt, M.Jarke: Incremental Maintenance of Externally Materialized
Views

P.Peters, P.Szczurko, M.Jeusfeld: Oriented Information Management:
Conceptual Models at Work

Matthias Jarke, Sudha Ram (Hrsg.): WITS 95 Proceedings of the 5th
Annual Workshop on Information Technologies and Systems

W.Hans, St.Winkler, F.Saenz: Distributed Execution in Functional Logic
Programming

Jahresbericht 1995

Michael Hanus, Christian Prehofer: Higher-Order Narrowing with Defi-
nitional Trees

W.Scheufele, G.Moerkotte: Optimal Ordering of Selections and Joins in
Acyclic Queries with Expensive Predicates

Klaus Pohl: PRO-ART: Enabling Requirements Pre-Traceability

Klaus Pohl: Requirements Engineering: An Overview

M.Jarke, W.Marquardt: Design and Evaluation of Computer—Aided Pro-
cess Modelling Tools

Olaf Chitil: The Sigma-Semantics: A Comprehensive Semantics for Func-
tional Programs

S.Sripada: On Entropy and the Limitations of the Second Law of Ther-
modynamics

Michael Hanus (Ed.): Proceedings of the Poster Session of ALP96 - Fifth
International Conference on Algebraic and Logic Programming
Michael Hanus (Ed.): Proceedings of the Poster Session of ALP 96 -
Fifth International Conference on Algebraic and Logic Programming:
Introduction and table of contents

Ilies Alouini: An Implementation of Conditional Concurrent Rewriting
on Distributed Memory Machines

Olivier Danvy, Karoline Malmkjeer: On the Idempotence of the CPS
Transformation

Victor M. Gulias, José L. Freire: Concurrent Programming in Haskell
Sébastien Limet, Pierre Réty: On Decidability of Unifiability Modulo
Rewrite Systems

Alexandre Tessier: Declarative Debugging in Constraint Logic Program-
ming

Reidar Conradi, Bernhard Westfechtel: Version Models for Software Con-
figuration Management

C.Weise, D.Lenzkes: A Fast Decision Algorithm for Timed Refinement
R.Domges, K.Pohl, M.Jarke, B.Lohmann, W.Marquardt: PRO-
ART/CE* — An Environment for Managing the Evolution of Chemical
Process Simulation Models

K.Pohl, R.Klamma, K.Weidenhaupt, R.Démges, P.Haumer, M.Jarke: A
Framework for Process-Integrated Tools

R.Gallersdorfer, K.Klabunde, A.Stolz, M.Emajor: INDIA — Intelligent
Networks as a Data Intensive Application, Final Project Report, June
1996

H.Schimpe, M.Staudt: VAREX: An Environment for Validating and Re-
fining Rule Bases
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1998-02

M.Jarke, M.Gebhardt, S.Jacobs, H.Nissen: Conflict Analysis Across Het-
erogeneous Viewpoints: Formalization and Visualization

Manfred A. Jeusfeld, Tung X. Bui: Decision Support Components on the
Internet

Manfred A. Jeusfeld, Mike Papazoglou: Information Brokering: Design,
Search and Transformation

P.Peters, M.Jarke: Simulating the impact of information flows in net-
worked organizations

Matthias Jarke, Peter Peters, Manfred A. Jeusfeld: Model-driven plan-
ning and design of cooperative information systems

G.de Michelis, E.Dubois, M.Jarke, F.Matthes, J.Mylopoulos, K.Pohl,
J.Schmidt, C.Woo, E.Yu: Cooperative information systems: a manifesto
S.Jacobs, M.Gebhardt, S.Kethers, W.Rzasa: Filling HTML forms simul-
taneously: CoWeb architecture and functionality

M.Gebhardt, S.Jacobs: Conflict Management in Design

Michael Hanus, Frank Zartmann (eds.): Jahresbericht 1996

Johannes Faassen: Using full parallel Boltzmann Machines for Optimiza-
tion

Andreas Winter, Andy Schiirr: Modules and Updatable Graph Views for
PROgrammed Graph REwriting Systems

Markus Mohnen, Stefan Tobies: Implementing Context Patterns in the
Glasgow Haskell Compiler

S.Gruner: Schemakorrespondenzaxiome unterstiitzen die paargramma-
tische Spezifikation inkrementeller Integrationswerkzeuge

Matthias Nicola, Matthias Jarke: Design and Evaluation of Wireless
Health Care Information Systems in Developing Countries

Petra Hofstedt: Taskparallele Skelette fiir irreguldr strukturierte Prob-
leme in deklarativen Sprachen

Dorothea Blostein, Andy Schiirr: Computing with Graphs and Graph
Rewriting

Carl-Arndt Krapp, Bernhard Westfechtel: Feedback Handling in Dy-
namic Task Nets

Matthias Nicola, Matthias Jarke: Integrating Replication and Commu-
nication in Performance Models of Distributed Databases

R. Klamma, P. Peters, M. Jarke: Workflow Support for Failure Manage-
ment in Federated Organizations

Markus Mohnen: Optimising the Memory Management of Higher-Order
Functional Programs

Roland Baumann: Client/Server Distribution in a Structure-Oriented
Database Management System

George Botorog: High-Level Parallel Programming and the Efficient Im-
plementation of Numerical Algorithms

Fachgruppe Informatik: Jahresbericht 1997

Stefan Gruner, Manfred Nagel, Andy Schiirr: Fine-grained and
Structure-Oriented Document Integration Tools are Needed for Devel-
opment Processes

69



1998-03

1998-04 *

1998-05

1998-06 *

1998-07

1998-09 *

1998-10 *

1998-11 *

1998-12 *

1998-13

1999-01 *
1999-02 *

1999-03 *
1999-04

1999-05 *

1999-06 *

1999-07
1999-08

2000-01 *
2000-02

2000-03

2000-04

2000-05
2000-06

2000-07 *

Stefan Gruner: Einige Anmerkungen zur graphgrammatischen Spezifika-
tion von Integrationswerkzeugen nach Westfechtel, Janning, Lefering und
Schiirr

O. Kubitz: Mobile Robots in Dynamic Environments

Martin Leucker, Stephan Tobies: Truth - A Verification Platform for
Distributed Systems

Matthias Oliver Berger: DECT in the Factory of the Future

M. Arnold, M. Erdmann, M. Glinz, P. Haumer, R. Knoll, B. Paech, K.
Pohl, J. Ryser, R. Studer, K. Weidenhaupt: Survey on the Scenario Use
in Twelve Selected Industrial Projects

Th. Lehmann: Geometrische Ausrichtung medizinischer Bilder am
Beispiel intraoraler Radiographien

M. Nicola, M. Jarke: Performance Modeling of Distributed and Repli-
cated Databases

Ansgar Schleicher, Bernhard Westfechtel, Dirk Jager: Modeling Dynamic
Software Processes in UML

W. Appelt, M. Jarke: Interoperable Tools for Cooperation Support using
the World Wide Web

Klaus Indermark: Semantik rekursiver Funktionsdefinitionen mit Strik-
theitsinformation

Jahresbericht 1998

F. Huch: Verifcation of Erlang Programs using Abstract Interpretation
and Model Checking — Extended Version

R. Gallersdorfer, M. Jarke, M. Nicola: The ADR Replication Manager
Maria Alpuente, Michael Hanus, Salvador Lucas, German Vidal: Spe-
cialization of Functional Logic Programs Based on Needed Narrowing
W. Thomas (Ed.): DLT 99 - Developments in Language Theory Fourth
International Conference

Kai Jakobs, Klaus-Dieter Kleefeld: Informationssysteme fiir die ange-
wandte historische Geographie

Thomas Wilke: CTL+ is exponentially more succinct than CTL

Oliver Matz: Dot-Depth and Monadic Quantifier Alternation over Pic-
tures

Jahresbericht 1999

Jens Vége, Marcin Jurdzinski A Discrete Strategy Improvement Algo-
rithm for Solving Parity Games

D. Jager, A. Schleicher, B. Westfechtel: UPGRADE: A Framework for
Building Graph-Based Software Engineering Tools

Andreas Becks, Stefan Sklorz, Matthias Jarke: Exploring the Semantic
Structure of Technical Document Collections: A Cooperative Systems
Approach

Mareike Schoop: Cooperative Document Management

Mareike Schoop, Christoph Quix (eds.): Proceedings of the Fifth Interna-
tional Workshop on the Language-Action Perspective on Communication
Modelling

Markus Mohnen, Pieter Koopman (Eds.): Proceedings of the 12th Inter-
national Workshop of Functional Languages
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Thomas Arts, Thomas Noll: Verifying Generic Erlang Client-Server Im-
plementations

Jahresbericht 2000

Benedikt Bollig, Martin Leucker: Deciding LTL over Mazurkiewicz
Traces

Thierry Cachat: The power of one-letter rational languages

Benedikt Bollig, Martin Leucker, Michael Weber: Local Parallel Model
Checking for the Alternation Free mu-Calculus

Benedikt Bollig, Martin Leucker, Thomas Noll: Regular MSC Languages
Achim Blumensath: Prefix-Recognisable Graphs and Monadic Second-
Order Logic

Martin Grohe, Stefan Wohrle: An Existential Locality Theorem
Mareike Schoop, James Taylor (eds.): Proceedings of the Sixth Interna-
tional Workshop on the Language-Action Perspective on Communication
Modelling

Thomas Arts, Jirgen Giesl: A collection of examples for termination of
term rewriting using dependency pairs

Achim Blumensath: Axiomatising Tree-interpretable Structures

Klaus Indermark, Thomas Noll (eds.): Kolloquium Programmier-
sprachen und Grundlagen der Programmierung

Jahresbericht 2001

Jiirgen Giesl, Aart Middeldorp: Transformation Techniques for Context-
Sensitive Rewrite Systems

Benedikt Bollig, Martin Leucker, Thomas Noll: Generalised Regular
MSC Languages

Jirgen Giesl, Aart Middeldorp: Innermost Termination of Context-
Sensitive Rewriting

Horst Lichter, Thomas von der Maflen, Thomas Weiler: Modelling Re-
quirements and Architectures for Software Product Lines

Henry N. Adorna: 3-Party Message Complexity is Better than 2-Party
Ones for Proving Lower Bounds on the Size of Minimal Nondeterministic
Finite Automata

Jorg Dahmen: Invariant Image Object Recognition using Gaussian Mix-
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