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Optimization of Straight—Line Code Revisited

Thomas Noll and Stefan Rieger

Software Modeling and Verification Group
RWTH Aachen University, Germany
Email: {noll, rieger}@informatik.rwth-aachen.de

Abstract. In this report we study the effect of an optimizing algorithm for
straight—line code which first constructs a directed acyclic graph representing the
given program and then generates code from it. We show that this algorithm
produces optimal code with respect to the classical transformations such as Con-
stant Folding, Common Subexpression Elimination, and Dead Code Elimination.
In contrast to the former, the latter are also applicable to iterative code contain-
ing loops. We can show that the graph—based algorithm essentially corresponds
to a combination of the three classical optimizations in conjunction with Copy
Propagation. Thus, apart from its theoretical importance, this result is relevant
for practical compiler design as it allows to exploit the optimization potential of
the graph—based algorithm for non—linear code as well.

1 Introduction

Literature on optimizing compilers describes a wide variety of code transforma-
tions which aim at improving the efficiency of the generated code with respect
to different parameters. Most of them concentrate on specific aspects such as the
elimination of redundant computations or the minimization of register usage.
There are, however, also combined methods which integrate several optimization
steps in one procedure.

In this report we compare certain classical optimizing transformations for
straight—line code with a combined procedure which first constructs a directed
acyclic graph (DAG) representing the given program and then generates op-
timized code from it. The basic version of the latter has been introduced in
[ASU70], and the authors claim that it produces optimal results! regarding the
length of the generated code. However the DAG procedure cannot directly be
applied to iterative code containing loops, which on the other hand is possible
for most of the classical transformations.

In this paper we first present a slightly modified version of the DAG algo-
rithm, denoted by Tpa¢g, which in addition supports constant folding. We then
show that it integrates the following three classical transformations:

Constant Folding (Tcp), which corresponds to a partial evaluation of the pro-
gram with respect to a given interpretation of its constant and operation
symbols;

Common Subexpression Elimination (T¢s), which aims to decrease the execu-
tion time of the program by avoiding multiple evaluations of the same ex-
pression; and

Dead Code Elimination (Tpc), which removes computations that do not con-
tribute to the actual result of the program.

! The optimality is given w.r.t. strong equivalence, see Sec. 2.4.



It will then turn out that these transformations are not sufficient to com-
pletely encompass the optimizing effect of the DAG algorithm. Rather a fourth
transformation, Copy Propagation, has to be added, which propagates values in
variable—copy assignments. This does not have an optimizing effect on its own but
generally enables other transformations such as Common Subexpression Elimi-
nation and Dead Code Elimination. In fact we will show that the DAG procedure
can essentially be characterized as a combination of Copy Propagation and the
first three transformations. (“Essentially” here means that some additional mi-
nor modifications are required to make the two resulting programs syntactically
equal.)

More concretely we will show that, under the above restriction, the DAG al-
gorithm corresponds to a repeated application of Common Subexpression Elimi-
nation and Copy Propagation in alternation, preceded by Constant Folding and
followed by Dead Code Elimination. Formally this relation can be depicted as
follows:

Tpac =~ Tpco(TepoTes) oTer.

Apart from its theoretical importance, this result is also relevant for practical
compiler design as it allows to exploit the optimization potential of the DAG—
based algorithm for non-linear code as well.

Our investigation will be carried out in a framework in which we develop
formal definitions for concepts such as linear programs and their semantics, (op-
timizing) program transformations, their correctness and their equivalence, etc.
These preliminaries will be presented in Sec. 2, followed by the definition of the
first three classical transformations and of the DAG-based algorithm in Sec. 3
and 4, respectively. The following Sec. 5 constitutes the main part of this report,
establishing the equivalence between the DAG procedure and the composition of
the classical transformations.

To support the experimenting with concrete examples, also a web—based
implementation of the optimizing transformations is available at the web page

[Rie05a].

2 SLC—Programs and their Properties

Straight-line code (SLC) constitutes the basic blocks of the intermediate code
of iterative programs. In particular it is contained in loop bodies whose efficient
execution is crucial.

2.1 Syntax

An SLC—program consists of a sequence of assignments using simple arithmetic
expressions without branchings or loops, a vector of input variables whose values
are initialized before program execution and a vector of output variables whose
values form the “result” of the computation after program termination.

For the formal description of the syntax of such programs we need some
preliminary definitions.

Definition 2.1 (Signature). A signature is a pair X' = (F,C) consisting of



— a finite set of function symbols (or: operation symbols) F = J;2, F@ where
F@ denotes the set of i—ary function symbols and
— a (not necessarily finite?) set of constant symbols C.

Furthermore let V := {z,y, 2, ...} be the (infinite) set of all variables.

Ezample 2.2. Xaitnm = ({+,% —},Z) with +,%x € F® and — € FU is an
example of a signature. A simplified notation for this is Xarinm = ({+3, %3,
—(1)}, Z), in which for each operator the arity is given as a superscript. Observe
that Z in this case contains only constant symbols whose interpretation can differ
from the usual one (see also Sec. 2.2).

Now we can define the syntax of an SLC—program:

Definition 2.3 (SLC—Program). An SLC-program is a quadruple 7 = (X,
ﬁiru 77outa ﬁ) with

— a signature X' = (F,C),

— a vector of pairwise distinct input variables Uy, = (21, ...,25), x; € V and

— a vector of pairwise distinct output variables Vot = (Y1, .-,Y¢), yi € V, and

— a block B = a1; ao; ...; ap, With instructions oy of the form z «+— e where x € V
and e € VUCU{f(u1,...,u,) | f € F" and Vj € {1,..,7} : uj € VUC}.
It is not allowed to assign a variable to itself directly or indirectly via other
variables (using copy instructions of the form z « y where z,y € V).

— In correspondence to ¥, and Uy let Vi, := {x1, ..., x5} and Vour := {y1, ..., ¢ }
denote the sets of input/output variables.

— Vi N Voue = 0 must hold?®.

For an SLC—program 7 we introduce the following denotations:

— Cf is the set of constant symbols occurring in 7,

— V the set of variables occurring in in 7,

— V, the set of the variables occurring in the instruction o and
— V. the set of the variables in the expression e.

Finally we let SLC denote the set of all SLC—programs.

Example 2.4. Figure 1 shows a simple SLC—program with signature X, i/ =
({+®, @~} 7). Deviating from the above definition we employed the usual
infix notation. Later we will often use infix notation when we refer to the “clas-

sical arithmetic”.
From now on we will always assume completeness for SLC—programs:

Definition 2.5 (Completeness). m € SLC is called complete if every variable
is defined before being used*. Formally: let DV; C V;: denote the defined variables
up to instruction «;. These sets can be computed as follows:

DVi:=DV, jU{z eV |a=a«—e}foriec{l, .. n}
Now the following holds: 7 is complete iff

2 In the program only finitely many of these can occur.
3 This is necessary for the correctness of the DAG optimization (Sec. 4.3).
4 The occurrence of a variable in ¥ /Uout corresponds to a definition/use, respectively.



Uin = (2,y)

Uout : (u,v)
Fig. 1. SLC—program m = (Xaithm’ s Vin, Vout, )

—if =2« ethen V., C DV,_; for alli € {1,...,n} and
- Vout g DVn

From the definition one can construct a simple iterative algorithm for testing
completeness of SLC—programs. Only for complete programs it can be ensured
that the result depends only on the input and, thus, that the program is deter-
ministic. The completeness of the program 7 in Fig. 1 is obvious.

2.2 Semantics

So far we only dealt with the structure and not with the meaning of SLC-
programs. The semantics of an SLC—program depend on the domain of the vari-
ables as well as the interpretation of the operators and constant symbols.

Definition 2.6 (Interpretation). An interpretation of a signature X' = (F,C)
is a Y-algebra 2 := (A, ¢) with domain (universe) A and interpretation function

p:FUCUA— | J{6]6: A" — A} with
=0

o(f): A" — A for every f e F("

o(c) € A for every c € C

v(a) = a for every a € A

Thus ¢ assigns to every function symbol f a function ¢(f) over A and to
every constant symbol a value in A. For simplifying later notations values in A
are mapped to themselves (this is e.g. useful for constant folding; see Sec. 3.3).

Ezample 2.7. For instance X,ithm could be interpreted by A = (Z, ) where ¢
assigns the operators their “usual” meaning over Z and every constant symbol
in 7Z itself as a constant value. A different interpretation could be the “Boolean



arithmetic”:

A = ({0,1},¢) with p(+)(a,b) =a Vb
o(*)(a,b) =aNb
p(=)(a) =1-a

go(z):{o itz=0 for z € Z

1 else

Intuitively a program can be understood as a function that maps a vector
representing the input values (input vector) to a vector that contains the values
of the output variables (output vector).

The current state at an arbitrary program position can be expressed as a
mapping of variables to their values at this specific point. A state is therefore
representable as a valuation function o : V,; — A.

Definition 2.8 (State Space). The state space of an SLC—program 7 := (X,
Uin, Uout, #) with X' := (F,C') and interpretation 2 := (A, ¢) of X is given by

S={c|o:Vz— A}

From the semantic point of view every instruction « determines a transforma-
tion t, : S — S of one state into another. The program semantics are inductively
based on this transformation.

Definition 2.9 (Semantics of an SLC—Program). Let 7 := (X, Uy, Uput, ) €
SLC with v, := (21, ..., Zs), Uout := (Y1, .., y¢) and A := (A, ¢) an interpretation
of X.

The input vector in := (ini,...,ins) € A® determines the initial valuation

in; ifv=ux
oo(v) := {

a else

with arbitrary® a € A.
The semantics A[r | of 7 w.r.t. 2 can now be inductively defined as follows:

— The semantics A[a] : S — S of an instruction a are® AJa Jo := o[z /Ae]o].
For 2[e Jo we distinguish the following cases:
l.e=yeV, = Uelo:=0(y)
2.e=ceCr = Ue]o:=¢(c)
3. e= flur,.o,up) = Ule]o = o(f)(™Auy]o, ..., A[u, Jo)

— Given a block 3 = aj;...;a;, we define the block semantics as” A[3] =
Al ] o ... o AJey |-

— The semantics A[r ] : A> — A? of 7 are then

Al ](in) = (A[BJoo)(w1), . (A[Bloo)(y;) s (A[BTo0) (1))

value of the output variable y;

5 Because of the completeness of 7 non-input variables can be initialized arbitrarily.

° Ulofalty) = { G,y 527"

o is the function composition (f o g)(z) = f(g(x)).

is the modification of a function for an input value.



We see that the semantics are defined independent of the variable names;
only the order of the variables in the input/output vectors is relevant. Thus we
have functional semantics.

Ezample 2.10. Let us examine the semantics for a short example program:

Tlshort +— (Earithma (.%'), (y, Z)7ﬁ) with /8 =Y I
Z — 2%y,

We interpret the operators * and — with their usual meanings on Z. The program
semantics for in = (4) (i.e., 09 = {x — 4,y — 0, z — 0}) are computed as follows:

AlBJoo =A[z — 2xy] oAy «— —xJoo

= ALz — 2« yJooly/A[—z]oo]
)@z ]oo)]
)(o0(2))]
)(4)]

I
Jooly/Al
=AUz « 2 xyJooly/p(—
=AUz « 2 xyJooly/p(—
=AUz « 2 xyJooly/p(—
=AUz —2xyJooly/ — 4]
—
yloi]
o1z/e(x)(A[2]o1, Ay [o1)]
(2

1[2/2[[[2*
or[z/e()(
1[2/90(*)(90 ),01(y))]
[2/p()(

[

)

o1[z/¢(+)(2, —4)]
=o1[z/ = §]
:{x»—>4,y»—>—4,zn—>—8}
:{y'_)_4az'_>_8}

We obtain:

Amsnore [(4) = (A[B1o0)(y), (A[B ]o0)(2))(4) = (—4,-8)

Thus the “execution” of the program works “as expected”, the variables on
the left—hand side of an instruction are instantiated with the value resulting from
the evaluation of the expressions on the right—hand side. For this evaluation the
constant and function symbols of an expression have to be interpreted. Finally
the last variable valuation determines the program output.

2.3 Term Representation of SLC—Programs

The computation determining the final value of an output variable can be rep-
resented as a term. This is especially useful for proofs.

Definition 2.11. We define the set of terms T's;(X) for a signature X' = (F, ()
and a set of variables X C V inductively:

1. C C TE(X)

2. X CTx(X), and
3. f(t1,.nty) € Tx(X) if ty,....,t, € Tx(X) and f € F),



A term without variables t € T'x;(0) =: T’x is also called a ground term.

Therefore also the expressions on the right—hand side of instructions are terms
for which no nesting is allowed. For computing the term representation of an
SLC—program it seems reasonable to symbolically execute the program by back-
ward substituting the expression on the right—hand side of an assignment for the
left—-hand side.

Definition 2.12. The term representation tr(y) € Tx(Vin) of an SLC-program
= (X, Uin, Uout, B) with [ := aq;...;a, w.r.t. an output variable y € Vi can
be computed as follows:

t0(y) =y
t0= () =t (y)[x/e] for a; = & — e and i € {1,...,n}
ta(y) ==t (y)

Here [z/t] : Tx(X) — Tx(X) denotes the substitution of every occurrence of the
variable x € X with the term t € Tx(X).

During computation variables in the current term are successively replaced
until finally only input variables remain. Substituting these with the input values
yields a ground term.

Ezample 2.13. Now we will compute the term representation ¢, (u) of the pro-
gram 7 from Fig. 1 w.r.t. the output variable u:

1| oy tﬁf)

0 Vu/3] = #(2,—(~(z,9),9))
1w 3; v/ —(2,9)] = *(2, —(—(2,3),9))
2| vea—y; | 19w/, 1)] = %2, ~(~(z,9),))
3w e u+t 1 [ 0/~ (2,9)] = #(2,—(~(2,9).9))
4|z —a—y; [0/~ (w,1)] = #(2, —(2,y))

5l vew—1; | 10/~ (2,y)] = %2, —(z,9))

6 |uea—y; [t [z/x(u,w)] = *(2,u)

Tz ux*xw t§r8)[u/*(2,u)] = x(2,u)
8lu«—2xu; |u

Thus we obtain t,(u) = *(2, —

—

—(.%',y),y)>-

Using the term representation as defined above we can give an alternate
definition of the semantics:

Lemma 2.14. Let 7 := (X, Ui, Uout, ) € SLC with X := (F,C), Ui := (21, ..., x5)
and Tput := (Y1, ..., y¢). Then it holds:

Al [(in) = At (y1)[z1/ing, .o, 2 /ing] |, oo Utx () [21 /in1, .y 5 Jing] )

where the (ground) term semantics At | for a ground term t € T'sy and a signa-
ture X' = (F,C U A) are given by:

1. Aa] :=a forac A



2. Ulc] := p(c) force C
3 AULf(try s tr) ] = (F)RA[E1 ], -, Atn ]) fort; € Tsy

One inserts simply the semantics of the term representations of = w.r.t. the
output variables into the result vector where the input variables in the terms are
replaced by the input values (this results in a term over the new signature X).
The term semantics are the successive application of the interpretations of the
operators on the particular subterms (constants are interpreted by themselves
and constant symbols mapped by ¢). The correctness of this approach is obvious.

2.4 Equivalence

For optimizations program equivalence is of high significance since programs have
to be transformed in a way such that their semantics are preserved. Otherwise
the optimization algorithm would be incorrect.

Definition 2.15 (Equivalence). Two SLC—programs 71 and 79 over some sig-
nature X are called 2-equivalent for an interpretation A of X' (w1 ~g ma) if
Ay | = Ao ]. If this holds for all interpretations 2 then they are called strongly
equivalent (71 ~ T3).

Two equivalent programs are therefore computing the same function. It is
evident that strong equivalence is a sufficient condition for (weak) equivalence.
With the aid of the term representation we get a decidability result for strong
equivalence:

Theorem 2.16. Let 71; := (X, Tin, Uout, 3;) € SLC, i € {1,2} with® w.lo.g.
Uin = (21, .oy s) and Vo = (Y1, ..., yt). Then:

T ~ T2 < v.] € {1a at} : tﬂ'l(yj) = tﬂQ(y])

Proof. According to La. 2.14 the semantics of 7;, ¢ € {1,2} are:

Alm; (i) = Uk, (y1)[21/in1,s oy 5 )i00] T, ooy U, () [21 /3001, ...y 4 fi05] ]).

Iftr, (y;) = try(y;) holds for all j € {1, ...,t} then also tr, (y;)[x1/in1, ..., x5 /ins] =
trey (Yj) @1 /P01, ...y w5 Jing] for all j € {1,...,t} due to the same input values for
both programs.

The application of the semantics function 2[-] to two identical terms thus
yields the same result (because the semantics are deterministic). a

For weak equivalence the above theorem is not valid:

Ezample 2.17. Let m; := (X, Ui, Uout, Bi), @ € {1,2} with ¥, = (z,y), Tour = (2),
1=z« x4y, and By =z «— y + x.

We see that the term representations of w1 and my w.r.t. z € V,,,; are not
identical, but that assuming arithmetic on Z yields the same semantics due to
the commutativity” of +z.

8 According to Def. 2.9 the input /output vectors of the two programs must have equal length.
Thus by renaming variables one can obtain the same naming.

9 Exploiting such rules is part of algebraic optimizations that can be done during peephole
optimization [McK65,TvSS82,DF84].

10



Therefore one cannot conclude that two programs with different term repre-
sentations are not equivalent. In fact for arbitrary interpretations weak equiva-
lence of SLC—programs is undecidable:

Theorem 2.18 (Undecidability of Equivalence). Given two SLC—programs
w1 and we over X and an interpretation A of X it is generally undecidable whether
T~ T2

Proof. For m := (X,¢e,(y),[) € SLC with X' := ({+,/},{1}) where / denotes
integer division one can show that the zero equivalence problem, i.e., the question
whether 2([7 ] = 0 holds is undecidable.

This is done by reducing the problem to Hilbert’s Tenth Problem which is
undecidable [DMR76]. The detailed proof can be found in [IL80]. 0

In special cases however, like the arithmetic on Z without division, one can
obtain a positive result:

Theorem 2.19. Let ¥ = (F,Z) with F = {+® - xC 9 = (p,7),
p(0) = oy for o € F and p(z) = z for all z € Z Additionally let w o=
(X, Uin, Uout, Bi) € SLC for i € {1,2} with Uiy = (21, -, Ts), Uout = (Y13 Yt)
and Vi, = Vr,. Then one can decide whether my ~g ma holds.

(0 ._

Proof. Both programs are transformed in a sequence of polynomials P;

Pj(i) (z1,...,xs) for j € {1,...,t}. By converting these to a normal form and com-
paring the coefficients one can determine if the programs are equivalent.

The algorithm works in the following steps:

1. For i € {1,2} and j € {1, ...,t} compute the term representation ¢, (y;) of m;
w.r.t. y;.

2. Convert tr,(y;) for i € {1,2} and j € {1,...,t} into polynomials. For a term
t € Tx(X) we will denote the corresponding polynomial by P[t].

3. Transform Pty (y;)] for all i € {1,2}, j € {1,...,t} into the normal form

(@) (3,4) ko k
Pj (T1,...y X5 Z Z chle e xl SR AR

k1=0 ko=0 ks=

by multiplicative expansion. The length!? of this representation is O(n®),
i.e., it is exponential in the number of input variables. Therefore also the
transformation has at least this complexity.

4. Test if c/,(C ’J)k = c,(f’])k for all j € {1,...,t}, ky e {1,....,n}, L€ {1,...,s}.
If the above holds the programs are equivalent, otherwise not. O

Because of its high complexity the algorithm is practically unusable. As per
[IM83], however, the problem is probabilistically solvable in polynomial time (this
is also the case for the arithmetic over R).

10 Number of summands
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2.5 Cost and Optimality

We need certain criteria for comparing programs and for assessing the quality of
an optimization.

Definition 2.20 (Cost Function). A function ¢ : SLC — R is called cost
function if for two SLC—programs 7 := (X, Uin, Uput, @15 -..; &) and 7’ := (X, 0,
Tyt Qiy s iy, ) with 1 <ij <mand ij < ij4q for j € {1,...,k — 1} the following
holds:

c(7’) < ¢(mr) (monotonicity)

As standard cost functions we will use ¢; for the number of instructions of a
program and ¢, for the number of operations (where copy instructions are not
counted). The monotonicity ensures that removing instructions from a program
will never increase its cost value.

Determining the cost value of an SLC—program is quite simple because SLC—
programs do not contain loops or branchings. In contrast, in iterative programs
it is generally not decidable at compile time how often a loop will be traversed
and thus the cost computation can be difficult or even impossible (depending on
the particular cost function).

When deciding whether a program 7 is optimal we only consider programs
that are equivalent to m:

Definition 2.21 (Optimality). 7 € SLC is optimal w.r.t. a cost function ¢
and an interpretation 2 if all 7’ ~g 7 have a higher cost, i.e., ¢(m) < ¢(n’). It is
called (strongly) c—optimal if ¢(w) < ¢(n’) for every 7’ ~ 7.

Thus for deciding program optimality it is necessary to decide program equiv-
alence and hence the optimality of SLC—programs is undecidable. But for the
special case of arithmetic on Z (without division) one can decide optimality.

The idea is to enumerate all SLC—programs in the order of their cost and
then to check the equivalence. For this we need another property of cost func-
tions: |c~(r)| < oo, ¥r € R (for each cost value only finitely many programs
may exist!!). The program length ¢; fulfills this property only if the number of
constant symbols |C| is finite. The cost function c¢,, never fulfills it (one could
add infinitely many copy instructions).

It is clear that even for this special case an optimality test is practically
infeasible. Therefore we will concentrate from now on on transformations that
improve programs instead of really optimizing them. In the following we will
nevertheless call these transformations optimizations for simplicity.

3 Classical Optimizations

After discussing the formal basis we will now focus on optimization algorithms

for SLC—programs. In this section we will introduce the “classical optimizations”.

Those are algorithms that are widely known and used in today’s compilers.
Optimizations typically run in two phases:

1 Up to the renaming of variables.

12



Analysis: Collection of information that are necessary for the transformation of
the program. This is accomplished by defining a starting information that is
modified for each instruction. The program remains unchanged during this
step.

Transformation: Execution of the actual optimization; the program is modified
using the analysis information of the first phase. This transformation must
preserve equivalence.

Before introducing the algorithms we define some important properties that
an optimizing transformation should satisfy:

Definition 3.1 (Program Transformation). A function 7' : SLC — SLC is
called an 2A—program transformation for an interpretation 2 if, for every m € SLC,

— T(m) ~g 7 (correctness) and
— T(T(rw)) = T(m) (idempotency).

If T is correct for every interpretation, then we call it a program transformation.

Note that every (2(—)program transformation is required to be a function and
is deterministic therefore.

3.1 Dead Code Elimination

Dead Code Elimination removes instructions that are dispensable because they
do not influence program semantics.'? An instruction « « e represents dead code
if x is not used until it is redefined or if it is used only in instructions which are
themselves dead code.

The transformation is based upon the Needed Variable Analysis which deter-
mines, for each instruction, those variables whose values are still required. It is a
backward analysis, i.e., starting from the set of output variables the set of needed
variables is computed for each instruction.

Definition 3.2 (Needed Variable Analysis). Let m := (X, U, Uout, 5) €
SLC with 8 = ay;...;ay. For an instruction o = = « e we define the trans-

fer function t, : P(Vyr) — P(Vx) as follows:

to(M) = {E\J/y\{x}) UV iflsage M

The t,,,, ..., ta, determine, beginning with Vi, the sets of needed variables:

NV, == Vour
NVi_1 :=t,,(NV;) for i € {n, ..., 2}

Using the sets of needed variables computed during the analysis step we now
can define Dead Code Elimination:

12 The term dead code is also used to denote unreachable code in iterative programs.
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Definition 3.3 (Dead Code Elimination). For 7 = (X, Ui, Uout, 5) € SLC
with 8 = ai;...; ay, the program transformation Tpe : SLC — SLC for elimi-
nating dead code is given by:

Tpe(m) = (X, Ui, Uout, f') with 8 :=tpc(ar);...;tpe(an)
o; ifzeNV

tpc(ai =z — €)= {8 else

This means all instructions = < e for which z is not in the set of needed
variables are removed. A computation of NV could be used for removing dis-
pensable input variables. This would however conflict with our definition of the
program semantics (because the length of the input vector would be reduced).

Ezxample 3.4. The application of the Dead Code Elimination to the example
program from Fig. 1 yields:

1| oy NYV; dead code?
1| u« 3; NV, No
2|lve—xz—y; | NV3\{w}U{u} ={u,z,y} Yes
3| weut 1| NV {2} Ude,y} = {wro,y} | No
dlz—z—y; NV5\{1)}U{w}:{w,x,y} No
S5lve—w-—1; | NVg\ {u} U{z,y} = {v,z,y} No
6|lu—zx—y; | NV; No
7| z—uxw; | NVz\ {u} U{u} = {u,v} Yes
8lu—2xu; | Vour = {u,v} No

Thus the instructions ao and ag are removed by The.

The Dead Code Elimination is independent of program semantics, i.e., the
interpretation has no effect on the result of the transformation.

Theorem 3.5 (Correctness). For every m € SLC, m ~ Tpc(T).

Proof. We have to show that A[Tpc(m) ] = A[r ] holds for every interpretation
2 (alternatively a proof using Thm. 2.16 would be possible). Induction on the
number of instructions n € N:

n=0:
B = e so trivially A[Tpc(7w)] = A[r] holds and therefore also Uy = €
(otherwise the completeness of m would be violated).
n—n+ 1:
Induction Hypothesis: A[Tpc(m)] = A[n ] for all 7 € SLC with 8 = aq;...;an,.
Define 7y, := (X, Uin, Uout, Bn) With G, := aq;...; ap. Additionally let 7,41 :=
(X, Uiny Uout, Bnt1) € SLC with Bry1 = aq;..;an;any1 and a1 = — e.
Now we have two cases:
1.z ¢ Vo
an+1 is dead code and does not influence the semantics of m,41. Thus we
have for 7,,:

A1 ] = Alma] = A Tpo(m) ] = AToo(Tni1)]
I.H. def.
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2. x € Vs
According to the induction hypothesis for 7, it holds A[Tpc(m,)] =
A7y, ]. Hence it follows:

(A[Bnt11o0)(y) = (A[Bn]oo)(y) for y € Vour \ {x}
(A[Bnt1To0)(x) = (Ae [ (A[Bn [o0)) (2)

The reduction of A[Tpc(mn+1)] to A[Tpe(my)] works similarly:
It holds: Vot = NVypy = NV, = Vo \ {2} U VL.
In 7,41 and m, therefore the same instructions are removed. We get:

(AUTpc(Bnt1) Joo)(y) = (AUTpc(Br) o) (y) for y € Vour \ {2}
(A[Tpc(Bn+1) Joo)(x) = (A[e](RA[Tpc (Bn) [o0))(x)

Thus altogether A[m,+1] = A[Tpc(mn+1) ] 0

The second defining property of a program transformation is its idempotency.
There also exists a non-idempotent variant of Dead Code Elimination which is
based on a so—called “Live—Variable Analysis”, and which has to be applied
repeatedly to obtain optimal results. For details see e.g. [ASU86,NNH99].

Theorem 3.6 (Idempotency). For every m € SLC, Tpc(Tpc(m)) = Tpe(n).

Proof. 1t suffices to show that Tpc does not modify the NV-sets of the in-
structions remaining after the first T'po—application. For simplicity we will only
examine the elimination of a single instruction. An inductive extension to arbi-
trarily many is possible.

Let m = (X, Uin, Vout, @15 ;) and @ := Tpo(m) = (X, Uin, out, 015 -5
Q—1; Qg1 -5 0p) and o = x «— e with x ¢ NV,. The sets NV;y1,..., NV,
remain unchanged because of the backward analysis. Hence for the case i = 1
nothing is left to show.

For ¢ > 1 in the initial program 7

NVioy = to,(NV;)
B {N%\{m}UVe if z e NV,

NYV; else
= NV, (since x ¢ NV;)
o Vout ifi=n
~ e, (NVig1)  else

For 7’ we obtain the same result:

Vout ifi—1=n-1

NVi = {taiH(NVHl) else

Assumption: Tpc also eliminates a; = &’ « €/, i # j from 7'
It follows ' ¢ NV; in 7’ and 2’ ¢ N'Vj in 7. But then «; would already have
been removed from 7 after the first application of Tp¢. O
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Because of the idempotency a single application of the Dead Code Elimination
suffices to obtain a program that is optimal'® w.r.t. Tpc. Later we will see that
by using other optimizations on a Tpc—optimal program it can be possible that
new dead code arises.

Thus we have proven that Tp¢ is a program transformation. Moreover it is
clear that it improves a program with respect to both the number of instructions
and operations: ¢(Tpc(m)) < ¢(m) for ¢ € {c1, cop}-

3.2 Common Subexpression Elimination

Unlike Dead Code Elimination, Common Subexpression Elimination is using a
forward analysis, the Awvailable Expressions Analysis, which computes for each
instruction the (indices of the) operation expressions whose value is still available
and whose repeated evaluation can be avoided therefore.

Definition 3.7 (Available Expressions Analysis). Let m := (X, Ui, Uout,
B) € SLC with f = a3;...;ap and «; = x; < ¢; for every i € {1,...,n}. An
expression e is available at position i if e; = e for some j < ¢ and zj, ¢ V, for
every j <k < 1.

The transfer functions ¢, : B({1,...,n}) — P({1,...,n}) are given by t,, (M) :=
kill,, o geng, where geng,, killy, : B({1,...,n}) — B({1,...,n}) are defined by

Mu{i} ife; = f(uy,..,ur) andVj € M :e; #£e;
genai(M) = {M { } clse f( ! ) J J 7
Killo,(M) :== M\ {j € M | z; € V,}

This yields the sets of available expressions AE; C {1,...,n} for i € {1,...,n}:
AE, =0 and AE;j4 :=ts,(AE;) forie{1,...,n}

By computing the AE-sets the available expressions for each instruction can
be found. For the subsequent program transformation, however, we need the
inverted view: given an instruction we have to determine where the corresponding
expression is repeated and available.

Definition 3.8 (Common Subexpression Elimination). For each instruc-
tion, the function vr : {1,...,n} — P{1,...,n}) yields the valid recurrences of
the corresponding expression: vr (i) :== {j € {i + 1,..n} | i € AE;, e; = e;}.

The program transformation T¢g : SLC — SLC works as follows: for every
ie{l,..,n} with vr(i) # 0, select t; € V' \ V; and

1. replace ; = x «— e by t; «<— e; x «— t; and
2. replace the instructions a; =y < e by y « ¢; for all j € vr(7) .

Ezxample 3.9. Also the Common Subexpression Elimination will be illustrated
with an exemplary computation for the program from Fig. 1:

13 1 € SLC is called optimal w.r.t. T : SLC — SLC if T(7) = 7.
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i o AE; vr(i) | new instruction(s)
1| w3; 0 0
2(vea—y; |0 {4} |2 =z —y;

v to;
3lwe—u+1;| AE,U{2} = {2} 0
4\x—z—y, | AE3U{3} ={2,3} 0 |z tuy;
S5lve—w-—1;| (AB,U{4})\{2,4} ={3}| 0
6|u—x—y; | AB;U{5} = {3,5} 0
T|z—u*xw; | (AEBsU{6})\ {3} ={5,6}| 0O
8|u—2x%u; |AE;U{T}) =1{5,6,7} 0

The output program is longer than the input program. But we were able to avoid
a second evaluation of the expression x — y.

Now we have to show that the Common Subexpression Elimination is a pro-
gram transformation.

Theorem 3.10 (Correctness). For every m € SLC, m ~ Tcg(m).

Proof. According to Thm. 2.16 for strong equivalence it suffices to show that the
term representation of 7w w.r.t. the output variables does not change, i.e., that
tr(v) = trog(m (v) for all v € Vo

Similarly to the proof of Thm. 3.6 we consider only the simplified case that
exactly one expression with one valid recurrence is optimized by T'¢g.

Let 7 := (X, Uin, Uout, @15 ;) and 7' := Tog () := (X, Tin, Vout, B') with

,o_ ,u . / P— . . . . /o /,o . . . /o
B = Qe g O 015 O O QG e

Thus a; =z < e and aj =y « e with i € AE;. Then o, =t; e, o =z — {;
and o =y « t;.

Now we analyze the substitution term s € T's;(V;) for y at the position 7 in
both of the programs. In w we have s = e since e is not changed anymore due to
i€ AE;. In 7’ we get s = t;[t;/e] = e because t; is modified nowhere, except at
position 7.

If y occurs in a term during the computation of the term representation of
7 for v € V,,; we obtain the same substitutions for both of the programs and
therefore t;(v) = tp,q(x)(v) for all v € Voy. O

Like Dead Code Elimination also Common Subexpression Elimination is
idempotent and therefore a single application is sufficient to obtain a Tog—
optimal program:

Corollary 3.11 (Idempotency). For everym € SLC, Tes(Tes(m)) = Tes (7).
Proof. Since already during the first analysis all available expressions are found
and their valid recurrences are replaced accordingly but no additional operation

expressions are added. Therefore a second application of T¢s cannot effectuate
any changes. a
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3.3 Constant Folding

Constant Folding is a partial evaluation of the input program with constant prop-
agation. It avoids the redundant evaluation of constant expressions at runtime.
In contrast to Dead Code and Common Subexpression Elimination the optimiza-
tion is incorporating the program semantics as this is necessary for evaluating
constant expressions.

During the program analysis we determine for every instruction the known
values of the variables. For this the definition of the semantics (Sec. 2.9) is ex-
tended to allow the “evaluation” of expressions with unknown variable values.

Definition 3.12 (Extended Instruction Semantics). Let 7 := (X, U, Uput,
B) € SLC with signature X := (F,C) and [ := a1;...; . In addition let A =
(A, ) be an interpretation of . Define the new state space as S := {0 | 0 : V; —
AU{L}} where L denotes an unknown variable value. The extended semantics
Aa] : S — S of an instruction a = z « e for o € S are then:

)l  JUa]o ifVveVeio(v) # L
tlalo= 70

In other words: if at least one argument of a function is an unknown variable
also the evaluation result is unknown. Special properties of operations, e.g. Va €
R:0-x =0, are ignored.

Definition 3.13 (Reaching Definition Analysis). Let m,2, S be given as in
Def. 3.12. The transfer function t, : S — S for an instruction « is defined by

Now we obtain the variable assignment RD; € S for «a; by successive transfor-
mation:
RD; =0, withVv e Vy 0 (v) =1
RD;y1 :=t,,(RD;) fori € {1,...,n}
The evaluation of constant expressions potentially causes the introduction

of new constants (not contained in C'). Therefore the signature of the target
program needs to be adapted.

Definition 3.14 (Constant Folding). For 7 = (X, U, Uput, 5) € SLC, X =
(F,C), B = ai;...;an, oy = x; — ¢; and A = (A, ), the transformation Tep :
SLC — SLC is defined by:

Ter(m) == ((F, A), Uin, Vout, 3') with 8 := z1 « R—Dl(el); ) Ty — R—Dn(en)

where for 0 € § (and c € C,y € V,u; € VUC, f € F():

((u1), ..., o (ur)) if 3i € {1,...,7} such that o(u;) = L
(f)(&(ul),...,c?(ur)) else



Ezample 3.15. When applying T'or to the program from Fig. 1 we get the fol-
lowing computation:

1| oy RD; new instruction o
1| u« 3; o1 U — 3;
2lv—z—y; |oL[u/3] =101 |v—1x—y;
Jlwe—u+1;|ov/L] =01 | w4

4l —z—y; |olw/d] =109 | x— 22—y
S5lve—w—1;|oefz/L] =02 | v 3;
6|u—z—y; |o2v/3]| =103 |u—uz—uy;
T|z—u*xw; |ogu/L] =104 |z uxd;

8|l u«—2%u; |o4lz/L] =04 |u—2%u;

Constant Folding is “producing” additional Dead Code as we see in the example:
the first instruction is dispensable since u is not used anymore until its next
assignment in the 5th instruction. T'op has replaced all occurrences of u between
the first and the fifth instruction with the scalar 3.

For the correctness of Constant Folding the particular interpretation has to
be taken into account. Thus strong equivalence is generally not preserved.

Theorem 3.16 (Correctness). For every m = (X, Ui, Uout, ) € SLC and ev-
ery X—algebra A, m ~g Top ().

Proof. Let 7 := (X, Uiy, Uout, #) € SLC with X := (F,C), B := aq;...;ap, o; =
x; — e; and A := (A, ¢) an interpretation of X. It suffices to show that Afe; | =
2[e’] holds for all i € {1,..,n} where e} = RD;(e).

Depending on the type of e; we get different cases:

1. e, =ceC.
Then e} := ¢(c) and for a valuation o € S:

Aei Jo = o(c) =2 p(p(e) = Ale, Jo

2. e, =y € V. Two subcases:
(a) RD;(y) =L = e} =e,, i.e., the semantics are trivially identical.
(b) RD;(y) =a € A = e, =a. In this case follows for o € S:

def. of ¢

AleiJo = 0\(3//) p(o(y)) = Ae;lo

€A
3. e; = f(ug,...,u;). Again two cases:
(a) 3j € {1,...,r} such that RD;(u;) = L:
et = f(RD;(u1), ..., RD;(uy)) and we have to show:
AUeiJo = o(f)AurJo, ..., Aur Jo)
= (/) QAU[RD;(u1)]o, ..., A[RD;(ur) Jo) = Ale; Jo
Thus we have to prove that Afu;Jo = A[RD;(u;)]o for j € {1,...,r}.

Since the u; are neither variables nor constants the statement follows
already from case 1 or 2.
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(b) Vj € {1,...,r} we have either RD;(uj) =a € Aoru; € C.
el = o(f)(RD;(u1), ..., RD;(uy)). The only difference to subcase (a) is

the additional application of ¢(f). But since this needs to be done nev-
ertheless when computing the semantics we get the same problem as in

(a).

The above conclusions can be applied for all e;, i € {1,...,n}, and hence the
theorem is proved. O

Corollary 3.17 (Idempotency). For everynm € SLC, Top(Top(mw)) = Tor ().

The idempotency of Constant Folding is obvious because already the first
application substitutes all variables that have constant values with constants
and evaluates constant expressions. Therefore only “unknown” variables and
expressions that contain at least one unknown operand remain.

Constant folding does not remove instructions, hence the program length
does not change. A subsequent Dead Code Elimination, however, will shorten
the program in many cases.

4 DAG Optimization

The DAG optimization is an optimization algorithm for SLC—programs based
on the construction of a directed acyclic graph (DAG). A basic version of this
optimization has been introduced in [ASU70]. We will present a modified version
which, however, does not consider the register allocation procedure since we only
focus on intermediate code.

Definition 4.1 (DAG). A DAG is a graph G = (K, L,lab, suc) with the fol-
lowing components/properties:

— a set of nodes K,

— a set of labels L,

— a labeling function lab: K — L,

— a partially defined!* successor function suc :C K x N — K and

— 3k € K such that 3k, ko, ...k, € K with ky =k, k, = k and suc(kj,ij) =
kjt1 fori; e N, j e {1,...,n —1} (G is acyclic).

A DAG can represent the result and the operands of a functional expression
by (different) nodes that are linked by the successor function.

4.1 DAG of an SLC—Program

The DAG of an SLC—program can be seen as a graphical version of the term rep-
resentation with the difference that identical subterms are shared. Furthermore a
partial evaluation of expressions (similar to Constant Folding) is performed (ex-
tending the algorithm in [ASU70]). Hence the signature of the target program
has to be modified analogously to Constant Folding.

In addition to the DAG we need a valuation function

val . CVy xN — K

4 f.C A — B denotes a partially defined function f from A to B.
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with val(xz,i) = k iff the subgraph starting with k represents the value of the
variable x after ¢ computation steps.

Algorithm 4.2 (DAG Construction). Let 7 := (X, T, Uout, ) € SLC with
Y= (FC), B :=a1;...;a, and A := (A, ¢) an interpretation for X. The DAG
D, of m consists of a DAG G = (K, L,lab, suc), a valuation function val (as
above), i.e., Dr = (G,val). We set L := F UV, UA to label nodes that represent
expressions with the corresponding function symbols (the others are labeled with
themselves).

The graph G and val are inductively constructed as follows:

1. Select K := V;;, U p(Cy) with lab(k) = k, Vk € K as initial nodes'® and set
val(x,0) := x for all € V;,, where

(P(Cﬂ) = {90(C> ‘ S Cﬂ}

2. Induction Hypothesis: Assume G and val are already constructed for aq;...; o;
(especially!® val(x,i) € K for x € DV;).
Let w.l.o.g. o417 =  « e. We distinguish different cases depending on the
type of the expression e:
(i) e=yeV:
According to the induction hypothesis val(y,i) € K is already represent-
ing the current value of y. Thus G is not extended; set

val(x,i+ 1) := val(y, 1)
val(z',i 4+ 1) := val(z',1) for 2’ # x
(ii) e=ceC:

¢(c) € K already exists. Therefore G remains unchanged:
val(xz,i+ 1) := ¢(c)
val(z',i+ 1) := val(z',1) for 2’ # x
(ili) e = f(ul,...,ur), u; € VUC, f€ F) . We get further subcases:

(a) uj € Coru; €V and val(uj,i) € Aforall j e {1,..,7}.
Let a := p(f)(ul,...,ul) € A with

o o(uy) ifu; € C
77 \wal(uj, i) if uj € V and val(uj, i) € A
(al) a € ¢(Cx) : No extension of G.

val(z,i+1) :=a
val(z',i+ 1) == val(z',i) for ' # z
(a2) a ¢ p(Cr): insertion of a new node a:
K := KU{a}
val(z,i+1) :=a
val(z',i+ 1) :== val(z',i) for ' # z

5 One could also add the constants later “on demand”.
16 The DV sets have been introduced in Def. 2.5.
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(b) 37 €{1,...,r} with u; € V and val(uj,i) ¢ A.
(b1) 3k € K with lab(k) = f and

N (,O(u]') if u; € C
suc(k,j) = {val(uj,i) ifujeV

No modification of G; the value of e is already represented by k.
Set:

val(x,i+1) =k

val(z',i+ 1) :== val(z',i) for ' # z
(b2) Otherwise ($k € K as in (b1)): insert a node k;1:

K =KU {kiJrl}
lab(kiJrl) = f
o eluy) ifu; € C
suc(ki1, ) = {val(uj,i) ifu; eV
val(z,i+ 1) := kiqq
val(z',i+ 1) := val(z',i) for 2’ # x

In the following we will refer to a node k as operation node if it has a label
lab(k) € F. Nodes that stand for variables or constants are called variable or
constant nodes. Nodes that do not have any successors are called leaves.

Ezample 4.3. Figure 2 shows the DAG belonging to the program from Fig. 1. The
square nodes are the nodes already present at the beginning of the construction.
The round nodes were created later according to the above definition.

The edges represent the suc—function, the numbering is mandatory for non—
commutative operations (like —). For better clarity the table of the val-function
only shows those entries that represent changes.

Let us now examine the construction of the graph in detail. For first V, U
©(Cr) are inserted in K as initial nodes. In the example these are the nodes
{1,2,3,z,y}. Furthermore val(z,0) = = and val(y,0) = y since {z,y} = Vi,.
The DAG D, is now constructed as follows:

1. aq = u < 3: no extension of the graph is necessary since ¢(3) = 3 € K.
The val-function has to be modified with val(u, 1) := 3 (all other values are
transferred from val(x,0)).

2. ag = v« x —y: because {val(z,1),val(y,1)} N A = () and no operation node
is existing the node ko with label lab(ks) := — is inserted. Additionally we
set suc(ke, 1) :=val(z,1) = z, suc(ke,2) :=val(y,1) = y and val(v,2) := ko
(the other val-values are transferred).

3. a3 = w «— u + 1 represents a function application to constant operands.
3+ ¢(1) = 341 = 4 holds. Since the constant 4 is not yet present in the
graph a node 4 is inserted and val updated: val(w, 3) := 4.

4. ay4 = x «— x —y: for x — y the equivalent node ks exists already in the graph,
the conditions of case (iii)(b1l) of the algorithm are fulfilled and thus no new
node is inserted. Update: val(z,4) = ko.
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Fig. 2. DAG D, for the program 7 from Fig. 1

5. a5 =v — w—1: val(w,4) =4 € A and p(1) =1 € A. Therefore we evaluate
©(—)(4,1) = 3 and set val(v,5) := 3 because 3 is already a node in K.

6. ag = u < = — y: due to the change of x in instruction 4 a new node kg with
lab(kg) = —, suc(kg,1) = ko and suc(kg,2) = y must be created (obviously
the arguments of — are not constant). Besides val(u,6) := kg is set.

7. a7 = z <+ u* w: since u is a non—constant operand of * (val(u,6) = k¢ ¢ A)
and no node with the successors kg and 4 and label * exists yet we insert the
node k7 with lab(ky) = *, suc(ky,1) = k¢ and suc(kr,2) = 4. Moreover val is
modified by val(z,7) := k7.

8. ag = u «— 2xwu: val(u,7) = kg ¢ A and no matching node with the corre-
sponding successors exists. Thus we create kg with lab(ks) = *, suc(ks,1) = 2
and suc(ks,2) = k¢ and update val(u,8) := kg.

The DAG construction incorporates aspects of Common Subexpression Elim-
ination and Constant Folding:

— For expressions that are already represented by a node in the DAG no addi-
tional operation node is created, instead a “pointer” to the equivalent node
is used (node sharing).

— The DAG construction performs a partial evaluation of expressions based
on constant information. Either we get for the whole expression one constant
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value (for instance if all the operands are constants) or the variables occurring
in the expression are replaced by constants as far as it is possible. Therefore
no node represents a constant expression.

The elimination of dead code takes place during the code generation from the
DAG and not during its construction.

4.2 Code Generation from a DAG

For defining the program transformation the input program is no longer needed,
its DAG is sufficient; this procedure we call code generation. First it has to
be determined which nodes in the graph are really necessary for generating an
equivalent output program.

Definition 4.4 (Output—Relevant Nodes). Let 7 := (X, Uiy, Uout, 3) € SLC
with 8 := aq;...;ap and D, = (G,val) with G = (K, L, lab, suc) the DAG of .
A node k € K is called output relevant if

1. there exists a y € V,y,; such that val(y,n) =k, or
2. there exists an output relevant node ¥’ € K and an i € N with suc(k’,i) = k.

Thus all nodes that are reachable from an “output node” are output relevant.
The other nodes are dispensable and are not considered during code generation,
thus implementing Dead Code Elimination.

For code generation the nodes of the graph have to be processed in a certain
order. Before creating an instruction for a node k all the successors of k have to
be processed first for the input values to be available.

A Simple Nondeterministic Algorithm

In this section we will present a simple algorithm for code generation on the basis
of an example.

Ezample 4.5. Let 7 be the program from Fig. 1 and D, its DAG which is depicted
in Fig. 2. Then the code generation could be done in the following steps:

1. First we eliminate all nodes that are not output relevant, these are the nodes
k7, 4 and 1. The others are reachable from kg except for the constant 3, for
which val(v,8) = 3 holds. Thus the remaining nodes are {2, 3, x, y, k2, k¢, ks }.

2. Since the constants and input values are immediately available an operation
node is the first node to process. This can only be ks because the other nodes
depend on it. For this node we generate the instruction

ko «— x —y;

The node label determines the operation and its successors the operands. As
temporary variable name we simply use the name of the node.
3. The next node to process is kg because kg depends on it. For kg the instruction

ke < ko —y;

is created.
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4. For the last remaining operation node kg the generated code looks as follows:
U — 2 x kg;

Here we do not use a temporary variable but the output variable v because
this will be the final value of u. Otherwise we would have to insert a copy
instruction later on.

5. Now all the operation nodes are processed but the output variable v is yet
undefined. Therefore we have to add the instruction

v — 3;
since val(v,8) = 3.
Thus we get the following result:
Uin : (x,y)
B ks a—y;
ke — ko —y;
u — 2% kg;
v o— 3;

Uout + (u,v)
This “naive” code generation technique has several disadvantages:

— The algorithm is nondeterministic, multiple choices for the next node to pro-
cess are possible.!” Hence the output depends on the node ordering strategy.

— The idempotency is violated because the node names will change in D7, ()
due to the elimination of output irrelevant nodes.

— The assignment order is different from the input program, e.g. the variable
v gets its final value before u in the input program but in the optimized
program after u. This increases the difficulty of proofs.

Extended Algorithm

Since the simple algorithm for code generation does not fulfill the desired prop-
erties (e.g. it is not an 2A-program transformation) we will now introduce an
extended version which, however, is more complicated.

Algorithm 4.6 (Tpag : SLC — SLC). Let 7 := (X, Ui, Uout, B) € SLC with
Y = (F,C) and (8 := a3;...;a,. Let A := (A, ) be an interpretation for X
and D; = (G,val) the DAG of = with G := (K, L,lab, suc) where K w.lo.g.
contains only output-relevant nodes. Finally we need a substitution function
d: K — Ve UK, a function last : Vo — {1,...,n} that assigns every output
variable the index of its final assignment!'® and a counter variable i € N with
initialization ¢ := 0.

Generate the SLC—program Tpac(n) := ((F, A), Uin, Uout, §) as follows (an-
notations for the particular steps are given in a smaller font):

17 In our example this is not the case.
8 Tn the example program of Fig. 1 last = {u — 8,v — 5}.
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1. Set ' :=¢, 0 :=1d, Ky :={k € K | k is a leaf} and vl =0
We start with the empty instruction sequence and the identical substitution. Ky denotes
the set of already processed nodes. Initially these are the leaves which are immediately
available without generating code for them. Voj;t is the set of output variables that are
already assigned a final value and not be used for new assignments.

2. Let K':= {k € K\ Ky | $i € N with suc(k,i) € K \ K¢}. Case distinction:
(a) If K’ # (: choose the node k; € K’ with Vk; € K’ : | < j and increment

1:=1+1.

(b) Otherwise: continue with step 8.
K’ denotes the set of not yet processed nodes from K whose successors are already processed
(these must be operation nodes). The node k; has the smallest index of all nodes in K'. This
preserves the computation order of the input program (since in Alg. 4.2 [ is the index of the
instruction that causes the generation of k;). In addition the choice of the lowest-—numbered
node guarantees the determinism because there could be multiple choices that would result
in different outputs.

3. Let Vsl = {y € Vour \ VOJ;t | last(y) < 1} =: {Yiy, - ¥y} With last(y;;) <
last(y;, ) for j < k. Set VOJ;t = VOJ;t UVl as well as i := i + ¢ and create for
j =1,...,q respectively a new instruction:

B =0 yi, — d(val(yi;,n))

V<l is the set of output variables that do not yet have a final value in the target program,
but whose final values in the input program are assigned in an instruction numbered lower
than the current node. Before processing k; these must defined to maintain the computation
order of the input program.

The order of the assignments to output variables in V5. is corresponding to the input
program since the y;; are ordered by their last—value. The set of “used” output variables
is extended by V5. after creating the new instructions. The counter i is incremented by ¢

to represent the number of the instructions to be inserted in step 5.

4. Let VI = {y € Vou | val(y,n) = k;}. If V¥, £ 0 select y € V¥, such that

out U
Vy' € VEL ¢ last(y) < last(y') and set:
6 : = 6[ki/y]
VOJ;t F= VOJ;t U{y}

Vi are the output variables associated with k; out of which one is chosen. If there is more
than one we select the one with the smallest last—value (determinism, computation order
of the input program). Then the substitution § is updated to rename the current node k;
into the newly chosen output variable y and y is inserted in the set of used output variables
Vit

5. If §(k;) & Vour set 0 := [k /vi].
If no output variable is associated with k; instead of the node name the variable v; is
used for the next assignment (change of the §—function). This is necessary for assuring the

idempotency of the algorithm.
6. Let w.lo.g. lab(k)) = f € F"). Extend 3':

B =08 0(k) — f(0(suc(ky,1)),6(suc(ky,2)), ..., 6(suc(ky,)));

Insertion of a new operation instruction for the current node k;. Thereby k; itself and all

successor nodes that serve as arguments for f are renamed by 4.
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7. Set Ky := Ky U {k;}. Continue with step 2.
The processing of node k; is finished and therefore inserted in the set K .

8. Let VS i= Vo \ ViE, =2 {w,, - Yig y With last(y;;) < last(y;,) for j < k.

For j =1,...,q set:
g =0 Yi; — 5(val(yij,n));

Now we regard the yet unused output variables. Those have to be assigned their final values

according to val.

The algorithm processes operation nodes in the order of their generation.
Value assignments of output variables eventually have to be inserted “in be-
tween”. Thus the computation order of the original program is maintained. In
the resulting program for every assignment a new, previously undefined variable
is used, meaning that it satisfies the following normal form:

Definition 4.7 (SSA Form). A program 7 = (X, Ui, Uout, ) € SLC with
B :=aq;..;an and o4 := x; < €; is in static single assignment (SSA) form if for
all i € {1,...,n} the following holds:

i—1
k=1

Due to the inductive nature of the definition and the completeness of SLC—
programs it ensues that for every 7 also

i—1

v ¢ Ve, U Ve,
k=1

Example 4/.8. If we apply the extended algorithm for code generation to the
example DAG of Fig. 2 we get the result:

Z_}‘in: (:an)
B —z—y;
v o— 3;

V2 < V1 — Y5
U — 2% Vg
Vout = (u,v)
As we see, now the output variable v gets its value before w like it is in the original

program 7 and reapplying Tpaq to the result will yield the same program.'® Thus
the idempotency holds for the example.

Note that if the number of available registers is limited the optimal code
generation from a DAG is NP—complete [AJUT77]. The efficiency of the result-
ing program hereby varies depending on the node—ordering strategy. The code
generation from expression trees, however, is also in this case efficient [AJ76].

9 This can be easily tested with the web interface at [Rie05a].
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4.3 Correctness of the DAG Algorithm

In this section we will prove the correctness of the DAG optimization. Because of
the complex structure of the algorithm the proof will be done step—by—step and
be based mainly on terms. Hence for a DAG we have to generate a characterizing
term.

Definition 4.9 (Term Representation of a DAG). Let D, = (G,val) with
G = (K, L,lab, suc) be the DAG of the SLC—program 7 := (X, U, Uput, ) with
Y = (F,0), B = aj;..;a, and let A := (A, ) be an interpretation of X.
Then the term representation tp_(y) € Tx(Vin) of Dy w.r.t. an output variable
Yy € Vyue is defined by:

tD, (y) = tval(y,n)
k ifke AUV,

and for k € K : ty := {f (Fsue(h1)s ---atsuc(k,r)) if lab(k) = f € F(")

The definition complies with the intuitive idea that all successors of a node
are representing subterms of the node term. Here the optimization effect achieved
by the sharing of nodes is lost which, however, is irrelevant for the correctness.

Ezample 4.10. The computation of the term representations for the DAG from
Fig. 2 yields

tp.(u) = %(2, —(=(2,9),v))
tp,.(v) =3

The term representation of the DAG for the variable v is not equal to the term
representation of m because during the DAG construction an evaluation of con-
stant expressions has been performed.

For adapting the term representation of the input program we need to eval-
uate constant subterms.

Definition 4.11 (Partial Evaluation of Terms). Let ¢ € Tx(X) with X :=
(F,C) and A := (A,¢) an interpretation of Y. Then A[t] € T(x 4)(X) denotes
the term resulting from partial evaluation of t. For c€ C, z € X, f € F() and
t1, s tn € T(pa)(X) it is defined as:

@
o SAUARR]) fVie{l, .. r} At e A
AF (b, tr)] = {f(?l[tl], LA]) else

The correctness proof of the DAG optimization is based on two main steps:
first we show the correctness of the DAG construction and then — based on the
correctness of the DAG construction — that the code generation algorithm is
correct. Then it only remains to show that the equality of the terms implies the
semantic equality.
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Lemma 4.12 (Correctness of the DAG Construction). For 7 := (X, Uy,
Uout, B) € SLC, its DAG D, and an interpretation A for X it holds

At (y)] =tp,(y) for all y € V.

Proof. Let D, := (G,val) with G := (K, L,lab, suc) and 3 := a;...;a, with
a; := x; < e;. Moreover let X' := (F,C) and 2 := (A, ). Induction on the term
structure (for y € Vyyue):

1. Atr(y)] = a € A. Inductive case distinction:
(a) In 7 there exists an instruction ap = y <« ¢ with ¢ € C and y ¢

Ur s {2} Then
val(y, n) = val(y, k) = (c)

(b) An instruction oy = y « z exists in 7 such that y ¢ J;_;,,{z;} and for
z again one of the cases (a), (b) or (c) (termination in case (a) or (c)(i))
holds with n =1 — 1 and y = z. It follows:

val(y,n) = val(y,l) = val(z,l — 1)

(¢) In 7 there is an instruction o, = y <« f(u1,...,u,) with f € F) such
that y ¢ U, {z:}. Additional subcases:
(i) Vi e{l,...,r} : uj € C. Then we get:

val(y,n) = val(y,m) = o(f)(e(u1), ..., p(ur))

(i) 3j € {1,...,r} : w; € V and for u; either (a), (b) or (c) holds with
n=m — 1 and y = u;. Result:

val(y,n) = val(y,m) = o(f)(ul, ..., u;) with
o val(uj,m—1) ifu; €V
T Le(uy) if u; € C

Because of the induction val(uj,m — 1) € A must hold for u; € V.
We obtain val(y,n) = b € A and thus t,4,,) = b (since n < co and a
termination is only possible in the subcases (a) and (c)(i)). b = a must
hold because in the above case distinction the same subterms as in [t (y)]
have been evaluated, with the only difference that evaluations took place
immediately and not after the construction of an entire term. Thus:

Atz (y)] =a=1tp.(y)

2. Atz (y)] = = € Vip. Similarly to the first case we inductively distinguish the
possibilities:
(a) It exists an ap = y « 2z in 7 with y ¢ Ui, .1 {zi}, 2 # = and for z either
(a) (induction: copy chain®’) or (b) (termination) holds with n = k — 1
and y = z. Then:

val(y,n) = val(y, k) = val(z,k — 1)

20 A sequence of copy instructions that depend on each other is called copy chain.
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(b) In 7, y =  and y ¢ |J;_,{zi}. Because of V;, NV, = 0 this case can

only occur after case (a) occurred at least once. We get:
val(y,n) = val(y,0) = val(z,0)
Thus val(y,n) = x and tval(y,n) = . It follows:
Altr(y)] = = =t (y)

3. Utx(y)] = f(t1,....tp) with t; € T(p 4y (Vi) and f € F©).
Induction Hypothesis: For all j € {1,...,r} already holds

P {tval(Uj,ll) for u; € \%
=

t¢(uj) for u; € C

An instruction a; =y «— f(uy,...,u,) with y & (J;_;,; {z;} must exist in 7 (y

unchanged after «;).
Case distinction:

(a) Vj e {1,...’1“} : tj S T(EA)

This case cannot occur since otherwise 2[f (1, ..., t,)] would be a constant.

(b) dj € {1, 7“} 1t §é T(FvA)
A node k € K exists with

lab(k) = f
‘ ‘ N Jwal(uj,l—1) ifu; eV
Vie{l,..,r}: suc(k,j) = {@(uj) ifu; €C
val(y,n) =k

Then:

LD, (y) = tval(y,n)
= f (tsuc(k,1)7 ey tsuc(k,r))
NG
= Ultx(y)]

Hence for all y € V,+ the claim holds.

O

Now we have to show the correctness of Alg. 4.6. Also here the proof is based

on term representations.

Lemma 4.13 (Correctness of the DAG Code Generation). For ©

(X, Uin, Uout, B) € SLC and its DAG D it holds

tD‘rr (y) = tTDAG(T(') (y) fOT’ all (/S Vout-

Proof. Let m, D, X and 2 be defined as in the proof of La. 4.12. Moreover
let Tpag(m) =: ((F,A),Tin, Uout, 8') with ' := of;...;al, and of = 2} — €.

Induction on the term structure (y € Vyyt):
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1. tp, (y) =a€ A:
Hence we have val(y,n) = a in D,. Then according to step 3 or 8 of Alg. 4.6
an assignment a; = y < a is created and afterwards y remains unchanged in

Tpac(n), ie., y ¢ Uit {z}} (this is guaranteed by the V(mt set in which y
is inserted after the creation of o). For the term representation of Tpac ()
we obtain:

0
Uppotm) (8) = 0 (9)

—y[ mleml[z/ellai_y /e ] ot feh]
= ylam/enl-lv/a)lv11 /er 1] [v1 /€]
= yly/allz;_/ej_1]--[2} /€] (27 # y for all i > 1)
= alz]_y/ej_4]...[v1/€]]

=a (a is variable—free)

2. tp,(y) =z € Vip:
Then val(y,n) = = in Dy. As in the first case an instruction o = y «— =
is added by step 3 or 8 of the algorithm and it holds y ¢ (J;Z;,,{z}} and
z ¢ Ui~ {a}} since U~ {z}} € Vour U{v; | j € N}. It ensues:

0
tTpac(r) ) tg“;AG(W)( )

= ylain/eh)--[xi/ellery /er ] [2h /€]

= ylain/eh)-ly/x]lwry fer ] [21 /)]

yly/@][xr/er o] [21/€)] (2 # y for all i > 1)
I—

= 1‘[$ 1/62_1]--'[1'11/611]

m/
m/

(z} # x for all i < 1)

8

Hint: If Vi, NVou: =0 (Def. 2.3) would not be required it could not be guaranteed that x is
not assigned a value before ;. A counterexample for the correctness of the DAG algorithm
would then be the following program:

= ((0,{0}), (), (z,y),B) ¢ SLC with 8 := t « x;
x « 0;
Yy<—2z
3. tp,(y) = f(t1, ... t;) with t; € Ty 4)(Vin) and f € F)
Then an i € {1,...r} exists such that t; ¢ T(p 4y (otherwise the term would
have been substituted by a constant). Hence in D, there must be a node

k € K with lab(k) = f and val(y,n) = k. Because of step 6 of Alg. 4.6 in 3’
it exists already an instruction

o) = 3(k) — f(5(suc(k,1)),d(suc(k,?2)), ..., 6(suc(k,r))),

where 6(k) € Vo U {v; | j € N}. Let 7, be the program that is obtained if
the algorithm is applied to the DAG that only contains all nodes reachable
from k. Let the set of nodes restricted by k, K}, be given by

k€ Ky,
k' € K}, if 3i € N, 3k” € K}, such that suc(k”,i) = k'
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Induction Hypothesis: For j € {1,.r}, t; =t
holds.

€ VE, must hold, i.e., val(y,n) = k. Case distinction:
( ) For all y/ € VF last(y) < last(y’). Then according to the algorithm
(step 4) 0(k) =y and y & J;—; {=}}. It follows:

d(suc(k,j))) already

Tsuc(k,i) (
out

trppam) (Y) = t%w(w) ()
Y B AL Y | e | Y M R ES VY
[z1/elwi_1/er-1]..[1 /€]
[y/ £ (S(suc(k, 1)), ..., 6(suc(k, r))) w71 /€1—1]---[21 /1]
(8(suc(k, 1), ..., 6(suc(k, ) [x]_y /€]_y)...[} /e}]
(8(suclk, 1)z} /e}_y)...[e) fe}],

=tr o1y (S(suc(k,1))
0(suc(k,r))lz)_1/e1]..[x)/€1])

:tﬁsuc(k,r) (0(suc(k,r)))

ylz
y
yly
f
f

With the induction hypothesis the claim holds for this subcase.
(b) 3z € VE, with z # y such that V2’ € VX, . last(z) < last(z'). Therefore

out
(k) = 2 and there exists an instruction a;, = y «— z in 8 with p > I (step

3or8). Then z ¢ (J;, {z;} as well as y ¢ UL, {z}} and it yields:

trp () (Y) = t%w(ﬂ) ()
= ylam /el w1/ epally/ 2y /epi]-[w1/€l]... [v1 /]
y/2] [9?;;—1/6;;—1]---[$;+1/€2+1][952/6“[35271/6271]---[95,1/6,1]

=yl

= yly/Azi/ellzr 1 /e ). [1 /e
[
[

= zlzi/ ez /€] [ /el
= 22/ f((suc(k, 1)), ..., 8(suc(k, m)))][x)_1 /€] [x1 /€]
= f(8(suc(k, 1)), ..., 0(suc(k, ) [z]_1 /€1 1]...[x) /€]
= J(6(suc(k, ))[9«“1 /el /el
O(suc(k, r)[w_1 /€] [x1/€1])

The result is identical to case (a).

Thus the claim is proven. O

With the aid of the above lemmata the correctness of the DAG algorithm is

almost clear.

Theorem 4.14 (Correctness of the DAG Algorithm). Let 7 = (X, U, Uput,
B) € SLC and A be an interpretation of X. Then w ~g Tpag (7).

Proof. Tt suffices to show that if ™A[t:(y)] = t7,,,x)(y) for all y € Vi also
A7 ] = A[Tpag(n)] holds. Then by La. 4.12 and 4.13 7 and Tpag(w) are A-
equivalent.
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It is obvious that A[t ] = A[A[¢]] for ¢ € T's;. Hence according to La. 2.14:

Alr [(in) = Atx(y1)[x1/ing, ..o xs/ing] |, oo, Utx () [21 /in1,s .oy 5 Jing] ])
= At ()1 fina, .., x5 /ing] [, .., A[A[tx (yo)][x1 fina, ..., 5 /ing] ])
= (AMtrpe ) (Y1) w1/ing, .., zs/ins] ], ...,
AUty a0 We) w1 /in1, o 25 /ins] ])
= A[Tpac(r)](in)

O

The idempotency of the extended algorithm is intuitively clear because of
its construction, for a detailed proof please refer to [Rie05b]. Thus the DAG
algorithm is a program transformation.

5 A DAG—-Equivalent Composition of Simple Trans-
formations

Now after the formal introduction of the different optimizing program transfor-
mations we will analyze the relations between them. We call two optimizations
equivalent if they is optimal w.r.t. each other:

Definition 5.1. Let 17,75 : SLC — SLC be two program transformations.

— Ty is called Th—optimal (17 < T) if Vm € SLC : T1(Ta(m)) = To(m).
— T7 and Ty are called equivalent if T7 < Ty and Ty < T7.

The following lemma states an important property of the < relation on pro-
gram transformations:

Lemma 5.2. Let T1,T5,U : SLC — SLC be three program transformations.
Then

TI<UANT,<U = Tyl <U

Proof.
T <UANT, S U

=TioTy, <U
a
In the following section we will see that the DAG optimization is optimal

w.r.t. the classical transformations. Later we will examine how the classical trans-
formations can influence each other when executed in a certain order.
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5.1 Optimality of the DAG Algorithm

In previous examples we have seen that the DAG algorithm had a higher “opti-
mizing potential” than the classical transformations. Now will verify this obser-
vation on a generalized basis.

Theorem 5.3. [t holds Tpc < Tpac (I'pac is Tpc—optimal).

Proof. Let m € SLC with n instructions and 7" := Tpag(7) = (X, Uin, Vout, 3)
with 8 = a3;...;0, and «; := x; «— e;. Furthermore let D, = (G,val) with
G = (K, L,lab, suc) be the DAG of m. Assume that a j € {1,..,m} exists such
that z; ¢ NV; (in 7).

We have to distinguish two cases:

1. z; is not used anymore after o (z; & Ve,, i > j).
Then in D, a node 6_1(mj) exists?! to which no other edges point, i.e.,

Vi € N and Vk € K : suc(k,i) # 0! (z;)

Moreover z; is no output variable because otherwise a;- would not be dead
code. Thus no y € Vyy exists such that val(y,n) = 6 !(x;). Then §~1(x;)
is not output relevant by Def. 4.4 and the instruction «; would have never
been created.

2. xj is redefined in an instruction oy with [ > j (x; = x;) but z; ¢ V,, k <
1 <1.
Algorithm 4.6 generates output programs in which no variable occurs more
than once on the left-hand side of an instruction (SSA form). Therefore a
contradiction follows. O

For the Common Subexpression Elimination we get a similar result:
Theorem 5.4. Teos < Tphac.

Proof. Let m, 7’ and D, be given as in the proof of Thm. 5.3. Similarly we will
prove the claim by contradiction:

Assumption: 3i,j € {1,...,m} with e; = e; = f(u1, ..., u,) such that j € vr(i),
i.e., e; is a valid recurrence of e;. Tcg would eliminate it using a temporary
variable.

Since Alg. 4.6 creates for every operation node in the DAG exactly one in-
struction, two nodes k, k' € K must exist where suc(k,j) = suc(k’,j) for all
je{l,..,r} and lab(k) = lab(k') = f € F(").

According to the DAG construction (Alg. 4.2, subcase 3(b)(b1)) however this
is impossible because after k£ has been created no k' with the above properties
would have been inserted in the DAG. Instead only the val-function would have
been updated. Thus we have a contradiction. a

Finally we will verify the optimality of the DAG algorithm w.r.t. Constant
Folding.

Theorem 5.5. Tor < Tpac.

2! Let § be the substitution that one obtains after complete execution of Alg. 4.6.
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Proof. Tt suffices to show that for all 7 € {1,...,n} and all y € V:
RD;(y) € A= wval(y,i—1) € A

Then the Constant Folding will not provoke any further change when applied
to 7' (since Tpac already utilized the full “replacement potential”). Complete
induction on i € {1,...,n}:

1=1: RDl(y):O'J_(y):L
i — i+ 1: Case distinction for the variable y:
1. If y =x;:
RD;11(y) = RD;[w;/A[e; JRD;](y)
= 91[[61 ]]Rl)Z cA

And we get:

Vze Ve, : RDi(z) e A
Z2vVzeV, : val(zi—1)€ A
= val(y,i) € A (according to the DAG construction)
2. Otherwise (y # x;):
RDis1(y) = RDjlai/Ue; |[RDi](y)
= RDi(y) € A
= val(y,i—1) € A
= val(y,i) € A (since y # x;)
Due to the induction principle the claim holds. a

Thus the DAG algorithm is optimal w.r.t. the classical transformations. In
the following we will examine the reverse direction, that is, the question whether
the classical transformations can be applied in a certain order such that the result
is equivalent to the DAG—optimized program.

5.2 Copy Propagation

The first result is that the classical transformations do not suffice for “simulating”
the DAG optimization.

Theorem 5.6. There exists a m € SLC such that m is T -optimal for every
T e{Tpc,Tcs, Tor}, but w is not Tpag—optimal.

Proof. Consider the program depicted in Fig. 3. For this program none of the
classical optimizations will provoke any change:

— In 7 exists no dead code, all instructions are needed for computing the value
of the output variable y.

— All expressions in 7 are distinct. Hence T'cg does not influence the result.

— The absence of constants implies that Constant Folding would have no effect.

35



Thus 7 is optimal w.r.t. all three classical transformations. An application of
Tpac yields however:

V1 — T+ Y,
U < T * V1,

V— U+ T;

Vout : (u,v)
Fig. 3. m = (Xarithm, Uin, Vout, 8) € SLC with copy instructions

In the example Dead Code Elimination would be applicable (in the sense of
eliminating instructions) if one would replace e.g. the occurrences of u on the
right—hand side of the instructions 2 and 3 by x. For this problem we will now
introduce a new algorithm, Copy Propagation, which does not improve the input
program directly but is a preprocessing step enabling other optimizations.

Our version of Copy Propagation does not only substitute a variable used
after a copy instruction with its original variable but also traces back transitive
dependencies for copy chains. During the analysis step we collect the valid copies
for each instruction. These are basically pairs of variables that have the same
value at a given point (due to copy instructions). A third value — the transi-
tive depth which represents the length of a copy chain — is used to guarantee
determinism and idempotency of the transformation.

Definition 5.7 (Valid Copies). Let 7 := (X, Ui, Uout, 5) € SLC with § :=
a1;...; . For an instruction o« = = < e we define the transfer function ¢, :
VZ2x{l,..n} - V2x{l,..,n} by

toee(M) :=trans(M \ {(y,2,d) e M | d € {1,...,n}, z € {y,z}}
U{(z,e1) [eeVr\{z}})

Here trans : V2 x N — V2 x N computes the transitive closure of the first two
arguments for an M C V2 x N:

trans(M) :={(z,y,d) | 3k € N : 321, ...,z € V, do, ..., d;, € N such that
{(z,21,do), (21, 22, d1), ... (zk—1, 2k, di—1), (25, Y, di) } © M}

k
where d := Z d;
i=0
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In particular all (z,y,d) € M are included in trans(M) for k = 0. Now the
analysis sets CP; C V.2 x {1,...,n} can be computed inductively:

CP1 = @
CPit1 :=ty,(CP) forie {1,...,n — 1}

Based on the C'P—sets we define the program transformation:

Definition 5.8 (Copy Propagation). The transformation T'cp : SLC — SLC
for m = (X, Vip, Vout, ) € SLC with = x1 «— e1;...;x, < e, and X = (F,C) is
given by

Top(m) i= (X, Uin, Tout, 3') with 3 := 21 «+ CP1(e1);...;xn — CPy(ey)

where CP(e) with CP C V22 x {1,...,n}, c€ C, z € V; and f € F(") is defined
as follows:

CP(c):=c

y ifJyeV, 3de{l,..,n} with (z,y,d) € CP
CP(z) := and V(z,y',d') e CP: d <d

x else

CP(f(uy,...,u)) := f(CP(uy),...,CP(u,))

The selection of the tuple with the highest transitive depth for the substi-
tution ensures that the copy chains are traced back completely and that the
algorithm works deterministically. This is necessary since, due to the computa-
tion of the transitive closure, for a variable x several tuples of the form (z,y,d)
with different y and d might exist.

Example 5.9. Applying the Copy Propagation to the program of Fig. 3 yields:

1| oy CP; new instruction o
1|u«—uz 0 U — T

2|y —u+ty; {(u,z,1)} Y —z+y;
3|ve—u {(u,z,1)} v — T

4 lu—vxy; | {(u,z,1),(v,u,1), (vy2,2)} | u— x*y;
S5|lve—u+v {(v,z,2)} v—u+x;

In instruction 4 the tuple printed in boldface results from the computation of the
transitive closure. The transitive depth is needed to decide which substitution
to use for v in instruction 4. It is clear that on the above result Dead Code
Elimination would remove the first and the third instructions.

5.3 Execution Order

Now that we have introduced Copy Propagation we will analyze the relations
between the simple algorithms??. Particularly interesting is if, given a program
which is optimal w.r.t. an optimization 77, the application of an algorithm 7%
will yield additional optimization potential for T} afterwards.

22 With “simple” algorithms we refer to the classical transformations and Copy Propagation.
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Definition 5.10. Let T; : SLC — SLC, i € {1,2} be two program transforma-
tions. If there exists a m € SLC such that

Ti(m) =7 A Ti(T3(w)) # To(m)
T, is called Th—enabling (T — T1).

The enabling-relations that hold for our transformations are given in Fig. 4.
At this point we will not give a detailed proof for every combination but a short
explanation (for a detailed analysis refer to [Rie05b)):

— Dead Code Elimination does not enable any of the other transformations
because it eliminates instructions and therefore does not create any available
expressions, copy instructions or constant variables.

— Common Subexpression Elimination enables Copy Propagation due to the
insertion of copy instructions. It has no influence on Constant Folding and
Dead Code Elimination.

— We have already seen in Ex. 3.15 that Constant Folding “produces” additional
Dead Code. One can easily construct examples in which the substitution of
variables with constants creates common subexpressions.

— From Ex. 5.9 it is clear that T'op is Tpc—enabling. Similarly to Constant
Folding the substitution of variables by others can create common subex-
pressions.

Tpc Tecs Ter Tcp

Too - - -
Tecs - - —
Tcor — — -
Tep | — — -

Fig. 4. Influence Relations between the Simple Transformations

Between Copy Propagation and Common Subexpression Elimination there is
a mutual dependence. Thus a repeated application of both is unavoidable. The
question is if a constant amount of iterations suffices.

Theorem 5.11. There exists a sequence of SLC-programs (T )nen\{oy such that
T :=TcpoTecs has to be applied at least n times to m, for reaching a fixed point.

Proof. Let m, := (X, (), (y, 2), Bn) with ¥ = (F,0) and F = {f®} where 3, is
given by:

fri=y— f(z,);
z — f(x,x);
Bn+1 = Bn;
y — [y, 2);
z— [(z2);
It is clear that T"*(w,) = T"(n,) but Ai < n: T (m,) = T (m,). 0
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Thus there is no fixed constant (independent from program length) that could
restrict the number of required iterations.

Theorem 5.12. Let w := (X, Ui, Uput, B) € SLC with B := ay;...;0p and oy =
x; < ¢; as well as

m = |{i € {1,...,n} | e; = f(u1,....,u,) for an f € F") andu; € VUC}.
Then f07" T .= TCS o Tcp N
Tm—l—l(ﬂ_) _ T(Tm+1(7T))

Proof. m represents the number of operation expressions in the program m. After
every application of Common Subexpression Elimination with Tog(m) # 7 the
program contains at least one operation expression less.

Since Top is idempotent it follows that when T¢g does not provoke any fur-
ther change also two subsequent applications of T'cp will not create any additional
optimization potential w.r.t. T¢g (this holds analogously for the symmetric case
that we obtain a Top—optimal program first).

Thus after a maximum of m+1 iterations a fixed point of T" is reached because
the first application of T¢s remains possibly ineffective. O

The above bound eventually can be further refined. Since T'¢g is optimizing
at least two operation expressions with every “successful” application and the
expressions assigned to the temporary variables should not have additional valid
recurrences it is presumable that L%J + 1 applications of T" are sufficient.

In practice it certainly is not advisable to use “blindly” worst—case iteration
number but a demand-driven method.

Definition 5.13. For # € SLC and T := T¢p o T¢g the transformation Topcg :
SLC — SLC is be defined by:

T ifT(r)=m

TCPCS(T[-) = {TCPCS(T(TF)) else

Tcos and Tep are applied in alternation until a fixed point — that exists by
Thm. 5.12 — is reached.

From the previous observations, represented in Fig. 4, we now can derive an
order for the simple transformations to achieve a good optimization effect:

1. Constant Folding (cannot be enabled by the other transformations)

2. Application of Common Subexpression Elimination and Copy Propagation
in alternation (T'cpcs)

3. Dead Code Elimination (enabled by Tcp and Tcr)

A different order would be unfavorable, e.g. executing Dead Code Elimina-
tion at the beginning would cause the dead code created by the other transfor-
mations to remain. It though seems reasonable to apply Dead Code Elimination
immediately after Constant Folding (before Topeog) since due to the removal of
instructions the fixed point of Topog could be eventually reached faster. This
would however increase the complexity especially regarding proofs.
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Definition 5.14 (Compositional Optimization). The compositional trans-
formation incorporating the classical optimizations and Copy Propagation is

given by Tcopr := Tpc o Tepes © Ter.
Theorem 5.15. Toopr is an ~A—program transformation.

Proof. According to Def. 3.1 we have to show three properties:

1. Tocopr is correct.
Since Tcopr is constructed from correct subtransformations the composi-
tional transformation is also correct.

2. Teoopr is idempotent.
Tor cannot be enabled from any other subtransformation according to Fig. 4.
Therefore

Ter(Teopr(m)) = Teopr(m) ()

The following application of T'opcg cannot provoke further changes because of
(%), the idempotency of Tcpcs (by definition) and since neither Tpe — Teg
nor Tpc — Tep holds (Fig. 4). Hence we obtain:

Tcres(Ter(Tcopr(m))) = Teopr(m) (k)

Dead Code Elimination does neither change the program (due to (xx) and
the idempotency of Th¢). Thus Toopr is idempotent.

Tcr(m) Tes(Ter(m)) | Tep(Tos(Tor(w))) | Toc(Tep(Tos(Tor(m))))
U — 3; U — 3; U — 3;
VT -y |2~ —Y; | L2 — 2 —y; lr —x —y;
v — ta; vV« t2;
w «— 4; w «— 4; w <« 4;
T—x—y; | T t2; T — to;
v — 3; v — 3; v — 3; v — 3;
U T —Y; | U T — Y, Utz — y; Utz —y;
z—ux*xd; | z+—uxd; z—u*4;
u—2%xu; | u<— 2xu; U — 2% u; U — 2% u;

Fig. 5. Application of Tcopr to 7 from Fig. 1

Ezample 5.16. Figure 5 shows an exemplary computation of T'copr for our ex-
ample program from Fig. 1 starting from the already T cop—optimized program
from Ex. 3.15. Already one application of T'op o T¢s suffices here to reach the
fixed point (this is clear because in Top(Tes(Teor(m))) all operation expressions
are distinct).

The resulting program is identical to the DAG-optimized program from
Ex. 4.8 except for the variable naming. Also for the example from Fig. 3 we
would get the same results “modulo” variable names.?3

23 For testing these results see [Rie05a].
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5.4 Simulation of the DAG Transformation

For achieving a Tpag—optimal transformation we obviously need to rename the
variables in the output program. Otherwise the DAG algorithm would change
the variable names and thus the program would not be Tpag—optimal according
to Def. 5.1.

Obtaining Static Single Assignment Form

We will use a transformation that transforms any SLC—program in static sin-
gle assignment form and uses a variable naming according to the DAG code
generation (Alg. 4.6).

Definition 5.17 (SSA Transformation). Let 7 = (X, Ui, Uout, 5) € SLC
with 8 1= a1;...;, and «; := z; « e;. Define for i € {0,...,n} substitution
functions p; : V — V:

po = ud
and for ¢ € {1,...,n}:
P pi—i1lxi/x;] if x; € Voo and a; # xj for j > i
‘ pi—1|zi/vi] else

Here the v; are mutually distinct variables that do not occur in w. Then the
transformation T'sg4 : SLC — SLC is computed as follows:

Tssa(m) == (2, Tin, Uour, B') with 8 := p1(x1) <« poler);
pr(Tr) — pr—1(ex);

P(Tn) < Pn—1(€n);
pi denotes the application of the substitution p; to expressions (as expected).

Tssa renames all left—hand side variables — except output variables in their
final assignment — in new variables subscripted with the index of the instruction
of their first appearance (analogously to the DAG code generation). Obviously
the resulting program is in SSA form.

Ezxample 5.18. Let us demonstrate the definition by an example. For this we
use the program Toopr(m) from Fig. 5. For the p; we will only represent those
arguments that are not projected on themselves (remind: Uy, = (u,v)):

i | Tcopr(m) | pi | Tssa(Tcopr(r))
1|ty —x—y; | {ta—v1} vl — T — Y,

2| v 3; {ta — v1} v 3;
3lu—ty—y;| {ta—vi,ur—v3}|v3—v1—y;
4\u—2%u; |{ta—v1} U — 2 % v3;

Now the result is identical to Tpag(m) (Ex. 4.8). The idempotency of the DAG
optimization implies Tpac(Tssa(Tcopr(m))) = Tssa(Tcopr(m)) for this exam-
ple program.
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We will not analyze the properties of the SSA transformation in detail. It
is clear that Tsg4 is a program transformation. Since the transformation has
been developed for obtaining “DAG-compatible” variable names Tpa ¢ is optimal
w.r.t. T'ssa.

Also for iterative programs an SSA form is computable [AH00,CFR'91]
which is helpful for a variety of optimizations.

Weakness of Copy Propagation

Now, that we have achieved the “output compatibility” with the DAG transfor-
mation one could assume that Tsg4 o Toopr is equivalent to Tpag.

Theorem 5.19. Tpag £ Tssa o Tcopr-

Proof. Consider the following SLC-program:

7 = (Larithms (2), (y), B) with §:= t < x;
T — —x;
YT+t
Applying Tssa o Tocopr on m and Tpag to the result yields:
Tssa(Tcopr(m)) | Toac(Tssa(Tcopr(m)))

V] — T
Vg < —I; V1 < —;
Y < v + v Y v+ T

Thus the claim is proven. O

The cause of this problem is that Copy Propagation prevents further opti-
mization. t is obviously a copy of x, but because x is overwritten in the second
instruction the corresponding analysis tuple (¢, x, 1) is not anymore contained in
CP,. If one would want to substitute the occurrence of ¢ in the last instruction
a renaming of the left—-hand x in the second instruction and its later occurrences
would be necessary.

This weakness of Copy Propagation can prevent further optimizations like
Dead Code Elimination which is the case in the above proof. The DAG opti-
mization avoids this problem by generating the output program from the DAG
anew using a new variable for every assignment.

Transforming the input program in SSA form before processing it with T'copr
solves this problem. Since neither Tpe nor Teg affects the SSA property Tep
receives an input—program in SSA form. If Top is applied to a program in SSA
form tuples are never deleted from the C'P—sets since no variable is redefined.

Thus we now have the following new execution order:

Tcopr' = Tssa o Tcopr ©Tssa = TssaoTpc oTepcs o Tor o Tssa

Unremovable Copy Instructions

Even the new Toopr: composition is insufficient for simulating the DAG opti-
mization.
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Theorem 5.20. TDAG ﬁ TC’OPT’-

Proof. Consider the program 7o from the proof of Thm. 5.11. Applying T'copr:
to mo and then Tpag to the result yields:

Tcopr(m2) | Toac(Tcopr (m2))
vy — f(z,x); | v1 — f(z,z);

vy« f(vr,m); |y« f(v1,2);

Y < V23

Z U2 Y

The problem is that Common Subexpression Elimination can insert copy instruc-
tions involving output variables. These cannot be eliminated using the conven-
tional algorithms. The DAG optimization is avoiding this problem by directly
renaming output nodes with output variables. a

Unremovable copy instructions can occur at maximum once for every output
variable and can be eliminated using a specialized algorithm. The analysis is
operating backwards:

and a; := x; « e;. For an instruction a; and I := P((V,2 x {1, ...,n})UV;) define
the transfer function ¢, : I — I by:

lo, = geng, o kill,, with kill,gen : I — I and

killo,( M) :== M\ {(y,2z,j) e M |z;=yor z€V,,, je{l,...,n}}
geng,(M) == M U{(y,zi,i) | e; =y €V \ (M UVyy) and x; € Voue \ M} U {;}

The tq,,, .., ta, determine — starting from the initial set () — the analysis sets:

RC, =10
RC; = tCVi+1 (RCZ'Jrl) for i € {n —-1,.., 1}

Thus the analysis set RC; of an instruction «; contains the tuple (y,z,j) it
exists an instruction «;, j > ¢ that is an assignment of the form x « y with
x € Voue and y ¢ Ve, y is not redefined after o, x neither appears on the left—
hand side of an instruction after c; except in «;, nor it is used between «; and
«j. The third entry j is employed to guarantee the determinism of the algorithm.

The additional “collection” of defined variables is used to simply check if a
variable is redefined later (after o).

Algorithm 5.22 (Reverse Copy Propagation). Let 7 be given as in Def. 5.21
and let 0 : V; — V, be a variable substitution function. Define Tro : SLC — SLC
by Tre(7) := (X, Uin, Uout, 8') where 3’ is computed as follows:
1. Set § :==4id and ' = ¢.
2. For i = 1,...,n (case distinction by the type of ¢;):
(a) e; = f(uy,...,u,) for f € F):
If a y € Vo exists such that (z;,y,5) € RC; (if several such y exist
choose?* the tuple with the lowest j) and set

Bli=py —d(e)
6 := 6[xi/y]

24 Necessary for achieving determinism.
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(b) Otherwise: further cases
(i) e; =y € V and §(y) = d(w;): no change of .
(i) Else: set f':= 3" - d(ay).
Unlike Copy Propagation, Reverse Copy Propagation does not trace transi-

tive relations. For eliminating the problem seen in the proof of Thm. 5.20 this is
not needed.

Example 5.23. To clarify the functionality of the algorithm we will demonstrate
it using as example the Topopr—optimized version of the program ms from the
proof of Thm. ThmNxCPCS, i.e., 7 := Tcopr(m) = ({fP},0), (), (y, 2), 5)
with

ﬁ = tl — f(xvl.)v
ty — f(t1,2);
Y t4;

z <« ly4;

Applying Tre we get the following computation (let 7/ := Tre(n) == ({1, 0),

(@), (y,2), 0)):

i|p | RC; K |

1t <—f(37,$); {t4,y,z} ud tq <—f(ac,x);
2|ty — f(t1,2); | {(ts,y,3),(ta,2,4),y,2} | id[ts/y] | vy — f(t1,);
3|yt {(ts,2,4), 2} id[ts/y]

4|z ty; 0 idlta/y] | z — y;

The application of T'sg40Tpag to 7’ yields again the same program. Thus for this
example we achieved the desired result introducing Reverse Copy Propagation.

Reverse Copy Propagation only substitutes variables that are not output
variables. This is indispensable for the completeness of the program because
otherwise the removal of an assignment to an output variable would cause an
undefined output variable.

As all the other optimizations regarded in this work also Tro satisfies the
requirements of a program transformation and the DAG algorithm is as expected
Trc—optimal [Rie05b].

Extended Compositional Composition

Now the prerequisites are met to define a new transformation that hopefully is
DAG-equivalent.

Definition 5.24 (Extended Compositional Transformation). For 7 € SLC
the Extended Compositional Transformation T'xopr : SLC — SLC is defined by:

Txopr = Tcopr © Tssa = Tssa o Trc o Tpc o (Tep o Tes)* oTcr o Tssa
———
Tcpcs

(The *notation indicates the fixed point iteration)

At this point we will not show that Txopr fulfills the requirements of a
program transformation. The reader may find the details in [Rie05b].
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5.5 Equivalence of the DAG Algorithm and the Extended Com-
positional Transformation

Now we have to verify that the changes of Toopr do indeed suffice to make
the Extended Compositional Transformation Txop7 equivalent to the DAG op-
timization for which we first have to show some auxiliary propositions.

Lemma 5.25. Let m be a Tpc—optimal SLC—program and D, = (G,val) with
G = (K, L,lab, suc) its DAG. Then all k € K are output relevant.

Proof. Let m =: (X, Uin, Uout, B) with = aq;...;0, and o = z; < €;. ©; € NV;
by the assumption that 7 is optimal w.r.t. Tpo. For z € V and i € {1,...,n} it
suffices to show:

x € NV; = val(z,1) is output relevant

Backward induction on i € {n,...,1}:

i=n:
x € NV, = Vo = val(z,n) is output relevant according to Def. 4.4 (case 1).
1 —1—1:
x € NVi_1 = NV;\{z;}UV,, since z; € NV; by assumption. Case distinction:
1. x €V, and ¢; = f(u1,...,ur). Then 35 € {1,...r} and suc(val(z;,1),j) =
val(x,i — 1). Because of the induction hypothesis and Def. 4.4 (case 2)
follows: val(z,i — 1) is output relevant.
2. z € V,, and ¢; = z. This is inadmissible for SLC—programs (Def. 2.3).
3. © € NV;\{z;}. With the induction hypothesis follows the output relevance
of val(x,7). Due to z; # x, val(z,i — 1) is also output relevant according
to Alg. 4.2. a

We will now show that the analysis information of Constant Folding is at
least as precise as the one of Tpag. For that we will prove the contrary to the
claim of Thm. 5.5.

Lemma 5.26. Let 7 := (X, Ui, Uout, ) € SLC with f := aq;...;a, and Dy =
(G,val) where G = (K, L,lab, suc). Then for alli € {1,...,n} and all y € V:

val(y,i—1) € A= RD,(y) € A

Proof. Induction on i € {1,...,n} :

i=1: RDi(y) =o1(y) =L
i — 1+ 1: Case distinction for the expression e; and the variable y:
1. If e; = f(u1,...,u,) and y = z;:

val(%i) = ‘P(f)(u/l,,u'r) cA
where u; = {ml(“jal —1) %f u; €V
Then it follows:

Vief{l,.,r}: ujeA
=Vje{l,..,r}: RDi(u;) € Aifu; €V oru; € A
= R.Di+1(y) = RDZ[$Z/Q_l[[€Z]]RDZ] (y) = Q_l[[ez]]RDz cA
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2. Ife;=z€V and y = z;:
val(y,i) =wval(z,i —1) € A

L RDj(z) e A
= RDz‘—f—l(y) = RDl[m,/ﬂﬂe, ]]RDZ](Z/) = Ql[[ez ]]RDZ = RDZ(Z) €A

3. If e, =a€ Aand y=ux;:

val(y,i) = a
= RD;[z;/Ale; [RD;](y)
= RD;1(y)
4. Otherwise (y # x;):
val(y,1) = val(y,i—1) € A
2 RDi(y) € A
= RD;1(y) = RD;[z;/Ue; ]RD;](y) = RD;(y) € A

Thus the claim holds. O

We also have to check if Topes is working optimally for an input program
in SSA form in the sense that the DAG construction for a Topog o Top—optimal
SLC—program causes the creation of a new node for every operation expression. If
this property would not hold, neither Txpopr ~ Tpag would. Constant Folding
has to be executed in advance since also the DAG algorithm is performing a
partial evaluation of expressions using knowledge about variables with constant
values.

Lemma 5.27. Let 7 := (X, Ui, Uout, 5) € SLC be in SSA form with X =
(F,C), B:=ai;...;an, a; == x; — e;, Topes(Tor(m)) = 7 and let D = (G, val)
the DAG of m with G := (K, L,lab, suc) and A := (A, ) an interpretation of X.
Then for every e; ¢ VU A it exists a k; € K.

Proof. Suppose for an I € {1,...,n} with e; = f(uy,...,u,), f € F) nok € K
exists. Then by the DAG construction (Alg. 4.2) an I’ < [ exists such that ky € K
with

val(uj,l) ifu; eV
Uj if u; € A

suclky, §) = { (+)

After La. 5.26 val(u;,l) € A cannot hold for all j € {1,...,r} with u; € V since
7 is optimal w.r.t. Constant Folding. Let ay be of the form x; «— f(u),...,u}).

Ul
Case distinction (inductively):

LVje{l,.,r}: uj=u;€ AUV.

Then it follows I’ € AE; and [ € vr(l’). But then T¢eg(m) = m would not hold

and neither would Topos(Ter(m)) = m. Contradiction.

2. 3j € {1,...,r} such that u; # v and u;,u; € V according to La. 5.26. Then
we have different cases:

(a) It exists a k <1 with o, = uj « 2, z € V and val(z, k — 1) = val(u;,1) or
val(2', k' — 1) = val(u}, 1) holds for a k' < I’ with ay = u; « z’. Neither
is possible since Copy Propagation would have substituted u; and u; by
z and 2’ because of the SSA form of the input program.
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(b) Ik < @ and 3K < I' with ap = u; < g(s1,...,sp) and ap = uj «
g(s}, -, 5,) and it holds again (x) with u; = s;, u} = s}, f =g, | = k,
I'!=k and r = p.

Because n < oo the induction must terminate; this can only occur in the

cases 1 or 2(a). Hence we get a contradiction. O

A Txopr—optimal program cannot contain arbitrary copy instructions; they
must follow a certain form.

Lemma 5.28. Let m := (X, Ui, Uout, §) € SLC be a Txopr—optimal program
with B := aq;...;a, and a; := x; < e;. Then for all i € {1,...,n}:

=Yy = € Vou ANy € ViUV
Proof.

1. 2 must be an output variable since otherwise all occurrences of x in aj, j > @
would have been substituted by y due to the SSA property of 7 and «; there-
fore would have become Dead Code. This is a contradiction to the Txop7—
optimality.

2. Let y ¢ Vi, U V. Then an operation instruction oy = y «— f(uq,...,ur)
must exist for i/ < 7. A constant assignment is impossible because of the use
of Tor and a copy instruction is impossible according to case 1.

The SSA property of m ensures that neither x nor y are ever assigned a value
except in o; and ay. Furthermore y does not occur above «; in the program.
Then Trc would substitute y by x and the instruction «; would be removed.
That is a contradiction to the optimality w.r.t. Txopr. O

Now all prerequisites for the proof of the Tpag—optimality of the Extended
Compositional Transformation are fulfilled.

Theorem 5.29 (Optimality of Txopr W.r.t. TDAg). Toaa < Txopr.

Proof. For myg € SLC and X := (F, C) let m := (Z,Um,’l_fgut,ﬁ) = TXOPT(TI'())
with 8 := aq;...;a,. By 2 := (A, ¢) an interpretation of X' is given. In addition
let D, := (G,val) with G := (K, L, lab, suc) be the DAG of 7 and let Tpag(7) =:
7' =1 (X, Uin, Uout, f/) with 3" := of;...; o, be the DAG-optimized version of .

Because of the final application of Tsg4 the program 7 is in SSA form. There-
fore for all ¢ € {1,...,n} and all v € V.: if val(v,i) € K (function value is defined)
val(v,i) = val(v,n) holds. After La. 5.25 K does only contain output-relevant
nodes, thus Alg. 4.6 is directly applicable (without eliminating “dead” nodes).

We show that a; = «} must hold for all i € {1,...,n}. Case distinction for
ap =1 — e

1. e = a € A: this case is only possible if © € V,,; since otherwise all later

occurrences?® of 2 would have been replaced by a and «; therefore would be
Dead Code.
According to Alg. 4.2 then a € K, val(z,i) = val(x,n) = a and last(z) =i
since later no redefinition of z is possible.! Hence by Alg. 4.6 while choosing
the next node k;, [ > i before the code generation for k; (step 3) first an
assignment to y must be created, i.e., o) = z <+ a = «;. If no operation node
as above exists we obtain the same result with step 8.

25 Because of the SSA form of 7, z is never redefined.
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2. e =y € V: according to La. 5.28 x € V,,,; and we have get two cases:

(a) y € Vip: val(z,i) = y and last(x) = i. Analogously to the first case
according to step 3 or 8 of the algorithm for the DAG code generation we
obtain o, =z «— y.

(b) y € Vgyut: then there is an instruction oy = y «— f(u1,...,u,) with I < i
in 7 (since constant assignments to y and further copy instructions are
obviously not possible) and by La. 5.27 a node k; representing «; has
been created. Thus it holds val(z,i) = val(y,i — 1) = ki, last(y) = 1
and last(x) = i. In 7’ an operation instruction for k; with y as assign-
ment variable already exists (this is «;). Hence, according to step 3 or 8

analogously to the first case o := x « y is set.
3. e= f(uy,...,u,) foran f € F(): by La. 5.27 a node k; € K exists with
lab(k;) = f
e Jwal(ugi— 1) ifu; eV
suc(ki, j) = u; with u; = {uj olse

val(xz,i) = k;

Further case distinction by the type of y:
(al) = € Vi last(z) = i because of the SSA property of 7. Hence x is the
entry with the lowest last-value of all VO]fjt in step 4 (since the other

z € VFi cannot obtain a value before x). Thus & := §[k;/z] is set and the

following code is generated by step 6:

a; = 0(k;) — f(0(suc(ki,1)), ..., 0(suc(k;,r)))
=x «— f(0(suc(k;, 1)), ..., 0(suc(ki,r)))

(bl) & ¢ Vpyu: thus @ = v; (because of the final application of T'sg4). Now
VEi — () because for an output variable z # x with val(z,n) = k; it
holds:

— A value assignment to z via a copy chain is impossible since due to
v; & Vip U Vo La. 5.28 would be violated.
— An assignment of an operation expression equivalent to a; to z is

neither possible since 7 is optimal w.r.t. T'opcs.
Because of d(k;) ¢ Vout in step 5 0 := 0[k; /v;] is set. Then:

a; = 0(k;) — f(0(suc(ki,1)),...,0(suc(ki,r)))
= v; — f(0(suc(k;, 1)), ..., 0(suc(k;,r)))

Now only the validity of 6(suc(k;, j)) = u; for j € {1,...,r} is left to show.
Case distinction:
(a2) u; € A: the claim holds immediately according to the DAG construction.
(b2) uj € V:anl < i exists such that oy = u; < ¢; in 7. Because of the SSA
form of 7 an assignment to w; is only possible in «;. Thus val(u;,i) =
val(uj,1).
If ¢; is an operation expression by La. 5.27 a node k; € K exists. Depend-

ing on the type of u; we get different cases:
(i) uj ¢ Vou: it holds

d(suc(ki, j)) = 0(val(uj,i)) = 6(val(u;,1)) = 6(k;) = v = uj,

since similarly to case 3(b1) Volift =
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(ii) uj € Vow: 0(suc(ki,j)) = 6(k;) = u; (because the last—value of u; is
automatically the lowest of all variables from Volfft).

If ¢; € V,ut by La. 5.28 ¢; € V;, UV, must hold. Additional cases:

(i) e € Viy: then u; = x since 7 is optimal w.r.t. Tcp and before the
application of T'op the SSA property was in effect. Given also that
val(uj,i— 1) = val(u;,l) = x it follows suc(k;, j) = val(uj,i—1) ==
and Yv € Vi, © d(v) = v §(suc(k;, j)) =uj = x.

(i) e € Voye: then an I < I exists with ay = ¢; < g(s1, ..., $p) since due
to Teop an additional copy instruction e; «— z with z € Vj,, U Vs is
out of question (then e; would have been replaced by z).

Thus val(uj,i — 1) = val(uj,l) = val(e;,l — 1) = wval(e;,l’) and
suc(k;,j) = ky. Then we have u; = e;, 6(ky) = e; (according to the
DAG code generation, step 4) and therefore d(suc(k;,j)) = u; = ep.

Thus overall Txopr is Tpag—optimal. O

For the equivalence of the Extended Compositional Transformation and the
DAG optimization we have to show the reverse too.

Main Theorem 5.30 (Equivalence of Tpse and Txopr). The two trans-
formations Txopr and Tpag are equivalent (Txopr ~ Tpac)-

Proof. According to Def. 5.1 it remains to show:

Txopr < Tpac

The reverse direction holds by Thm. 5.29.

In Sec. 4 we have shown that Tps¢ is optimal w.r.t. the classical optimiza-
tions. The same holds according to [Rie05b] for the additionally introduced spe-
cialized algorithms. Thus the application of one of the algorithms composing
Txopr does not modify a Tpag—optimal program and neither a chaining of
these algorithms will provoke any change. Hence the claim holds. a
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A-posteriori-Integration heterogener CIM-Anwendungssysteme
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1994-07
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1994-09 *
1994-11
1994-12
1994-13
1994-14

1994-15 *

1994-16
1994-17

Rudolf Mathar, Jiirgen Mattfeldt: On the Distribution of Cumulated
Interference Power in Rayleigh Fading Channels

O. Maler, L. Staiger: On Syntactic Congruences for omega-languages
M. Jarke, St. Eherer, R. Gallersdoerfer, M. Jeusfeld, M. Staudt: Con-
ceptBase - A Deductive Object Base Manager

M. Staudt, H.W. Nissen, M.A. Jeusfeld: Query by Class, Rule and Con-
cept

M. Jarke, K. Pohl, St. Jacobs et al.: Requirements Engineering: An In-
tegrated View of Representation Process and Domain

M. Jarke, K. Pohl: Establishing Vision in Context: Towards a Model of
Requirements Processes

W. Hans, H. Kuchen, St. Winkler: Full Indexing for Lazy Narrowing
W. Hans, J.J. Ruz, F. Saenz, St. Winkler: A VHDL Specification of a
Shared Memory Parallel Machine for Babel

K. Finke, M. Jarke, P. Szczurko, R. Soltysiak: Quality Management for
Expert Systems in Process Control

M. Jarke, M.A. Jeusfeld, P. Szczurko: Three Aspects of Intelligent Co-
operation in the Quality Cycle

Margit Generet, Sven Martin (eds.), Fachgruppe Informatik: Jahres-
bericht 1993

M. Lefering: Development of Incremental Integration Tools Using Formal
Specifications

P. Constantopoulos, M. Jarke, J. Mylopoulos, Y. Vassiliou: The Software
Information Base: A Server for Reuse

Rolf Hager, Rudolf Mathar, Jiirgen Mattfeldt: Intelligent Cruise Control
and Reliable Communication of Mobile Stations

Rolf Hager, Peter Hermesmann, Michael Portz: Feasibility of Authenti-
cation Procedures within Advanced Transport Telematics

Claudia Popien, Bernd Meyer, Axel Kuepper: A Formal Approach to
Service Import in ODP Trader Federations

P. Peters, P. Szczurko: Integrating Models of Quality Management Meth-
ods by an Object-Oriented Repository

Manfred Nagl, Bernhard Westfechtel: A Universal Component for the
Administration in Distributed and Integrated Development Environ-
ments

Patrick Horster, Holger Petersen: Signatur- und Authentifikationsver-
fahren auf der Basis des diskreten Logarithmusproblems

A. Schiirr: PROGRES, A Visual Language and Environment for PRO-
gramming with Graph REwrite Systems

A. Schiirr: Specification of Graph Translators with Triple Graph Gram-
mars

A. Schiirr: Logic Based Programmed Structure Rewriting Systems

L. Staiger: Codes, Simplifying Words, and Open Set Condition
Bernhard Westfechtel: A Graph-Based System for Managing Configura-
tions of Engineering Design Documents

P. Klein: Designing Software with Modula-3

I. Litovsky, L. Staiger: Finite acceptance of infinite words
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1995-09

1995-10
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1995-12 *
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1995-14 *

G. Hogen, R. Loogen: Parallel Functional Implementations: Graphbased
vs. Stackbased Reduction

M. Jeusfeld, U. Johnen: An Executable Meta Model for Re-Engineering
of Database Schemas

R. Gallersdorfer, M. Jarke, K. Klabunde: Intelligent Networks as a Data
Intensive Application (INDIA)

M. Mohnen: Proving the Correctness of the Static Link Technique Using
Evolving Algebras

H. Fernau, L. Staiger: Valuations and Unambiguity of Languages, with
Applications to Fractal Geometry

M. Jarke, K. Pohl, R. Domges, St. Jacobs, H. W. Nissen: Requirements
Information Management: The NATURE Approach

M. Jarke, K. Pohl, C. Rolland, J.-R. Schmitt: Experience-Based Method
Evaluation and Improvement: A Process Modeling Approach

St. Jacobs, St. Kethers: Improving Communication and Decision Making
within Quality Function Deployment

M. Jarke, H. W. Nissen, K. Pohl: Tool Integration in Evolving Informa-
tion Systems Environments

O. Burkart, D. Caucal, B. Steffen: An Elementary Bisimulation Decision
Procedure for Arbitrary Context-Free Processes

Fachgruppe Informatik: Jahresbericht 1994

Andy Schiirr, Andreas J. Winter, Albert Ziindorf: Graph Grammar En-
gineering with PROGRES

Ludwig Staiger: A Tight Upper Bound on Kolmogorov Complexity by
Hausdorff Dimension and Uniformly Optimal Prediction

Birgitta Konig-Ries, Sven Helmer, Guido Moerkotte: An experimental
study on the complexity of left-deep join ordering problems for cyclic
queries

Sophie Cluet, Guido Moerkotte: Efficient Evaluation of Aggregates on
Bulk Types

Sophie Cluet, Guido Moerkotte: Nested Queries in Object Bases
Sophie Cluet, Guido Moerkotte: Query Optimization Techniques Ex-
ploiting Class Hierarchies

Markus Mohnen: Efficient Compile-Time Garbage Collection for Arbi-
trary Data Structures

Markus Mohnen: Functional Specification of Imperative Programs: An
Alternative Point of View of Functional Languages

Rainer Gallersdorfer, Matthias Nicola: Improving Performance in Repli-
cated Databases through Relaxed Coherency

M.Staudt, K.von Thadden: Subsumption Checking in Knowledge Bases
G.V.Zemanek, H.W.Nissen, H.Hubert, M.Jarke: Requirements Analy-
sis from Multiple Perspectives: Experiences with Conceptual Modeling
Technology

M.Staudt, M.Jarke: Incremental Maintenance of Externally Materialized
Views

P.Peters, P.Szczurko, M.Jeusfeld: Oriented Information Management:
Conceptual Models at Work
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1996-10
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1996-15 *

1996-16 *

1996-17

Matthias Jarke, Sudha Ram (Hrsg.): WITS 95 Proceedings of the 5th
Annual Workshop on Information Technologies and Systems

W.Hans, St.Winkler, F.Saenz: Distributed Execution in Functional Logic
Programming

Jahresbericht 1995

Michael Hanus, Christian Prehofer: Higher-Order Narrowing with Defi-
nitional Trees

W.Scheufele, G.Moerkotte: Optimal Ordering of Selections and Joins in
Acyclic Queries with Expensive Predicates

Klaus Pohl: PRO-ART: Enabling Requirements Pre-Traceability

Klaus Pohl: Requirements Engineering: An Overview

M.Jarke, W.Marquardt: Design and Evaluation of Computer—Aided Pro-
cess Modelling Tools

Olaf Chitil: The Sigma-Semantics: A Comprehensive Semantics for Func-
tional Programs

S.Sripada: On Entropy and the Limitations of the Second Law of Ther-
modynamics

Michael Hanus (Ed.): Proceedings of the Poster Session of ALP96 - Fifth
International Conference on Algebraic and Logic Programming
Michael Hanus (Ed.): Proceedings of the Poster Session of ALP 96 -
Fifth International Conference on Algebraic and Logic Programming:
Introduction and table of contents

Ilies Alouini: An Implementation of Conditional Concurrent Rewriting
on Distributed Memory Machines

Olivier Danvy, Karoline Malmkjeer: On the Idempotence of the CPS
Transformation

Victor M. Gulias, José L. Freire: Concurrent Programming in Haskell
Sébastien Limet, Pierre Réty: On Decidability of Unifiability Modulo
Rewrite Systems

Alexandre Tessier: Declarative Debugging in Constraint Logic Program-
ming

Reidar Conradi, Bernhard Westfechtel: Version Models for Software Con-
figuration Management

C.Weise, D.Lenzkes: A Fast Decision Algorithm for Timed Refinement
R.Démges, K.Pohl, M.Jarke, B.Lohmann, W.Marquardt: PRO-
ART/CE* — An Environment for Managing the Evolution of Chemical
Process Simulation Models

K.Pohl, R.Klamma, K.Weidenhaupt, R.Démges, P.Haumer, M.Jarke: A
Framework for Process-Integrated Tools

R.Gallersdorfer, K.Klabunde, A.Stolz, M.Effmajor: INDIA — Intelligent
Networks as a Data Intensive Application, Final Project Report, June
1996

H.Schimpe, M.Staudt: VAREX: An Environment for Validating and Re-
fining Rule Bases

M.Jarke, M.Gebhardt, S.Jacobs, H.Nissen: Conflict Analysis Across Het-
erogeneous Viewpoints: Formalization and Visualization

Manfred A. Jeusfeld, Tung X. Bui: Decision Support Components on the
Internet
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1998-02

1998-03
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1998-05

Manfred A. Jeusfeld, Mike Papazoglou: Information Brokering: Design,
Search and Transformation

P.Peters, M.Jarke: Simulating the impact of information flows in net-
worked organizations

Matthias Jarke, Peter Peters, Manfred A. Jeusfeld: Model-driven plan-
ning and design of cooperative information systems

G.de Michelis, E.Dubois, M.Jarke, F.Matthes, J.Mylopoulos, K.Pohl,
J.Schmidt, C.Woo, E.Yu: Cooperative information systems: a manifesto
S.Jacobs, M.Gebhardt, S.Kethers, W.Rzasa: Filling HTML forms simul-
taneously: CoWeb architecture and functionality

M.Gebhardt, S.Jacobs: Conflict Management in Design

Michael Hanus, Frank Zartmann (eds.): Jahresbericht 1996

Johannes Faassen: Using full parallel Boltzmann Machines for Optimiza-
tion

Andreas Winter, Andy Schiirr: Modules and Updatable Graph Views for
PROgrammed Graph REwriting Systems

Markus Mohnen, Stefan Tobies: Implementing Context Patterns in the
Glasgow Haskell Compiler

S.Gruner: Schemakorrespondenzaxiome unterstiitzen die paargramma-
tische Spezifikation inkrementeller Integrationswerkzeuge

Matthias Nicola, Matthias Jarke: Design and Evaluation of Wireless
Health Care Information Systems in Developing Countries

Petra Hofstedt: Taskparallele Skelette fiir irregulér strukturierte Prob-
leme in deklarativen Sprachen

Dorothea Blostein, Andy Schiirr: Computing with Graphs and Graph
Rewriting

Carl-Arndt Krapp, Bernhard Westfechtel: Feedback Handling in Dy-
namic Task Nets

Matthias Nicola, Matthias Jarke: Integrating Replication and Commu-
nication in Performance Models of Distributed Databases

R. Klamma, P. Peters, M. Jarke: Workflow Support for Failure Manage-
ment in Federated Organizations

Markus Mohnen: Optimising the Memory Management of Higher-Order
Functional Programs

Roland Baumann: Client/Server Distribution in a Structure-Oriented
Database Management System

George Botorog: High-Level Parallel Programming and the Efficient Im-
plementation of Numerical Algorithms

Fachgruppe Informatik: Jahresbericht 1997

Stefan Gruner, Manfred Nagel, Andy Schiirr: Fine-grained and
Structure-Oriented Document Integration Tools are Needed for Devel-
opment Processes

Stefan Gruner: Einige Anmerkungen zur graphgrammatischen Spezifika-
tion von Integrationswerkzeugen nach Westfechtel, Janning, Lefering und
Schiirr

O. Kubitz: Mobile Robots in Dynamic Environments

Martin Leucker, Stephan Tobies: Truth - A Verification Platform for
Distributed Systems

63



1998-06 *

1998-07

1998-09 *

1998-10 *

1998-11 *

1998-12 *

1998-13

1999-01 *
1999-02 *

1999-03 *
1999-04

1999-05 *

1999-06 *

1999-07
1999-08

2000-01 *
2000-02

2000-03

2000-04

2000-05

2000-06

2000-07 *

2000-08

2001-01 *
2001-02

2001-03

Matthias Oliver Berger: DECT in the Factory of the Future

M. Arnold, M. Erdmann, M. Glinz, P. Haumer, R. Knoll, B. Paech, K.
Pohl, J. Ryser, R. Studer, K. Weidenhaupt: Survey on the Scenario Use
in Twelve Selected Industrial Projects

Th. Lehmann: Geometrische Ausrichtung medizinischer Bilder am
Beispiel intraoraler Radiographien

M. Nicola, M. Jarke: Performance Modeling of Distributed and Repli-
cated Databases

Ansgar Schleicher, Bernhard Westfechtel, Dirk Jager: Modeling Dynamic
Software Processes in UML

W. Appelt, M. Jarke: Interoperable Tools for Cooperation Support using
the World Wide Web

Klaus Indermark: Semantik rekursiver Funktionsdefinitionen mit Strik-
theitsinformation

Jahresbericht 1998

F. Huch: Verifcation of Erlang Programs using Abstract Interpretation
and Model Checking — Extended Version

R. Gallersdorfer, M. Jarke, M. Nicola: The ADR Replication Manager
Maria Alpuente, Michael Hanus, Salvador Lucas, German Vidal: Spe-
cialization of Functional Logic Programs Based on Needed Narrowing
W. Thomas (Ed.): DLT 99 - Developments in Language Theory Fourth
International Conference

Kai Jakobs, Klaus-Dieter Kleefeld: Informationssysteme fiir die ange-
wandte historische Geographie

Thomas Wilke: CTL+ is exponentially more succinct than CTL

Oliver Matz: Dot-Depth and Monadic Quantifier Alternation over Pic-
tures

Jahresbericht 1999

Jens Voge, Marcin Jurdzinski A Discrete Strategy Improvement Algo-
rithm for Solving Parity Games

D. Jéager, A. Schleicher, B. Westfechtel: UPGRADE: A Framework for
Building Graph-Based Software Engineering Tools

Andreas Becks, Stefan Sklorz, Matthias Jarke: Exploring the Semantic
Structure of Technical Document Collections: A Cooperative Systems
Approach

Mareike Schoop: Cooperative Document Management

Mareike Schoop, Christoph Quix (eds.): Proceedings of the Fifth Interna-
tional Workshop on the Language-Action Perspective on Communication
Modelling

Markus Mohnen, Pieter Koopman (Eds.): Proceedings of the 12th Inter-
national Workshop of Functional Languages

Thomas Arts, Thomas Noll: Verifying Generic Erlang Client-Server Im-
plementations

Jahresbericht 2000

Benedikt Bollig, Martin Leucker: Deciding LTL over Mazurkiewicz
Traces

Thierry Cachat: The power of one-letter rational languages
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Benedikt Bollig, Martin Leucker, Michael Weber: Local Parallel Model
Checking for the Alternation Free mu-Calculus

Benedikt Bollig, Martin Leucker, Thomas Noll: Regular MSC Languages
Achim Blumensath: Prefix-Recognisable Graphs and Monadic Second-
Order Logic

Martin Grohe, Stefan Wohrle: An Existential Locality Theorem
Mareike Schoop, James Taylor (eds.): Proceedings of the Sixth Interna-
tional Workshop on the Language-Action Perspective on Communication
Modelling

Thomas Arts, Jiirgen Giesl: A collection of examples for termination of
term rewriting using dependency pairs

Achim Blumensath: Axiomatising Tree-interpretable Structures

Klaus Indermark, Thomas Noll (eds.): Kolloquium Programmier-
sprachen und Grundlagen der Programmierung

Jahresbericht 2001

Jiirgen Giesl, Aart Middeldorp: Transformation Techniques for Context-
Sensitive Rewrite Systems

Benedikt Bollig, Martin Leucker, Thomas Noll: Generalised Regular
MSC Languages

Jurgen Giesl, Aart Middeldorp: Innermost Termination of Context-
Sensitive Rewriting

Horst Lichter, Thomas von der Mafien, Thomas Weiler: Modelling Re-
quirements and Architectures for Software Product Lines

Henry N. Adorna: 3-Party Message Complexity is Better than 2-Party
Ones for Proving Lower Bounds on the Size of Minimal Nondeterministic
Finite Automata

Jorg Dahmen: Invariant Image Object Recognition using Gaussian Mix-
ture Densities

Markus Mohnen: An Open Framework for Data-Flow Analysis in Java
Markus Mohnen: Interfaces with Default Implementations in Java
Martin Leucker: Logics for Mazurkiewicz traces

Jirgen Giesl, Hans Zantema: Liveness in Rewriting

Jahresbericht 2002

Jirgen Giesl, René Thiemann: Size-Change Termination for Term
Rewriting

Jirgen Giesl, Deepak Kapur: Deciding Inductive Validity of Equations
Jirgen Giesl, René Thiemann, Peter Schneider-Kamp, Stephan Falke:
Improving Dependency Pairs

Christof Loding, Philipp Rohde: Solving the Sabotage Game is PSPACE-
hard

Franz Josef Och: Statistical Machine Translation: From Single-Word
Models to Alignment Templates

Horst Lichter, Thomas von der Maflen, Alexander Nyflen, Thomas
Weiler: Vergleich von Ansétzen zur Feature Modellierung bei der Soft-
wareproduktlinienentwicklung

Jirgen Giesl, René Thiemann, Peter Schneider-Kamp, Stephan Falke:
Mechanizing Dependency Pairs

Fachgruppe Informatik: Jahresbericht 2003
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2005-09

2005-10
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2005-15

2005-16

2005-17

Benedikt Bollig, Martin Leucker: Message-Passing Automata are expres-
sively equivalent to EMSO logic

Delia Kesner, Femke van Raamsdonk, Joe Wells (eds.): HOR 2004 — 2nd
International Workshop on Higher-Order Rewriting

Slim Abdennadher, Christophe Ringeissen (eds.): RULE 04 — Fifth In-
ternational Workshop on Rule-Based Programming

Herbert Kuchen (ed.): WFLP 04 — 13th International Workshop on Func-
tional and (Constraint) Logic Programming

Sergio Antoy, Yoshihito Toyama (eds.): WRS 04 — 4th International
Workshop on Reduction Strategies in Rewriting and Programming
Michael Codish, Aart Middeldorp (eds.): WST 04 — 7th International
Workshop on Termination

Klaus Indermark, Thomas Noll: Algebraic Correctness Proofs for Com-
piling Recursive Function Definitions with Strictness Information
Joachim Kneis, Daniel Molle, Stefan Richter, Peter Rossmanith: Param-
eterized Power Domination Complexity

Zinaida Benenson, Felix C. Géartner, Dogan Kesdogan: Secure Multi-
Party Computation with Security Modules

Fachgruppe Informatik: Jahresbericht 2004

Maximillian Dornseif, Felix C. Géartner, Thorsten Holz, Martin Mink: An
Offensive Approach to Teaching Information Security: “Aachen Summer
School Applied IT Security”

Jirgen Giesl, René Thiemann, Peter Schneider-Kamp: Proving and Dis-
proving Termination of Higher-Order Functions

Daniel Mélle, Stefan Richter, Peter Rossmanith: A Faster Algorithm for
the Steiner Tree Problem

Fabien Pouget, Thorsten Holz: A Pointillist Approach for Comparing
Honeypots

Simon Fischer, Berthold Vicking: Adaptive Routing with Stale Informa-
tion

Felix C. Freiling, Thorsten Holz, Georg Wicherski: Botnet Tracking: Ex-
ploring a Root-Cause Methodology to Prevent Distributed Denial-of-
Service Attacks

Joachim Kneis, Peter Rossmanith: A New Satisfiability Algorithm With
Applications To Max-Cut

Klaus Kursawe, Felix C. Freiling: Byzantine Fault Tolerance on General
Hybrid Adversary Structures

Benedikt Bollig: Automata and Logics for Message Sequence Charts
Simon Fischer, Berthold Vécking: A Counterexample to the Fully Mixed
Nash Equilibrium Conjecture

Carole Delporte-Gallet, Hugues Fauconnier, Felix C. Freiling: Revisiting
Failure Detection and Consensus in Omission Failure Environments
Felix C. Freiling, Sukumar Ghosh: Code Stabilization

Uwe Naumann: The Complexity of Derivative Computation

Uwe Naumann: Syntax-Directed Derivative Code (Part I: Tangent-
Linear Code)

Uwe Naumann: Syntax-directed Derivative Code (Part II: Intraprocedu-
ral Adjoint Code)
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2005-18 Thomas von der Maflen, Klaus Miiller, John MacGregor, Eva Geis-
berger, Jorg Dorr, Frank Houdek, Harbhajan Singh, Holger Wufimann,
Hans-Veit Bacher, Barbara Paech: Einsatz von Features im Software-
Entwicklungsprozess - AbschlufSbericht des GI-Arbeitskreises “Features”

2005-19 Uwe Naumann, Andre Vehreschild: Tangent-Linear Code by Augmented
LL-Parsers

2005-20 Felix C. Freiling, Martin Mink: Bericht iiber den Workshop zur Ausbil-
dung im Bereich IT-Sicherheit Hochschulausbildung, berufliche Weiter-
bildung, Zertifizierung von Ausbildungsangeboten am 11. und 12. Au-
gust 2005 in K&ln organisiert von RWTH Aachen in Kooperation mit
BITKOM, BSI, DLR und Gesellschaft fuer Informatik (GI) e.V.

* These reports are only available as a printed version.

Please contact biblio@informatik.rwth-aachen.de to obtain copies.
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