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Abstract

Bistar graph B, ,, is a graph derived by joining the center node by an edge of two-star graph
K; m and K ,, and Star of Bistar graph is formed by adding a bistar graph to each vertex at the
K; m. In this work, we have looked into the cordial labeling pattern for star of bistar graph.
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1. Introduction

Graph labeling was first established by Alexander Rosa in 1967 in his first paper. For basic
definition, we refer Harary [3]. We considered here Simple, finite, and undirected graphs. Graph
labeling is assigning non-negative integers to vertices and edges. If the labeling is assigned to both
vertices and edges then it is termed as total labeling. Cordial labeling was first instigate by Cahit [2].
Sudhakar et.al [5] demonstrated the cordiality for star graphs. Vaidya and Shah [6] demonstrated
cordiality of bistar related graphs. In this paper, we will look into the labeling pattern for star of bistar
graph for its cordiality.

1.1. Definition

Let G be a graph with vertex set V and edge set E, Assume f is a function from the vertex set V(G)
— {0,1}, then f is said to be cordial labeling if |[v¢(0) — v¢(1)]
< 1land |ef(0) — ef(1)| < 1,and G is cordial graph if it admits cordial labeling.

1.2. Definition

A star graph K1, m is a complete bipartite graph with one internal node and m — leaves. A star
having three edges is called as claw

1.3. Definition

Bistar graph B, ,, is a graph derived by joining the centre node by an edge of two-star graph K ,,,
and K, ,,. For reference, consider the below example B2 which is joined by an edge of two-star graph
K, and Ky 5.
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Figure 1:

1.4. Definition

Star of Bistar graph is formed by adding a bistar graph to each vertex of K, ,,. For reference,
consider the below example — Star of Bistar graph B ,.

U12 U1 U21 U9

Figure 2:

2. Results
2.1. Theorem: Star of bistar graph B,,, ,, is a cordial graph when m = n.

Proof: Let K; ,,, and K, ,, are two-star graph forming a bistar graph B, ,, by joining their centre
vertex to an edge.

Let uy, Uy, Uz, v e v oen, Uy AN Vg, Uy, V3, .. ... . oo, 1y aFE the nodes of K, ,,, and K, ,, for internal
node of star graph and « and § are the centre nodes of bistar graph by which K, ,,, and K ,, are joined.

Let (W11, Uqg, von e Uin), (U1, Upgy ee wee e e Uy )seennenns U1y Um2y vee vee o Umn) and
(11, V12, von Vin)y (U21, V22, v oo Unp)seee e eeen( Uty U2y woe ven en Umn) be the nodes of K, ,,;, and

K; , of m - leaves of star of bistar graph.

The vertices of graph u; are attached to u;; and v; are attached to v;; and for the centre vertices of
graph K ,, and K, ,,, of m — leaves are denoted as a,,; and g,

Let G is a star graph of bistar graph. To define the function f:V(G) — {0,1}, below cases will
arise:
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Case 1: When m = n = 0,2 (mod4) then we define labeling as:

f@ =0
B =1
F@0 = £0) = {5 {2 0 (mod 1)
f(viy) = f(uyy) = {%): ;I]] ; é; g:nnggj))
F(B) = £ (Bu) = Flen) = Flen) =g 2 '3 ot

o~

Case 2: When m = n = 1,3 (imod 4) then we define labeling as:
fl@)=0
fB)=0
B _(1;i=1,3(mod 4)
f) =fu) = {0; i =0,2 (mod 4)
B _(1;i4+j=13(mod4)
f(vij) = f(uij) = {0; i+j=0,2(mod4)
_ _(0; i =1,3 (mod 4)
f(ﬂui) - f(aui) - {1; i =0,2 (mod 4)

_ _ (1, i =13 (mod 4)
f(ﬁw) - f(ayi) - {O; i =0,2(mod4)

The above explained cases satisfy the condition for both vertices and edges, to be cordial which is
as shown below in table 1.

Table 1: Labeling Pattern for Edges and Vertices

Edge Labeling Vertices Labeling
whenm =n = 0,2 (mod 4) er(0) + 1 =ep(1) v (0) = vp(1)
whenm =n = 1,3 (mod 4) er(1) =er(0)+1 v (0) = vp(1)

The above cases justify that the graph G is cordial graph
Example 1.1. Star of Bistar graph B 3 is a cordial graph.

Figure 3:
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2.2. Theorem: Star of Bistar graph B, ,, is a cordial graph when m # n.

Proof: Let K ,,, and K, ,, are two-star graph forming a bistar graph B,, ,, by joining their centre
vertex to an edge.

Let uy, Up, Uz, v e e oen, Uy AN V1, V5, V3, e e e o, 1y aF€ the nodes of K ,,, and K; 5, for internal
node of star graph and a and g are the centre nodes of bistar graph by which K, ,,, and K ,, are joined.

Let (U117, U1y won oo Uin) (U1, Ug2y woe vee e Up s eeneeens( U1 Umy v en oen Umn) and
(11, V12 o o Vin)y V21, V22, v ce e e V25 e evevens( Upnt, Umzs oe eoe en Umn) be the nodes of K, ,,;, and

K; , of m - leaves of star of bistar graph.

The vertices of graph u; are attached to u;; and v; are attached to v;; and for the centre vertices of
graph K, ,, and K, ,,, of m — leaves are denoted as a,,; and §,,.

Let G is a star graph of bistar graph. To define the function f: V(G) — {0,1}, the below cases will
arise:

Case 1: Whenm = 0,2 (mod 4) and n = 0,2 (mod 4) and m # n then we define labeling as:

fl@)=0
fB)=1
_ _(0;i=0,2(mod 4)
fw) =fw) = {1; i = 1,3 (mod 4)
3 _(1;i+j=13(mod4)
f(vij) = f(uy) = {0; i+ =02 (mod 4)

1;i=1,3 d4
f(ﬂv,-) = f(ﬁul) = f(avi) = f(aui) = {O; ilE 0,2 ((nnzzd 4))

Case 2: Whenm = 1,3 (mod 4) and n = 1,3 (mod 4) and m # n then we define labeling as:

fla) =0

) =0
fad = oo =) 1205 %3 1‘3
f(vis) = f(wij) = {%);; zljrrj] ; é; ((Trnnsgj))
£ = (@) = 0] {2 03 (mad 4

B _(0; i =13 (mod 4)
f(.Bui) - f(aui) - {1, i=0,2 (mod 4)

Case 3: Whenm = 1 (mod 4) and n = 2 (mod 4):
fl@)=0
fB)=0
_(1;i=0,1(mod 4)
flw) = {0; i = 2,3 (mod 4)
_(0;i=0,1(mod4)
f(w) = {1; [ = 2,3 (mod4)
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B _(1;i4+j=13(mod4)
f(vij) = f(uif) - {0; i+j=0,2(mod4)

1;i=13 d4
f(ﬁvi) = f(ﬁul) = f(avi) = f(aui) - {O; ilE 0,2 ((Trrrll(())d 4))

Case 4: Whenm =1 (mod 4) and n = 0 (mod 4):
fl@)=0
fB)=0
_(1;i=0,1(mod 4)
fu) = {0 ;i =23 (mod 4)
_(0;1=0,1(mod 4)
flv) = {1; i = 2,3 (mod 4)
B _(1;i4+j=13(mod4)
f(vij) = f(wy) = {0; i+j=0,2(mod4)

1;i=1,3 d4
f(,Bvi) = f(ﬁul) = f(avi) = f(aui) - {O; ilE 0,2 ((:nn;)d 4))

Case 5: When m = 3 (mod 4) and n = 0 (imod 4)

f@)=0
FB) =1
£ ={o] 255 omod 4
Fe0={) 1255 omod 4
Fog) = 10a) =0 11T 2 0 e )

1;i=1,3 d4
f(ﬂv,-) = f(ﬁul) = f(avi) = f(aui) = {O; ilE 0,2 ((nnzzd 4))

Case 6: Whenm = 3 (mod 4) and n = 2 (imod 4)

f@=0
fB) =1
flup) = {(1) = gé Eﬁﬁiﬁ g
Fe0={ 1255 omod 4
fvi) = f(uy) = {t: ;I]] ; é; ((rrnngccii ;}))

1;i=1,3 d4
f(,Bvi) = f(ﬁul) = f(avi) = f(aui) = {O; ilE 0,2 ((Trrrll(())d 4))

Case 7: When m = 2 (mod 4) and n = 1 (inod 4)

fla)=0

fB)=0
_(0;i=0,1(mod 4)
FED =11} i 2 23 (mod 4
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_(1;i=0,1(mod 4)

f(w) _{0; [ = 2,3 (mod 4)
B _(1;i4+j=13(mod4)
f(vij) = f(uif) - {0; i+j=0,2(mod4)

1;i=13 d4
f(ﬁvi) = f(ﬁul) = f(avi) = f(aui) - {O; ilE 0,2 ((Trrrll(())d 4))

Case 8: When m = 2 (mod 4) and n = 3 (mod 4)
f(@)=0
fB)=1
_(0;i=0,1(mod4)
fu) = {1 ;i =23 (mod 4)
_(1;i=0,1(mod 4)
fl) = {0; i = 2,3 (mod 4)
B _(1;i4+j=13(mod4)
f(vij) = f(wy) = {0; i+j=0,2(mod4)

1;i=1,3 d4
f(,Bvi) = f(ﬁul) = f(avi) = f(aui) - {O; ilE 0,2 ((:nn;)d 4))

Case 9: When m = 0 (mod 4) and n = 1 (mod 4)
fl@)=0
fB)=1
_ _(1; i=2,3(mod 4)
fw) =fw) = {0; i =0,1(mod 4)
3 _(1;i+j=13(mod4)
f(viy) = f(wy) = {0; i+ =02 (mod 4)

1;i=1,3 d4
f(ﬂv,-) = f(ﬁul) = f(avi) = f(aui) = {O; ilE 0,2 ((nnzzd 4))

Case 10: When m = 0 (mod 4) and n = 3 (mod 4)
fl@)=0
fB)=0
_ _(1;i=2,3(mod4)
fw) = f) = {0; i =0,1 (mod 4)
_ _(1; i+j=13(mod4)
f(vy) = fuy) = {0; i+j=0,2(mod4)

1;i=13 d4
f(,Bvi) = f(ﬁul) = f(avi) = f(aui) - {O; ilE 0,2 ((Trrrll(())d 4))

The above explained cases satisfy the condition for both vertices and edges, to be cordial which is
as shown below in table 2.
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Table 2: Labeling Pattern for Edges and vertices

Edge Labeling

Vertices Labeling

whenm = 0,2 (mod 4) &
n=0,2(mod4);,m=+n

er(1) = ef(0) + 1

ve(0) = ve(1)

whenm = 1,3 (mod 4) &

n=13(mod4);m#n

er(1) = ee(0) + 1

ve(1) = ve(0)

whenm = 1 (mod 4) &
n = 2 (mod 4)

er(0) =ee(1) + 1

ve(1) = ve(0)

whenm = 1 (mod 4) &

Ef(l) = ef(O) +1

ve(1) = ve(0)

n = 0 (mod 4)
when m = 3(mod 4) & er(1) = ef(0) + 1 ve(1) = v¢(0)
n = 0(mod 4)
whenm = 3 (mod 4) & ef(0)=ef(1)+1 ve(1) = v¢(0)
n = 2(mod 4)
Whenm = 2 (mod 4) & ef(0)=ep(1)+1 ve(1) = v¢(0)
n =1 (mod4)
Whenm = 2 (mod 4) & er(1) =ef(0) + 1 ve(1) = v¢(0)
n = 3 (mod 4)
When m = 0 (mod 4) & ef(1) =ef(0)+ 1 ve(1) = v¢(0)
n =1 (mod 4)
When m = 0 (mod 4) & ef(0)=ef(1)+1 ve(1) = v¢(0)
n = 3 (mod 4)

The above cases justify that the graph G is cordial graph
Example 1.2: Star of Bistar graph B, 5 is a cordial graph.

Figure 4:

Example 1.3: Star of Bistar graph Bs 4 is a cordial graph.
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Figure 5:

3. Conclusion

Graph labeling in graphs is an important area of research. We have presented the cordiality for star

of bistar graph. Also, we have seen some examples which justify the above theorem. Labeling for star
of other graphs is an open research area.
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