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AnHorarus

Uccnenyeres mpobsema onmcanust cosepienubix no [ennony (a6co-
JIFOTHO CTOWKMX K aTake 110 mudprekcTy) mudpos. B TepMuHax KOM-
OMHATOPHOIO AHAJIN3a BBIILYKJIBIX MHOXKECTB MHOI'OMEDHOT'O ITPOCTPAH-
cTBa ¢(POPMYIUPOBAHLL U JOKA3aHbI HEKOTOPbIe 0600IIeHus (aHaIOrH )
Teopembl Illennona st coBepmeHHBIX 1O [IleHHOHY HEMUHUMAILHBIX
mmpoB. IlocTpoeHbI TpUMEpPHI, TTOTIEPKUBAIONINE HETPUBUATILHOCTD
JIAaHHOM 3a/1a4u.

KurodueBbie ciioBa: coBepllieHHbIe MI(PHI; HEIHIOMOPMHBIE MM PHI;
HEMUHUMAJbHBIE TH(PHIL.

1 Bsenenue

PaspabarsiBas Teopuro kpunrorpaduaeckoii croitkoctu, K. Illennon BBes MOHATHE COBEPIIEHHOTO MudpPa Kak
mudpa, abeoIoTHO cToliKoro K arake mo mudprekery [1]. Takoit mudp He maeT KPUNTOAHAIUTHKY HUKAKON
JIOTIOJTHUTEJIHHON nHGOPMAI 00 OTKPBITOM TEKCTe HMPHU U3YUEeHUH epexXBadeHHON KpurrorpaMMbl. [Ipumep-
HO B T€ Ke TI'OJ[bl KOHIIEIINsI COBEPIIIEHHOro mmudpa Tak»Ke pa3padaTblBaach B OJHON 3aKPBITO paboTe oI
pykosozcTeoM B. A. KoresnbHukosa [2, 3.

B ocHOBe n3y4enust COBEPIIEHHBIX MHUMPOB JIEXKAT MaTeMaThudecKasi Mojiesib mudpa. BriepBbie BeposiTHOCTHAS
Moziesib mudpa X p pacemorpena B dyHnamentaasHoit pabore K. Ilennona [1]. Vimerorcs u Apyrue MoaXo/s!
K ToCcTpoeHno Takux mojeneil [3]-[10]. B [3] npeyraraercs HekoTopast MogudbuKaIs MOJEN, IPUBEICHHON B
[9]. Ona ucnonb3yer nonsaTus onopHoro mmdpa, KIHOYeBOro [OTOKA; B Hell BBEJEHBI J(Ba Kjacca MudpoB —
OTPAHUYIEHHBIM U HEOIDAHUIEHHBIM KJIIOUAMU.

IIycts X, Y — KoHEUHBIE MHOXKECTBA COOTBETCTBEHHO MUMPBEININH U MU@POOO3HATEHUI, ¢ KOTOPBIMA OITe-
pupyeT HeKoTopblii mudp 3amensl, K — MHOxKecTBO Kiodeil, upuuem | X| = A, |Y| = pu, |K| = 7, toe A > 1,
[ > A, DTO 03HATAET, UTO OTKPHITHIE U MUGMPOBAHHBIE TEKCTHI IIPEJICTABIAIOTCA coBamu ({-rpammamu, £ > 1) B
andasurax X n'Y coorsercrsenno. Cornacto [3, 9], nox wugpom X p GyneM MOHIMATH COBOKYITHOCTh MHOYKECTB
npaBuJI 3andPOBaHUs W PaCIIMMPOBAHUs C 33AHHBIMUA PACIIPEIE/IEHUsIMA BEPOSTHOCTEH Ha MHOYXKECTBAaX OT-
KPBITBIX TeKCTOB U Kittoueil. [[udpbl, 17151 KOTOPBIX alloCTEepUOPHBIE BEPOSITHOCTH OTKPBITHIX TEKCTOB COBIIAIAIOT
C UX AIIPUOPHBIME BEPOSTHOCTSIMHA, HA3BIBAIOTCS Co8epuwerHbimu. B pabore [1] momrocTsio omucanst andomopdrovie
(IX| =Y|) coepmennbie mudphl ¢ MUHIMAIBHO BO3MOXKHBIM uncyoMm Kiaouel (|[K| = |Y|). CormacHo Teopeme
K. ITennona [1], sumomopduble coBepienble mudpPhl ¢ MUHIMAIBHO BO3MOYKHBIM UHCJIOM KJIOUeil MCUepIIbIBa-
FOTCsT T paMu TabJIMIHOTO TaMMHUPOBAHUSI CO CJIyYaHON paBHOBEPOSITHOM raMMOIA.
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CymecreoBanue wesrndomoppror (| X| < |Y|) coepmennbx mudpos [3, npumep 2.2.10], a Takxke mudpos,
MUHUMAJBHBIX HE 0 YHCIY KJHOYeil, a 110 BKIIOYEHHIO (T.e. MudpPOB, COMEPKAIMX MUHUMAJIBHO BO3MOXKHOE
MHOXKECTBO KJoueil 3ammudpoBanus ¢ HEHYJIEBLIMU BEPOSTHOCTIMMU) OIPABLIBAET IIOJIyYeHAE aHAJIOIOB (00600-
niennit) reopembr [lennona g qpyrux coBepinenubix mudpos. K aroMmy Takzke IpUBOAUT 33/1a9a U3y Y€HUST MU~
HUMAJIbHBIX (110 BKJIIOYEHHIO) TPAH3UTUBHBIX MHU(POB, TAK KAK COBEPIIEHHBI UMD ABJISIETCH TPAH3UTHBHBIM.
Homyckaer 06001enre u camo moustre cosepinerroro mo Illennony mmdpa, 9TO MOATBEPKIACTCI U3y TEHIEM
COBPEMEHHBIX aHAJIOTOB COBEPIEeHHBIX mudpos [3, 11].

Jannast paboTa siBjIsieTcsi IPO0JKeHIeM uccienoBanus [12]-[15] npobiemsl onmcanust coepuieHHbIX 110 eH-
HOHY m(POB. 3/1€Ch B TEPMUHAX KOMOMHATOPHOIO aHAJIN3a BBILYKJIBIX MHOXKECTB MHOTOMEPHOT'O ITIPOCTPAHCTBA
cHOPMyYIIMPOBAHBI 1 JOKA3aHbI HEKOTOPbIe 06001eHus (anasaoru) reopembl Ilennona s copepuienubix 1o [len-
HoHy Hemunumaavrox (K| > |Y|) mudpos. HerpuBuaabHoCTh 33140 OMYEPKUBAIOT COIEPKAIIMEC B paboTe
OIpUMeEDPDbI, IIOKa3bIBaOIe, 9To JazKe JIJIsd SH)IOMOp(i)HbIX COBEPIIECHHbIX II0 H_[eHHOHy HEMUHUMAaJIBHBIX HII/ICI)pOB
HeT IpsiMoro aHajora teopembl [1lenHOHA.

2 IlocranoBka 3aga4dn

PaccmorpuMm  HesHIOMODMHBIH HeMUHUMAJbHBI coseprienHbiit mmdp. IIyere X = {z1,29,...,2)2} =
{1,2,..., A} — muOXecTBO mdpBenmans; Y = {y1,y2,...,y.} = {1,2,..., u} — MuO)KecTBO MmudpPoGO3HATEHNMIT,
€ KOTOPBIMH OIlepupyeT HeKOTopblil mudp 3amensl; K = {k1, ka, ..., ky} — MHOXKecTBO Kiodeil. 3uech | X| = A,

Yi=pzX |K|=7m2p

st 06061mmennit Teopembl IlleHHoHA 1 TOCTPOEHUST TPUMEPOB MG POB OyIeM UCIOIH30BATH BEPOATHOCTHYIO
MOJZIesib Y., B KOTOPOii, corsacHo moaxony (3, 9], mmdp 3amaercs pacupe/iesieHrneM BEpOSTHOCTEN KIIFOUe mpu
(=1

Kak qyist sugomopduoro mudpa (A = p), Tak u gjig #e3a10MopdHOro (A < 1), HEepeuUcIsioTcs B HEKOTOPOM
nopsiike Bce Bo3MoxKHbIe T = f(p—1)...(pt — A+ 1) moxcranosku (MHbEKIMH) 3amudpOBaHusi, COOTBETCTBYIOIINE
riodaM k € K u ux BepostHOCcTsIM Pp. Ilosyunsmmuiics m-mepublit nabop P BepositHOCcTelt Pj Kitrodeit Oymem
paccMaTpuBaTh Kak TOYKY T-MepHOro npocrpancrea R™. Pacnpenenenne GurpamMm, TpUTpaMM U T.JI. MOXKET
3a/1aBaThCsl PACIpele/IeHUsIMUA BeposiTHOCTel u 1ipu £ = 2,3, ...

Sasada onrcanust MudpPOB B BEPOSITHOCTHOM MOJIEH X g IPUBOIUT K ONUCAHUIO MHOXKECTBA TOUEK B T-MEPHOM
npocrpancTe R™, KOTOpbIe ABJISIIOTCH PACIIPEIEIEHUSIMEA BEPOATHOCTEl TOro min uxoro mudpa. B paborax [12]-
[14] ommcaHo BbImyKjI0€ MHOXKECTBO (moJmsap [16]) MaTpui BeposTHOCTEl KUl U MHOXKECTBO BEPOSITHOCTEH
mrpobOo3HATEHN HEIHIOMOP(HBIX COBEPIIEHHBIX MMUMPOB B Caydae, KOTJIa MOITHOCTE A MHOXKECTBa mudpBe-
JINYIUH PABHA, JIBYM.

ITo Teopeme Illennona, MUHUMAJIBHBIE TI0 YUCITY KJIIOUEH SHIOMOPGHbBIE COBEPIIEHHbIE MM PBI COOTBETCTBYIOT
TeM ToYKaM IpocTpaHcTBa R™, y KOTOPBIX BCe KOOPJAUHATHI PABHBI HYJIIO, KPOME A HEHYJIEBBIX KOODJIUHAT, PAB-
HbIX 1/, a caM HABOpP KOOPJAUHAT COOTBETCTBYET HAOOPY KJIIOUYEH, [OJCTAHOBKU KOTOPBIX 00Pa3yoT JIATUHCKUH
kBajparT. [[oCKOIIbKY MHOXKECTBO TOYEK T-MEPHOIO MpocTpaHcTBa R™, COOTBETCTBYIONIMX COBEPIIEHHBIM M)~
pam, 00pa3yer BBIIIYKJIOe MHOXKECTBO (IIOJIM3P), TO U BBIIIYKJIas 0O0JOYKA TOUYEK, COOTBETCTBYIONIHUX JIATHHCKIM
kBagparaM (mmdpam [TIeHHOHA), TaK:Ke COOTBETCTBYET COBEPIIEHHBIM II(bpaM.

Tpebyercst ycTaHOBUTH: OyAET JIM MOJIYICHHBI TaKMM 00PAa30M IOJIM3IP MHOYKECTBOM PAaCIpeIesIeHIil BeeX
9HIOMOP(HBIX COBEPIIEHHBIX MUMPOB U CBOIUTCA JIA 332498 ONUCAHUS MUHUMAJIBHBIX (110 BKJIIOUEHUIO) COBEP-
NIEHHBIX MHUQPOB K 3aja4e OIUCAHUs MUHUMAJILHBIX (10 BKJIIOYEHUIO) TPAH3UTUBHBIX IIU(MPOB.

3 06 onucanuu 3HAOMOP@HBIX COBEPIINEHHbIX MIN(POB

g A = p € {2,3} orBer Ha mocTaBIeHHBINH BOIPOC — NOJIOKUTEbHDIH. [Ipu A = p = 2 — 310 KIAccuvecKuii
mudp Beprama ¢ cymmupoBanneMm 6uTa OTKPBITOTO TEKCTa W OWTa KJIFOYEBOTO MOTOKa 1O Moayaio 2. [lpn A =
w=3u K = {ky,ks,..., kg } Tabnuma 3ammdposanus co Bcemu T = 3! = 6 nogcranopkamu u3 X = {x1, T2, x3}
BY ={1,2,3} — 3710 Tabsuna 1, B KOTOPO TOYKH Py p@ COOTBETCTBYIOT JIATUHCKUM KBaJIpATAM.

YrBepxkaenue 1. Jli060it 3HIOMOPMHBIX COBEPIIEHHBIN MUMP C MOITHOCTHLIO MHOXKECTBA, ITU(MPBEIUINH,
paBHOI TpeM, 3aJIaeTCsI PACIIPE/IEIEHUEM BEPOSTHOCTEH

T T
1 11 11 1
P=aP®4+3P® =n(2,00,=,2,0 0,-,-,0,0,~ ] =
« +ﬁ a377?3’3) +/6 ?373’?73

wle

a,B >0, a+ (=1, iexkaiuM B BBIIIYKJIOH 000JI0UYKE TOUYEK P(l)7 P? ¢ RS,
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Tabsuna 1: CoeepiieHHblil mmdp npu A = g = 3

Nl K | 1 | 22 | z3 | Py chl) Pl(f)
T (k| 123 P ]1/3]0
2 ke | 1| 3] 2P| 0 |1/3
3 | ks | 2 1 3 | P3 0 1/3
4 kel 231 |Pi]1/3] 0
5 ks | 3] 1] 2 |Ps|1/3]| 0
6 |ke| 32| 1 |Ps| 0 | 1/3

Corutacao YrBepkaeHuio 1, mist A = g = 3 HCKOMOE BBIIIYKJI0e MHOXKECTBO (LOJIU3JIP) — OTPE30K B IIECTUMED-
HOM IPOCTPAHCTBE.

YrBepxkaenue 2. Aupuopusie BeposiTHOCTH MH(POOO3HAYEHN IHIOMOPMHOIO COBEPIIEHHOTO Mrdpa, 0Jiu-
HaKOBBI ¥ PAaBHBI %

Hoka3zareabcTBo. s manHoro mudpa yciaosust coBepuieHHOCTH 110 IlleHHOHY B BEpOATHOCTHON MOJ€IN
mudpa Lp (T.e. yeaosue aas f-rpavm npu £ = 1) [3] o6pasyroT omropomyio cucremy A2 JTHHEHHBIX ypaBHeHHit
orHocuTebHO A+ = A(A—1)! Heu3BeCTHBIX BEPOSTHOCTEl KIII0Ueli 1 AllPUOPHBIX BEPOATHOCTEH P, i = 1,2, ..., A
mudpodosuattennit. [Ipu 3ToM mepBble A ypaBHEHHIT JAHHOW CUCTEMBI, B KOTOpPbIE BXOJUT P1, COJEPKAT BCE
BeposiTHOCTH Kittodeit Py, rne k € K. [eiictBurenbro, BepositHocth Py = P BXOJIUT B M-0€ ypaBHEHUE,

€CJIN B IIOJICTAHOBKE
1 2 ... A
€L .
Y Y2 - Y

€JIMHUIIA B HUXKHEH CTpPOKe 3HAYEHUIl CTOUT Ha M-OM MeECTE; & IOCKOJBKY JJId KaxKJOW TaKON IIOJICTAaHOBKH
CYIIECTBYeT eIUHCTBeHHOEe Takoe m € {1,2,..., A}, TO 9Ta BEPOATHOCTb BXOJUT POBHO OJMH Da3 B IIE€PBBIE A
ypaBHeHuil. BBUIy TOro, 9T0 CymMMa BCEX BEPOATHOCTEl KJIOUeil paBHA €IMHUIE, MOIYyIaeM, CYMMUPYS TepBbIe
A ypaBHeHHit, 1To 1 = Ap1, OTKyIa p1 = % TloBTOpSsia 3TO paccyzKJieHue Jjisl KazKJIOH alrpuopHoOil BEPOSITHOCTU
iyt = 1,2, ..., \ mmdpobosHaveHnii, HAXOIUM

Y1Yz2---Yx

1
p1:p2:~~:P,\=X7

9T0 U TPebOBAIOCH JTOKA3AThH.

IIpu A = p > 3 BeIDyKJIas 060j1049Ka coBepiieHHbIX M0 [IleHHOHY MMMPOB ¢ MUHUMAJIBHBIM YUCJIOM KJIHO-
qeil sIBJIETCs JIUIIb YaCThI0 MHOYXKECTBA TOYEK, COOTBETCTBYIOIINX COBEPIIEHHBIM IudppaM, KaK TOKA3bIBAET
CIIeTyToIIIee

VYrBepxkaenue 3. [Ipu A = p = 4 cymecrByior MUHUMAJIbHBIE (110 BKJIIOYEHUIO) COBEPILEHHbIE UMD, HE
cozepxkanye B cebe HABOPOB KJIouel (IOJCTAHOBOK ), 00Pa3yIONIUX JATHHCKAN KBaIPAT.

Tabmmmna 2: Coepinenubiii mudp mpu A = p =4

Ne | K |z | 29 T3 | T4 Pk
1 [k | 1 2 3 4 [1/4
2 ko | 2] 4| 1| 3|18
3 ks | 3|1 | 4]2]1/8
4 | ky | 4 3 1 2 11/8
5 ks | 34| 2] 118
6 | k¢ | 2 3 4 1]1/8
Tk | 41| 2] 318

JokazaTeabcTBo. Paccmorpum sHA0MOPdHBIH mudp B CIydae, KOrja MOMHOCTh MHOXKECTBA, IMU(PBEININH
pasHa uerbipeM. IIycre X = {21, z9, 3,24} — MHOXKecTBO nmmdpsennuns; Y = {y1,y2,93,v4} = {1,2,3,4} —
muozkecTBO tmudpodosuavennit, K = {ki, ko, ..., kz} — MuoxkecTBO Kitouedd. Tabiuna 2 — tabuuna 3ammudpo-
BaHUs JAHHOTO MHUMPa, COCTABICHHAA U3 CJCAYIOMMX MOJCTAHOBOK — €IMHAYHAS U BCE INECTD MOJHOIUKIOBBIX
MOJICTAHOBOK TPYIIIBI Sy, TaK 4T0 T = 7.
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Jlerko mpoBepsieTcst, 9TO 9TO — COBEPIINEHHBIH dHIOMOPMHBIN mudp. 3/16Ch MOJIHONUKIIOBBIE MOJCTAHOBKA f
rpynnsl Sy 006JIaa0T CBOWCTBOM — JUIsl KaXKJIOM IOJCTAHOBKU f MMEETCs POBHO YETHIPE PA3JIMYHBIE JPyIHe
[OJTHOIMKJIOBBIE TIOJCTAHOBKY ¢; Takue, 910 f(i) = g;(i),i = 1,2, 3,4. Ciie1oBaTeIbHO, MAKCUMAJILHBIE Y€THIPEX-
CTONOLOBBIE JTATHHCKHE IPSAMOYTOILHEKH B 9TOH TabMIIe COCTOAT U3 TPeX CTPOK BHIA e, f, f 1, I maTmucKmx
KBaJ[paTOB — HET.

VYrBepxkaenue 4. Cosepuiennbiii mudp — rpansuruBHbiil [3]. O6parHO HEBEPHO — HE BCAKUN TPAH3UTUBHBII
mudp SABJISIETCST COBEPIEHHBIM TPU HEKOTOPOM PACIIPE/IETIEHIN BEPOATHOCTEH KITIOUEH.

HoxkazaTenbcTBo. Paccmorpum tabmunsl 3, 4 3ammdpoBanns dHIOMOPMHBIX IMHMPOB pu A = p = 4
C TIPOM3BOJIbHBIMY HEN3BECTHBIMU BEPOSTHOCTSIMU KJIFOUeil. DTO MUHUMAJBHBIE (110 BKJIIOYEHUIO) TPAH3UTUBHBIE
g pbl, KOTOPbIe HE MOI'YT OBITH COBEPIIEHHBIMU HU IIPU KAKUX PACIIPEIEIEHISIX BEPOsiTHOCTEl Kirtoueii. [Ipuaem
73 uX TaOJIUI] 3armdpPOBaHsl HEBO3MOXKHO M3BJIeUb JIATMHCKUN KBapaT.

Tabauna 3: TpansurusHbil mmudp upu A = u = 4

Nl K | zy | z2 | 3 | 24
1 |k | 1 4 3 2
2 | ky | 1 3 2 4
3 | k3| 2 1 3 4
4 | ky| 3 2 4 1
5 | ks | 4 2 1 3

Tabnuna 4: TpassurupHbLil mudp nupu A = u = 4

Ne | K | 1 | 29 T3 | X4
1 [k | 4|1 ]2]3
2 | ky| 3 4 1 2
3 | k3| 2 3 4 1
4 | ky | 1 2 4 3
5 | ks | 4 1 3 2
6 | kg | 2 3 1 4

HeiictBurensro, B Tabiniie 3 MOXKHO HUCKJIIOYUTH TOJIBKO JIMOO IEePBYIO, JUOO TOJIBKO BTOPYIO CTPOKY. Ecium
UCKJTIOYUUTD TIEPBYIO, TO B CTOJIOTIE /IS T MG POOO3HAUEHNE 2 BCTPETUTCS JIBAXKIHI, a mudpobo3Hatdenue 4 6yaer
OTCYTCTBOBaTh, & 3HAYUT JIATUHCKOIO KBaJjpara He Oyiaer. Eciin »Ke MCKJIIOYUTH BTOPYIO CTPOKY, TO B CTOJIOIE
It T mmpobO3HATEHNe 2 BCTPETUTCs JIBAXKbl U He Oymer mudgpobo3Havenus: 3, T. €. CHOBA OCTAHETCH He
JIATHHCKUH KBajpaT. AHAJIOTUIHO MPOBOJATCS PACCYZKIEHUS N0 MUCKJIIOYEHNIO JBYX CTPOK B Tadjmiie 4.

Tabsmmna 5: CoBepireHHbIN 9HI0MOPMHBIH dp Tpu A = y = 4

Ne | K| 21 | w9 | 3 | T4 Py
1 | k| 1 3 2 4 11/8
2 ko | 1] 4] 3] 218
3 ks 2|1 |3|4]1/8
4 ke | 2124 1] 318
5 ks | 3| 1] 4] 218
6 | ke | 32| 4] 1|18
Tk | 4] 2] 1] 3|18
8 |ks| 432118

YrBepxkaenue 5. Ilpu A\ = p > 3 cymiecrByiorT mmdpbl ¢ PABHOBEPOSTHBIMHU KJIIOYAME, HE JIEXKAINE B
BBIIIYKJIO# 000/101UKe coBepieHHbIX M0 [TIeHHOHY HEMUHUMAJIBHBIX 110 YUCTY KJoUel mudpoB.
HoxkazarenbcTBo. Paccmorpum coBepinenHblit 3u10MOpdHBIH UMD Ipu A = 4 = 4 ¢ PABHOBEPOATHBIME
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KJTIOYaMU U TabJuiei 5 3amudpoBanus, He CojepKalieil JJATHHCKUX KBaJIPATOB U COCTABJIEHHON M3 OUEKIHit
(MO/ICTAHOBOK) IPyNIbBL Sy.

eiicTBuTeibHO, B TAOJIHUIE 5 MOYKHO MCKJIFOYUTD WK [IEPBYIO, WJIM BTOPYIO CTPOKY. EC/In HCKIIIOYUTE EPBYIO,
TO BTOpasi 00sI3aTe/IbHO JTOJI?KHA OBITH, & 3HAYUT HY?KHO UCKJIIOYUTH YE€TBEPTYIO CTPOKY, YTOOBI mudpobo3Ha-
qenne 4 BCTpedasaoch B CTOJIONE it To omuH pa3. CireoBaTe/ibHO, HY2KHO OCTaBATH TPETHIO CTPOKY, MHAYE B
croJibte [ x1 He Oymer mmdpobosHadenus 2. BesemacTBue 3TOro moaydaeM, 9ToO B CTOJIONE I T3 Mudpo-
6o3HaveHue 3 OyIeT BCTPedaThCsd JIBAXK/bI, T. €. JJATHHCKOrO KBajpara He OyieT. Ecim ke MCKIIIOYUTH BTOPYIO
CTPOKY, TO JIOJIZKHA OCTAThCs ME€PBas, a 3HAUUT HYKHO UCKJIOYUTH BOCBMYIO CTPOKY, HHa4Ue mudpobo3HatIeHmne
3 OyIeT BCTpedaThCs JBaXKbl B CTOJIONE jyis To. Ciie1oBaTeIbHO, CelibMasi CTPOKA, JIOJIZKHA OCTAThbCsl, HHAYE B
croJibre Jist x1 He Oyaer mudpobosnatenus 4. BesencTsue 3Toro HykKHO Oy/eT yOpaTh MIECTYIO CTPOKY, HHAME
mndpobo3HadeHne 2 B CTOJIOINE A1 To OYAET MOBTOPATHCA. 1OT1a MOy IrM, 9YTO B CTOJIOIE 1 T4 mindpPodbo3HAa-
qenus 1 He OyJeT, T. €. OCTAHETCs He JIATHHCKUAN KBaJIpAT. DTO 03HAYAET, YTO PABHOBEPOSTHOCTH KJIIOUEH TakKe
He TIPUBOJIUT K IpsMoMy 0600tienuio Teopembl Illennona.

CornacHo YTBep:kaeHuto 5, obobiienne Teopembl [1leHHOHa B paccMaTpuBaeMoii IIOCTAHOBKE 331291 HEBEPHO.
CymectByor mmdpsl, BEIXOJSIINE 3a IPEJIENbl paccMaTpuBaeMoii 06omouxn [16].

4 OO0 omnucaHM HEIHAOMOP@HBIX COBEPIINEHHBIX MIN(POB

CrpaBeyInBO yTBEPKICHUE O JIOTIOJTHEHUN HEIHIOMOP(MHOTO COBEPIIEHHOrO mudpa J0 HI0MOPdHOrO.

VYrBepxkaenue 6. JlaruHcKuil npsMOyrosbHUK pasmepamu n X (n — 1), T.e. n cTpok, (n — 1) croabros,
3AII0JIHEHHBIN BeJmauHaMu 1,2, ..., n, OJIHO3HAYTHO JIOIOJIHSETCS JI0 JATUHCKOIO KBajpaTa pa3MepaMu 1 X n.

HokazaresibeTBo. [1oCKOIbKY B CTPOKAaX JIATUHCKOIO IPsIMOYIOJIbHUKA pasmepa n X (n — 1) BesuduHbl
1,2,...,n He MOBTOPSIIOTCsI, TO OCTABINYIOCS BEJUIMHY MOYKHO OJTHO3HAYHO TIOMECTHTH B n-biit crosber. [Tomy-
YUBINHUIICS KBaJpaT He OyJIeT JATHHCKUM, €CJIA B IIOCJIeTHEM CTOJIONE Oy/IyT MOBTOPEHUSI.

Eciu Ha mepeceveHnn 3T0ro n-ro CTOJIONA U KAKUX JIMOO JIBYX CTPOK HAXOJUTCS OJ[HA U TA YK€ BEJUIUHA Y, TO
HEKOTOpAasl BeJWMINHA T 7 Yy W3 MHOXKeCTBa {1,2,...,n} He BeTpedaeTcs B 3TOM cTOsONEe. Tora 9Ta BeJudnHa T
JIOJZKHA BCTPETUTHCS B KAXK/I0H U3 N CTPOK TOYHO MO OJJHOMY Pa3y B mepsbix (n — 1)-oit nosuimsx. Cienosaress-
HO, B MCXOJHOM JIATUHCKOM IIPSIMOYTOJIbHUKE BeJIMYWHA, T BXOIUT 7T pa3. Ho Tak Kax crosbmoB B HEM 1 — 1, TO
Z BXOJIUT B KaKOW-1ub0 cToI6EI] 1Ba pa3a, YTO0 TPOTUBOPEUUT TOMY, UTO MPIMOYTOJTBHUK SIBJISIETCS JIATHHCKUM.

YrBepxkaenue 7. JI1000it HESHIOMOPQHBIN COBEPITEHHBIH mMudP ¢ MOIMHOCTHIO MHOXKECTBa MN(PBEININH,
pPaBHOI \, MOIIIHOCTHIO MHOYXKeCTBa mudpPodO3HATEHU, PABHON (t = A+ 1, 1 OIMHAKOBBIMU aIIPUOPHBIMU BEPOSIT-
Hoctamu mudpobozuadenuii, papubimMu 1/ = 1/(A+1), MoKeT GbITH PACIIMPEH /10 HIOMOPMHOTO COBEPIIIEHHOTO
mudpa ¢ MOIIHOCTHIO MHOXKECTBA IMUMPBEINYINH U Mndpodbo3HadeHn, paBHbIMI A + 1.

HokazarenbcrBo. [lycrs nan HesnmomopdHbiil coseprennsiii mmudp ¢ [ X| = A\ |Y] = g = A+ 1n
X = {x1,29,...,2)}. PaBercrBo 1/(A 4+ 1) anpuopHbix BeposiTHOCTEil M pobo3HATEHN SBIISIETCS HEOOXOU-
MBIM YCJIOBHEM, ITOKAYXKEM, UYTO OHO sIBJISIETCsI TAKYKe U JIOCTATOYHBIM yCJIOBAEM PACIIMPEHUs JAHHOTO udpa 0
coBepIeHHOro 3H10MopdHoro mudpa ¢ |X| = Y| = X + 1.

OIHO3HAYHO PACIIHPHTE JAHHbIH mudp 10 sumomopduoro mudpa mpu | X | = [Y| = A+1 MoxHO 106aB/IeHIEM
OMEeKIINN € TaKOM, ITO, €CJIN € — UHHEKINS 3aIMM(POBAHNs UCXOAHOrO mudpa, T. e.

e: XV, |X|=A [Y|=p=A+1,

Toé: X =XU {zxt1} — Y Tak, uro
&(z) = e(z) mpu z € X;
y, tae {y} = Y\e(X) npu z = zx41,

nmeeM € : X — Y (6uekrus), tae X = {21, T, ..., Tx, Trt1 }-

OHO03HAYHO OIpe/IesleHHbII TaKuM 06pa3oM Iudp SABJIAeTcs COBEpPIIeHHBIM, KOIJa CyMMa BepOsSTHOCTE,
COOTBETCTBYIOIUX OJIHOMY M TOMY ke mudpobosnadenuio, pasua 1/(A + 1) mis xaxmoro mudpobosHadeHns.
Haiinem

Ple(aasr) =y} =P{y ¢ e(X)} = Pe(z1) #y & e(za) #y & ... & e(an) #y} =
1 1 1 A 1
=1-[P{e(z1) = y}+P{e(z2) = y}+...+P{e(zr) = y}] = 1—<)\+1 + o1 +...+ )\—I—l) = 1—m abwy

T. €. PACIIUPEHHBIN €IMHCTBEHHBIM 00pa3oM Iudp Oy/1eT COBEPIIEHHBIM.
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5 3akJrouyeHue

Takum ob6pazom, paccMoTpeHa 3aa4qa 0606menns TeopeMnl [lernnona s coBepirennubix o [lennony mudpos,
B TOM 4KCJIe He3HIOMOP(MHBIX. HeTprBHAJIbHOCTD 3a/1a91 TIOIYEPKUBAIOT COIEpPKAIUecs B paboTe KOHTPIIPpUME-
PBI, [MOKa3BIBAMOIINE, U9TO JlaXKe JJjIs SHIOMOPMHBIX coBepiieHHbIX 110 [IleHHOHY HEMUHUMAJIBHBIX ITHMPOB HET
upsimoro 06o6mienus (ananora) reopembl [llennona. Ilocrpoentbie B paboTe NPUMEDDI TAKIKE TIOKA3BIBAIOT, YTO
MUHUMAJIBHOCTD TI0 YUCIY K/II0Yell ¥ MUHUMAJIBHOCTH IO BKJIIOYEHHWIO IPUBOAAT K PA3HBIM IOCTAHOBKAM 3a-

Jiad, TPEOYIONMX [TPOBEJIEHIS JIOTIOTHUTEBHBIX UCCIEI0BAHNN JIJsT (POPMYJIMPOBKH COOTBETCTBYIONIUX aHAJIOIOB
Teopembl [Tlennona.

Crucok jaureparypbl

[1]

2]

3]

[4]

151
(6]

7]

18]

19]

[10]

[11]

[12]

[13]

K. Shannon. The theory of secret communication systems. Works on information theory and cybernetics.
M.: Nauka, 333402, 1963.

N. N. Andreev, A. P. Peterson, K. V. Pryanishnikov, A. V. Starovoytov. The founder of the national
classified telephone. Radiotechnics, 8:8-12, 1998. (in Russian) = H. H. Anzpees, A. I1. Ilerepcon, K. B.
psrumankos, A. B. CraposoiitoB. (OCHOBOIOJIOKHUK OTE€YECTBEHHONH 3aCeKPEeYeHHON TesiedOHHON
cBazu. Paduomexnuxa, 8:8-12, 1998.

A. Y. Zubov. Perfect ciphers. Moscow, Helios ART, 2003. (in Russian) = A. FO. 3y6os Cosepwetrnuvie
wugpn. Mocksa, I'enmnoc APB, 2003.

P. Goldlewsky, C. Mitchell. Key-minimal cryptosystems for unconditional secrecy. J. Cryptology, 1:1-25,
1990.

D. R. Stinson. Cryptography: Theory and Practice. N. Y., CRC Press, 1995.

M. De Soete. Some constructions for authentication-secrecy codes. Proc. Crypto’87. Advances in
Cryptology:57-75, 1998.

D. R. Stinson. A construction for authentication secrecy codes from certain combinatorial designs.
Proc. Crypto’87. Advances in Cryptology:355—-366, 1998.

J. Brassar. Modern cryptology. Moscow, POLYMEDIA, 1999. (in Russian) = 2K. Bpaccap. Cospemen-
nas xkpunmosozus. Mocksa, IIOJTMUME]T, 1999.

A. P. Alferov, A. Y. Zubov, A. S. Kuzmin, A. V. Cherémushkin. Basics of cryptography. Moscow,
Helios ART, 2001. (in Russian) = A. II. Audepos, A. FO. 3y6os, A. C. Kysbmun, A. B. Yepemymkus.
Ocroswv, kpunmoepaguu. Mocksa, Tentmoc APB, 2001.

A. V. Babash, G. P. Shankin. Cryptography (aspects of protection). Moscow, SOLON-P, 2002. (in
Russian) = A. B. Babam, I'. II. Illankun. Kpunmoepagus (acnexmor saugume). Mocksab COJIOH-P,
2002.

D. S. Gutarin, S. S. Konovalova, V. I. Timin, E. S. Titov, S. S. Titov. Combinatorial problems of the
existence of perfect ciphers. Trudy Inst. Mat. i Mekh. UrO RAN, 4:61-73, 2008. (in Russian) = 1. C.
I'yrapun, C. C. Konosasioa, B. 1. Tumun, E. C. Turos, C. C. Turos. Kombunaropubse mpobsreMbl
CYIIECTBOBaHUST COBEPIIeHHBIX mudpoB. Tpydw UMM YpO PAH, 4:61-73, 2008.

N. V. Medvedeva, S. S. Titov. On non-endomorphic perfect ciphers. Applied discrete mathematics.
Application,6:42—44, 2013. (in Russian) = H. B. Meuseznesa, C. C. Turos. O HeMUHMMAJIBHBIX COBEP-
meHnbIX mmdpax. [Hpukaadnas duckpemnas mamemamuxa. ITpuroocenue, 6:42—44, 2013.

N. V. Medvedeva, S. S. Titov. Non-endomorphic perfect ciphers with two plaintext value. Applied
discrete mathematics. Application, 8:63-66, 2015. (in Russian) = H. B. Meuseznesa, C. C. Turos.
Hesnpomopdubie coBepiennbie mudpbl ¢ AByMs mudpeeanauaaMu. IIpukxiadnas Juckpemuas mame-
mamura. Ipuroscerue, 8:63—66, 2015.

237



[14]

[15]

[16]

N. V. Medvedeva, S. S. Titov. Description non-endomorphic maximum perfect ciphers with two
plaintext value. Applied discrete mathematics, 4(30):43-55, 2015. = H. B. Meugenena, C. C. Tu-
toB. Onucanne HEIHIOMOPGMHBIX MAKCAMAJIbHBIX COBEPIIEHHBIX MU(POB ¢ ABYyMs MHUMOPBEIAINHAMI.
IHpuksradnas duckpemnas mamemamura, 4(30):43-55, 2015.

N. V. Medvedeva, S. S. Titov. Analogues of the Shannon theorem for non-minimal endomorphic perfect
ciphers. Applied discrete mathematics. Application, 9:62—65, 2016. (in Russian) = H. B. Mezasenesa,
C. C. Turos. Anasorn Teopembr [1lenHOHA 17151 9HIOMOPMOHBIX HEMUHUMAJIBHBIX MUPOB. ITpuksadnas
Juckpemman mamemamuxa. Ipunoscenue, 9:62—65, 2016.

V. A. Nosov, V. N. Sachkov, V. E. Tarakanov. Combinatorial analysis (non-negative matrix, algorithmic
problems). The results of science and technology. Ser. Probability theory. Math statistics. Theor.
Cybernetics., 18, M.: VINITI, 21:120-178, 1983. (in Russian) = B. A. Hocos, B. H. Cauxos, B. E. Tapa-
kanoB. Kombunaropublil anaiu3 (HeOTpUIATEIbHbIE MATPUIIBI, AJrOPUTMHUYECKHEe TpobseMbl). Mmoau
nayku u mexn. Cep. Teop. eepoamn. Mam. cmam. Teop. xkubepnem. M.: BUHHUTH, 21:120-178, 1983.

238



On analogs of the Shannon’s theorem for perfect ciphers

Natal’ya V. Medvedeva
Ural State University of Railway Transport (Yekaterinburg, Russia)

Abstract. The article is devoted to the problem of description of general perfect ciphers (which are absolutely
immune against the attack on ciphertext, according to Shannon). In terms of combinatorial analysis of convex
sets in multidimensional space some analogs of the theorem of Shannon for non-minimal ciphers are formulated

and proved. The examples emphasizing non-triviality of this task are constructed.

Keywords: perfect ciphers, non-endomorphic ciphers, non-minimal ciphers.
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