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Abstract

We present a translation of looping alternating two-way automata into a com-
parably inexpressive description logic, which is contained in SHZ Q. This enables
us to perform the emptiness test for a language accepted by such an automaton
using the systems FACT and RACER. We implemented our translation and per-
formed a test using automata which accept models for ALCZO concepts, so that
we can use SHZQ systems to reason about nominals. Our empirical results show,
however, that the resulting knowledge bases are hard to process for both systems.

1 Introduction

Tableau-and automata-basedalgorithms are two mecanismsfor testing satis abilit y
of a DL conceptor TBox. The most signi cant advantage of automata algorithms
(for examples,seee.q. [9, 7]) is elegance:the translation is often very intuitiv e, an
ExpTIME upper complexity bound is obtained automatically, non-determinism and
in nite structures are handled implicitly . Their main drawbadk is their complexity,
which is exponertial not only in the worst case, but in every case. Tableau algo-
rithms [1] on the other hand are well suited for implemertation [5, 3] since seeral
well-known optimizations have led to a good performance for many realistic appli-
cations. However, ensuring termination or obtaining an ExpTIME upper complexity
bound is a dizcult task [2]. In the absenceof an approac enjoying the advantages
of both, for many logics tableau- and automata-basedalgorithms were hand-crafted,
which constitutes a possibly unnecessaryoverhead. In [4], we presen a way of translat-
ing looping two-way alternating automata into the relatively inexpressiwe description
logic ALTZ, which is contained in SHZQ [6]. This enablesus to take a concept C'
in a languagethat is decidableby alternating automata, construct the corresponding
automaton A¢, then translate A¢ into a description logic TBox 7¢, and usea SHZQ
system on 7¢ to test satis abilit y of the initial concept C. First results regarding
the performanceof FACT [5] on a few hand-crafted conceptswere preseried in [4].
Here, we generateda larger set of test conceptsand tested their satis abilit y with
both FACT and RACER [3].

2 Preliminaries

In this section, we describe the looping alternating two-way automata, which we trans-
late, and the DL ALTZ, which we translate into. This classof automata is very useful
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for description logics: to decide the satis abilit y problem for a DL concept C, one
de nes an automaton A¢ which acceptsall (abstractions of) models of C. Then,
one can decide satis abilit y of C' by performing the emptinesstest for the language
acceptedby Aq. First, we de ne the data structure theseautomata operate on.

Definition 1 (K-ary tree) Let K be a natural number. We dene [K] :=
{1,...,K} and [K]- = [K]U{0,—1}. A K-ary infinite tree over an alphabet 8§
is a total mapping 7 : [K]" — 8.

Intuitiv ely, the empty word ¢ denotesthe root of the tree and, for ¢ € [K]* and
k € [K], ¢ - k denotesthe k-th successorof ¢. The terms /-0 and ¢ - (—1) are used
within the transition function of two-way automata: ¢ - 0 is de ned as ¢ and, for an
(= w-vwith we[K]*andv € [K], £-(—1) is de ned asw (i.e. the father node of
0); £ -(—1) isunde ned. The useof 0 and —1 allows the automaton, after processing
a tree node n, not only to continue with n's sons,but alsoto stay in n or return to
n's father. Moreover, the Boolean connectives A and Vv can be usedin the transition
function. Thus, for example, the transition 6(a,q1) = (1,¢3) A ((=1,¢2) V (3,41)) is
to be interpreted as follows: if the automaton processes node ¢, is in state ¢;, and
reads the letter a, then it sendsone copy of the automaton in state ¢3 to the rst
successonf ¢ and either another copy in state ¢» to ¢'s predecessor a copy in state
q1 to the third successor.Formally, the transition function is de ned using positive
Boolean formulae which are described in the following.

Definition 2 (PBF, Alternating Automaton, Run) The setof positive Boolean
formulae over a set V, BT (V), consistsof all formulae built from V U {true, false}
using the binary operators A and V. A set R C V satisfies a formula ¢ € BT(V) i®
assigningtrue to all elemerts of R and false to all elemens of V' \ R yields a formula
that ewvaluatesto true.

An alternating automaton A is a tuple (Q,8,qo,0), where Q@ = {qo,...,q5} Is
a set of states, 8 = {oy,...,05} is the input alphabet, ¢, is the initial state, and
§:Q x 8 — BT([K]o x Q) is the transition relation.

The width of an automaton w(.A) is the number of literals that can appear on the
right-hand side of a transition, i.e., w(A) = (§+ 1)- (K + 2). A run p of Aona
tree 7 is a w(.A)-ary in nite tree over ([K]* x Q) U {1} which satis es the following
conditions:

1. p(e) = (&,90) and

2. for eath node r with p(r) = (t,q) # 1T and d(q,7(t)) = ¢, thereisaset S =
{(t1,q1), -+, (tn,qn) } € [K]o x Q sudch that S satis'es ¢ and, for all 1 <i < n,

p(r-1) = (¢-ti, q).
An automaton A accepts an input tree 7 if there exists a run of A on 7. The
language accepted by A, L(A), is the set of all trees acceptedby A.

The target languagefor our translation, ALZ s, is comparably inexpressiwe: it con-
tains features (and their inverses),but neither non-functional roles nor the advanced
constructors presen in state-of-the-art DLs, e.g. quali ed number restrictions.

Definition 3 (Attributive language with inverses and features, ALZ;) Let
Nc be a set of concept namesand Ng a set of feature names. The set of ALZ;
concepts and features over N¢ and Ng are inductiv ely de ned as follows:



e if f is a feature name,then f~ is an inverse feature;
fis a feature if it is a feature name or an inversefeature;

e T, L, and eath conceptname C' € N¢ is an ALZ j-concept,
if C and D are concepts,then C' LU D and C' 11 D are concepts;
if C' is a conceptand f is a feature, then 3f.C and Vf.C are concepts.

GCls, TBoxes, interpretations and models are de ned as usual.

3 The Translation

In this section, we describe how to translate an alternating automaton A into a TBox
tr(A) and a concept C such that L(A) is non-empty i® C is satis able w.r.t. tr(.A).
Intuitiv ely, we translate the transition function ¢ into a set of GClIs tr(A) whose
models correspond to runs of 4. To this purpose,we useconceptnamesto represen
the automaton's states and alphabet symbols and, for eat & € [K], a feature name
fx to represent the \ k-th successor'relation for a node in the input tree.

Definition 4 Let A = (Q,8,q0,0) be an alternating automaton with @ =
{qo,-..,q94} and 8 = {oy,...,05}. The translation of A into an ALZ; TBox tr(.A) is
de ned asfollows: for ead ¢; € Q we usea conceptname (;, for ead o; € §, we use
a conceptname A;, and set

tr(A) = {GT,GL}u | tr((q,0)), where
qeEQ,0€X

GT = TCAUAU...UAs,
GL = |_| (Az M AJ) cC 1,

0<i<j<é
tr(0(g,0)) = tr(q) Mtr(o) Ctr(v) if 6(q,0) = ¢,
and the translation of ¢, ¢, and ¢ is de ned as follows:
tr(q;) = Q; forg eqQ, tr(o;) = A; foro; €8,
tr(aNB) = tr(a) Ntr(f), tr(aVv @) = tr(a)Utr(6),
tr(true) = T, tr(false) = 1,
tr(0, q) = tr(q), tr(k, q) = dfe.tr(q) for k>0,
tr(—1,q) =[] Vf.tr(g).

i€[K]

Lemma 5 The languageacceptedby an alternating automaton A = (@, 8, qo,9) is
non-empty i® the conceptC' = tr(qp) M Hie[m Vf;.L its satis able w.r.t. tr(.A).

We have shown in [4] that tr ensuresthat eady model Z of tr(A) corresponds to
arun p on sometree 7. Intuitiv ely, a node r in the domain of p, dom(p), is labelled
with a node ¢ in dom(7) which, in turn, is labelled with exactly onec € 8. Thus eadh
r in dom(p) is assaiated with one o € §. To expressthis fact in tr(.A), we usethe
extra GCls GT and G_L: they guarantee that every individual of Z is an instance of
exactly one A;. The translation of transitions tr(—1, ¢) going to the predecessonode
ensuresthat the label of each predecessorcortains tr(q). Additionally , we have to
enforcethat there is one node which correspondsto the root node and therefore has
no predecessorsThus we reduceemptinessof A to unsatis abilit y of the conceptC =
tr(go) M Hie[m Vf,.L wrt the TBox A, i.e. there exists an instance of the concept
corresponding to the initial state which is not a successoiwnf any other individual.



4 The Test Concepts

The automata we usedfor testing result from a decisionprocedurefor the DL ALCZO,

i.e. ALC with inverserolesand nominals. In [8], an algorithm is described which uses
two-way looping automata to decidesatis abilit y of formulae in the hybrid p-calculus,
a modal logic which correspndsto ALCZO extendedwith Xp oints. The size of the
automaton's transition function is exponertial in the size of the input concept C.

Sinceour translation in Section 3 is linear, the sizeof the TBox 7¢ is also exponertial

in C. Table 1 shows the concept patterns we usedfor our test. Here, the expression
(VR)! meansYR...VR. For every pattern, we usedthe conceptsfor i € {0,...,5}.

The idea béﬁﬁlneé the structure of these patterns is the following: we test the
in°uence of the mere existenceof a nominal using concept patterns which share the
same structure, but one of which usesa nominal symbol and the other one usesa
conceptsymbol (. ..-cand...-n/nc); we usethe special featuresof nominals (root-nc);
and we exploit the interaction between universal and existertial restriction (all-. ..)
as well asthe interaction betweena role and its inverse(all-inv-...).

Name Satis able Concept Unsatis able Concept

ex-c (3R)*.A (FR)*.(AT1-A)

ex-n (3R)\.N (3R)'.(N M —N)

ex-nc (3R)".(ATIN) (3R)!.(ATI=ATIN)

all-c (3R)!. AT (VR)!.B (3R)!. AT (VR)!.—A

all-nc (3R)!. AT (VR)".N (3R)*. AT (VR)!.(N M —A)
all-inv-c | BM(3R)".(VR™)".A -AN(3R).(VR™)".A
all-inv-nc | N (3R)*.(VR™)".A (N1 A) M 3ER).(VR™) .(-A)
root-nc | NMAM3R)'.(NMNB) | NOAM(3R)\.(N M-A)

Table 1: Test concepts

5 Results

We tested our conceptswith FACT version 2.31.7 and RACER version 1.6.7 on the
following system: hardware: Pertium-IV 1.7GHz, 512MB RAM, 1.5GB swap-space;
software: Linux, Allegro Common Lisp 6.2 (FACT) or 6.1 (RACER). Table 2 shows
for every conceptpattern the maximum ¢ for which the conceptcould be tested within

the time limit of 1000seconds.The adjacert column shaows the reasonwhy the test of
the next harder conceptfailed: \T* stands for timeout, \M" for insuzcient memory.

The total in the bottom rows also includes the conceptsfor i = 0 and is therefore
(by 8) higher than the sum of the above rows.

Comparing the \ex-c" and \ex-n" concepts, it is obvious that the overhead in-
troduced by nominals is signi cant. The sameholds for ewery ...-c conceptin com-
parison with the corresponding ...-nc concept. Moreover, unsatis able conceptsare
signi cantly harder to processthan their satis able courterparts. From the \ro ot-nc"
concepts,only the trivial onefor i = 0 could be decided. Comparing the performance
of the two systems,one can seethat FACT solvessomemore conceptsthan RACER.

Next, we examineif the calculation time doesindeedincreaseexponertially in the
sizeof the input automaton or if this behaviour can be prevented by the optimisations



of the tableau algorithms. To this end, Figure 3 displays, for some selectedformula
patterns, the calculation times in relation to the size of the input automaton's tran-
sition function on a logarithmic scale. Although there are only few measuring points
per pattern, the nearly linear graphs suggestthat the calculation time increasesearly
exponertially in the size of the transition function/TBo x.

FaCT Racer 1000
Concept sat | unsat sat | unsat o P
ex-c 5 2 T 4 T ] 1 T ol o «
ex-n 3 M 1 T 1 T 0o T ] "
ex-nc 2 M| 0 T| 0 M| 0 T |g A
all-c 3 M| 2 T| 3 T | 1 T]|§g 10} Iy *
all-nc 0O M| 0 T| o M| o0 M|¥ /7
all-inv-c 3 T 2 T 1 M 1 M l ! FaCTex-c —— |
allinvnc || 0 M| 1 T| 0 M| 0 M S FacaSrexn e
root-nc 0 M 0 T 0 M 0 M Racer ex-c &
Racer all-c --#---
Total 24 16 17 11 01— L
20 58 100 150 200 2.50 300 350 400 4'50 500 550 600
size of transition function
Table 2: Number of successfuttests Figure 3: Calculation times

6 Conclusion

We preseried a translation of looping alternating automata into a description logic,
which enablesus to use existing DL systemsto perform the emptinesstest of the
languageacceptedby an automaton. In order to test its exciency, weimplemented the
translation procedure, created a set of test automata and evaluated the performance
of FACT and RACER on their translation. Our results indicate that the time needed
for the satis abilit y test of the corresponding TBox is exponertial in the size of the
input automaton's transition function.
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