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Abstract.  We show that subsumption problems in EL and related de-
scription logics can be expressedas uniform word problems in classes
of semilattices with monotone operators. We use possibilities of e cien t

local reasoningin such classesof algebrasto obtain uniform PTIME de-
cision proceduresfor CBox subsumption in EL and extensions thereof.
These locality considerations allow us to presert a new family of logics
which extend EL and EL* with n-ary roles and/or numerical domains.

1 Intro duction

Description logics are logics for knowledgerepresenation usedin databasesand
ontologies. They provide a logical basis for modeling and reasoning about ob-
jects, classeg(or concepts), and relationships (or links, or roles) betweenthem.
Recerily, lessexpressiwe but tractable description logics such as EL [1] have at-
tracted much interest. Although they have relativ ely restricted expressivity, this
expressivity is su cien t for formalizing the type of knowledge used in widely
used ontologies such as the medical ontology SNOMED [13,14]. Se\eral papers
were dedicated to studying the properties of EL and its extensions(e.g. EL*
[2]), especially to understanding the limits of tractabilit y in extensionsof EL.

In this paper we show that subsumption problemsin EL and EL* can be
expressedas uniform word problems in classesof semilattices with monotone
operators. We use this, together with possibilities of e cien t local reasoningin
sud classeof algebrasto obtain, in a uniform way, PTIME decisionprocedures
for EL, EL", and extensionsthereof. These locality considerationsallow us to
presert a new family of (many-sorted) logics which extend EL with n-ary roles.
CBox subsumption is proved to be decidablein PTIME in the one-sortedcase
and in a two sorted case,in which numerical domains are allowed and numeric
concepts(and relationships betweenthen in aCBox) areinterpreted in the ORD-
Horn fragment of Allen's interval algebra.

Structure of the paper. In Sect. 2 we introduce the description logics EL and
EL* and show that CBox subsumption can be expressedas a uniform word
problem in the classof semilattices with monotone operators satisfying certain
composition axioms. In Sect. 3 we presernt general de nitions and results on
(stably) local equational theories. In Sect. 4 we show that the algebraic models
of EL and EL™ have a stably local preseriation, thus providing an alternativ e
proof of the fact that CBox subsumption in EL* is decidablein PTIME, and



Table 1. EL Constructors and their semartics

|Constructor name  [Syntax [Semartics |

conjunction Ciu Cy|CI \ C}
existential restriction [9r:C  [fxj9y((x;y) 2 r' andy 2 C')g

shaw that locality results can be used for de ning extensionsof EL and EL*
with a subsumption problem decidablein PTIME.

2 The description logics EL and EL ™

The certral notions in description logics are conceptsand roles. In any descrip-
tion logic a setN¢ of concept namesand a setNg of rolesis assumedto be given.
Complex conceptsare de ned starting with the conceptnamesin N¢, with the
help of a set of concept constructors. The available constructors determine the
expressie power of a description logic. If we allow only intersection and existen-
tial restriction asconceptconstructors, we obtain the description logic EL [1], a
logic usedin terminological reasoningin medicine [13,14].

The semartics of description logics is de ned in terms of interpretations
I = (D'; "), where D' is a non-empty set, and the function ' maps eah
concept name C 2 N¢ to a set C! D' and ead role namer 2 Ng to a
binary relation r' D' D!'. Table 1 shawsthe constructor namesusedin EL
and their semariics. The extensionof ' to concept descriptions is inductiv ely
de ned using the sematrtics of the constructors.

Terminology; constrain t box. A terminology (or TBox, for short) is a nite
set consisting of primitive concept de nitions of the form C D, whereC is a
conceptnameand D a conceptdescription; and generl concept inclusions (GClI)
of the form C v D, where C and D are conceptdescriptions. (Since de nitions
can be expressedas double inclusions, in what follows we only refer to GCIs.)

In [2], the extension EL* of EL with role inclusion axioms is studied. Coun-
terparts ELY and (EL*)Y of EL resp. EL*, having as constructors only union
and universal restrictions and dual role inclusion axioms, can be de ned. The
relationships betweenconceptsand roles are described using constraint boxes

A constraint box (CBox) consistsof a terminology T consisting of a set of GClI,
and a set Rl of role inclusions of the form rq 'V S.

Interpretation.  An interpretation | is a model of the CBox C= T [ RI if it
satis es all generalconceptinclusionsin T and all role inclusionsin RI, i.e.:

{ C' D' forall GCICvD2T.

{ry oorl & foralry :iiry, s2RI.

Denition 1. Let C be a CBox, and C;;C, two concept descriptions. Then
Cyv cC; if and only if C} C) for everymodel | of C.



In [2] it was shown that subsumption w.r.t. CBoxesin EL* can be reducedin
linear time to subsumption w.r.t. normalized CBoxes.In normalized CBoxesall
GCls have one of the forms: Cv D;C,uCyov D;C vV 9r:.D;9r:C v D, where
C; Cy;Cy; D are concept names, and all role inclusions are of the form r S
orr; rp r. Therefore,in what follows, we assumew.l.o.g. that CBoxesonly
contain role inclusionsof the formr sandr; ry r.

An algebraic semantics for EL*. A translation of conceptdescriptions into
terms in a signature assaiated with the set of constructors can be de ned as
follows. For ewvery role name R, we introduce a unary function symbol fgg.
The translation is inductively de ned by: C = C for every concept name C;
CiuGCy = 61/\ 62, andﬁ: fgr(é)

There exists a one-to-onecorrespondencebetweeninterpretations of the de-
scription logicsEL; EL*,1 = (D; ') and (reducts of) Booleanalgebrasof setsof
the form (P(D);\;;;D;fforGr2ng ), together with valuations v : N¢c ! P (D),
wherefg, is de ned, for every U D, by fo,(U) = fxj9y((x;y) 2 r' andy 2
U)g: Let v : Nc ! P(D) with v(A) = A' for all A 2 N¢, and let v be the
(unigue) homomorphic extension of v to terms. Let C be a concept description
and C be its assa@iated term. Then C' = v(C) (denoted by T').

It is known that the TBox subsumption problem for the description logic ALC
can be expressedas uniform word problem for Boolean algebraswith suitable
operators. In [9] we studied the link betweenTBox subsumption in the descrip-
tion logic EL and uniform word problemsin corresponding classeof semilattices
with monotone functions. We now show that theseresults extend in a natural
way to the description logic EL* . Consider the following classesof algebras:

{ BAO%R the classof all Boolean algebraswith operators ffgo,gr2n, Of the
form (B;_;™;:;0; 1 fforgrang ), Where fgor is a join hemimorphism, i.e.
for(X _y) = for(X) _for(y), for(0) = O;

{ DLO%R the classof bounded distributiv e lattices with operatorsffo; grang,
(L; ;™ 0,1 fforgrang ), Sudh that fg, is ajoin hemimorphism;

{ SL@,R the classof all ~-semilattices with operators ffo; grong
(S;7;0;1;ffgrOr2NR ), SUCh that fgr IS monotone.

Assume given a set Rl of axioms of the form r sandr; r» r, with

ri;r2;r 2 Nr: We denote by SLQY, (R1) the subclassof SLGY, consisting of

those algebraswhich satisfy the set of axioms:

Rla="f(for, for,)(X) for(X)jrir2 r2RIg[ ffor(X) fos(X)jr s2RIg:

Lemma 1 Letl = (D; ') be a model of an EL™ CBox, C= GCI [ RI. Then

(P(D);\;fforgrang) 2 SLOY, (RI).

Proof: Clearly, (P(D);\ ;ffor0r2ng) 2 SL@,R. Let ri;ra;r2Ng and U2P (D).
for,(U)=fxj9y2 Ust (x;y)2rlg fo(U) ifr; r2RI

for,(for,(U)) = fxj9y((x;y) 2 r5 and 9z 2 U;(y;2z) 2 r})g

fxj9z2 U st (x;2)2(r1 r2)'g fo(U)ifry ro r2RI:



Lemma 2 EveryS2 SLQ)_ (RI) emledsinto alattice in DLOY  satisfying the
axiomsin RI. Every lattice in DLO%R satisfying the axiomsin RIl, embedsinto
a lattice in BAOY,, satisfying the axiomsin Rl ,.

Theorem 3 LetT be an EL TBox consisting of the geneal concept inclusions
GCI. ThenCiv1Cai BAON.F cypsr C D ! Ci C

Proof: Follows from the fact that ewvery algebra in BAO,%R homomorphically
embedsinto a Boolean algebra of sets. 2

Theorem 4 If the only concept constructors are intersection and existential re-
striction, then for all concept descriptionsC;; C, and everyEL* CBox C=GCI [ RI,

CivcCoi SLA,(RDE  cypseciC D ! Ci Ca
Proof : This is a direct consequencedf Theorem 3 and Lemma 2. 2

We will show that the word problem for the classof aIgebrasSLQ%R (RI') is de-
cidablein PTIME. For this we provethat SLQ%R (R1) hasa\lo cal" preseration.
The locality de nitions, and the methods for recognizinglocal presertations are
givenin Sect. 3. The application to SLQ%R and SLQ?,R (RI') aregivenin Sect. 4.

3 Local equational theories

A set K of Horn clausesis stably local [5] if for every set G of ground clauses,if
K~ G F ? then G canbe refuted using the setK[C®l of all instancesof K obtained
by instantiating the variables with (ground) subterms of G, i.e. if

K~GE? ifandonly if KA GE? :

The more generalnotion of -stably local theory (in which the instancesto be
consideredare described by a closureoperation ) is introducedin [6]. Locality
canbe recognizedby proving embeddability of partial into total models[10,12,6].

Partial and total models. A partial model is a model in which somefunction
symbols may be partial. In this paper the models we consider are partially or-
dered algebraic structures, i.e. the only predicatesare and =. If A is a partial
structure and : X ! A is avaluation we say that (A; ) t; =ty i at least
one of the following conditions holds:

(@ (t1); (tp) aredened and (t1) = (t2), or
(b) (t1) and (t2) are unde ned, or
(c) (t1) isdened, to=f(s1;:::;sn) and (s;) is unde ned for somei, or

hasto be de ned and (t1) = (t2).

(A; )E t1  tyisdened similarly, replacing \=" with \ " in (a){(d).



(A; ) satises a clauseC (notation: (A; ) F C) if it satis es at least one
literal in C. A is an (Evans) partial model of a set of clausesK if (A; ) F C for
every valuation and every clauseC in K.

Locality. Let K be a set of clauses.Let  be a function assaiating with any
set T of ground terms a set (T) of ground terms such that

(i) all ground subtermsin K and T arein g (T);
(i) for all setsof ground terms T;T%if T  T%then ¢ (T) k(T9;
(i) for all setsof groundterms T, «( «(T)) K (T);
(iv)  is compatible with any map h betweenconstarts, i.e. for any maph: C !
C, k(h(T)) = h( «(T)), whereh is the unique extensionof h to terms.

Let KI «(G) pethe setof instancesof K wherethe variablesare instantiated with
termsin « (st(K; G)), wherest(K; G) is the set of all ground terms occurring in
K or G. We say that K is -stably local if it satis es:

(SLoc ) for every nite set G of ground clauses,K[ GE ? i K[ «©I[ G
has no partial model in which all termsin ¢ (G) are de ned.

In the particular casethat g (G) = st(K;G) we refer to stable locality of the
extension. The corresponding condition is denoted SLcc.

If a set K of Horn clausessatis es (SLac ) then satis abilit y of any set G of
Horn clausesw.r.t. K is decidablein polynomial time in the sizeof  (G). This
follows from the fact that K[ «(®)] [ G is a set of ground Horn clausesof size
polynomial in the sizeof  (G), and satis abilit y of setsof ground Horn clauses
(e.g. in arelational encading, taking into accourt only suitable instancesof the
congruenceaxioms - which are again Horn and have a sizequadratic in j k (G)j)
can be chedked in linear time ([4], seealso [5]).

Locality and embeddabilit y. Theories satisfying (SLoc ) can be recognized
by shawing that Evanspartial models of T; embed into total models.

Theorem 5 LetK be a setof clauses.If ¢ satis es conditions (i){(iv) alove,
and every Evans partial model of K { in which the set of de ned terms is closel
under g { weakly emtedsinto a total model of K, then K satis es SLoc .

4 Locality of EL™, EL and their extensions

We now shaow that the classesof algebraic models of EL* and of EL have pre-
sertations which satisfy certain locality properties. This gives an alternativ e,
algebraic explanation of the fact that TBO X subsumption in theselogicsis de-
cidable in PTIME and allows for seweral generalizations.

4.1 Locality and EL™

We prove that the classSLO (RI) of semilatticeswith monotone operatorsin a
set satisfying a family RIl, of axioms of the form 8x (f 1 fo)(x) f(x)



has a local presenration, and therefore the uniform word problem w.r.t. this
classcan be decidedin PTIME. (We hererestrict, w.l.0.g., to axioms as above
with n 2 f1;2g.) It is known that the theory of lattices allows a local Horn
axiomatization (cf. e.g.[8,3]). Let SL be sudc an axiomatization for the theory
of lattices. We denote by Mon( ) the setfMon(f) jf 2 g, where

Mon(f) 8x;y(x y! f(x) f(y):

Theorem 6 The setof Horn clausesSL [ Mon( )[ Rl hasthe property that
every Evans partial model A with the properties:

(i) for everyf 2 , fa is a partial function with nite de niton domain;
(i) for each axiom in Rl  of the form (f; f2)(x) f(x); andeverya2 A, if
f (a) is de ned then f,(a) is de ned in A;
(i) AFSL[ Mon( )[ Rla;

weakly emteds into a total model of SL[ Mon( ) [ Rl,.

Proof: Let A be an Evans partial model of SL[ Mon( ) [ Rla with properties

(){(iii). SinceA is a poset, it embedsinto a complete (semi)lattice S such that

the meetsthat existin A are presened.For everyf 2 wedenef :S! Sby
N

f(a= ff(c)ja c;c2A;fa(c)isdenedg:

Then f is monotone[12]. It can be shown that the axiomsin Rl , are satis ed.
Corollary 7 The following are equivalent:

(1) SL[ Mon( )[ Rla F 87\/?:1 si(X)  syx)! s(x) sYx);

(2) SL[ Mon( )[ RI"GF ?,wheeG= [ si(0) s’(0)"s(g6sYc);

(3) (SL[ Mon( )[ RIHI R @I A G E? whee g (G) = | o &, With
8 =st(G), and Lt =ffa(d)jf(d)2 & :(f1 f2)(X) f(x)2Rlag.

Here st(G) is the set of all (ground) subterms occurring in G. Note that g, (G)
can have at most jst(G)j jNgrj elemens. Thus, its sizeis polynomial in the size
of G. On the other hand, the number of clausesin (SL[ Mon( )[ Rlg)!l ® (G
is polynomial in j gy (G)j, and satis abilit y of any set of ground clausescan be
tested in polynomial time. This shows that the uniform word problem for the
classSLO (RI) (and thus alsofor SL@, r (RI)) is decidablein polynomial time.

4.2 Locality and EL

In [9] we proved that the algebraic counterpart of the description logic EL,
namely the classof semilatticeswith monotone operators { axiomatized by SL [
Mon( ) { hasa stronger locality property: for every set G of ground clauses

SL[ Mon( )"GE? if andonly if (SL[ Mon( ))[G]*" GE?

where K[G] is the set of instancesof K containing only ground terms occurring
in G. In fact, we shonved that the extensionof the theory SL of semilattices with
monotone functions is local in the sensede ned in [10] (cf. e.g.[12).



Theorem 8 For any set G of ground clausesthe following are equivalent:

(1) SL[ Mon( )"GE?.

(2) SL[ Mon( )[G]”™ G hasno partial model A such that its f*g -reduct is a
(total) semilattice and the functions in  are partial ly de ned, their domain
of de nition is nite and all terms in G are de ned in A.

Let Mon( )[G]o ™ Go” Def be obtained from Mon( )[G]” G by puri c ation, i.e.
by replacing, in a bottom-up manner, all subtermsf (g) with f 2, with newly
intr oduced constants ¢; () and adding the de nitions f (g) = ¢ to the set Def.
The following are equivalent (and equivalent to (1) and (2)):

(3) Mon( )[G]o” Go” Def hasno partial model (A; ~;ffagi2 ) suchthat (A; ")
is a semilattice and for all f2 , f, is partially de ned, its domain of de -
nition is nite and all terms in Def are de ned in A;

(4) Mon( )[G]o " Gp is unsatis able in SL.

(Note that in the presene of Mon( ) the instancesConG], of the congruene
axioms for the functions in  are not necessary.)

Cor{Glo = fg=g°! ¢ (g)=Cr (g0 i f (9)= Gt (g): f (89)= Gt (g0 2 Defg:

This equivalence allows us to hierarchically reduce, in polynomial time, proof
tasks in SL [ Mon( ) to proof tasks in SL (cf. e.g. [12]) which can then be
solved in polynomial time.

The results described above can easily be generalizedto semilattices with n-
ary monotone functions satisfying composition axioms. This allows us to de ne
natural generalizationsof EL and EL™ . We start by preseriing a generalization
of EL in which n-ary roles are allowed. We then sketch possible extensionsin
which role inclusions are also taken into accourt.

4.3 Extensions of EL

We considerextensionsof EL with n-ary roles. The sematriics is de ned in terms
of interpretations | = (D'; '), whereD' is a non-empty set, conceptsare inter-
preted asusual, and ead n-ary role R 2 N is interpreted as an n-ary relation
R' (D')". The constructors are conjunction (interpreted asintersection) and
existertial restriction (is interpretation extends naturally that for n = 2):

(9R:(Cy;:::Ch))' = fxj9y1;iin;yn (X y1si:i;yn) 2R andy; 2 Cl g

A further extension is obtained by allowing for certain concrete sorts in the
interpretation of concepts. These have the samesupport in all interpretations.
We may additionally assumethat there exist specic concrete conceptswhich
have a xed semartics in all interpretations, or that all concrete conceptshave
interpretations with additional properties.

Example 1. Considera description logic having a usual (concep} sort and a 'con-
crete’ sort numwith xed domain N. We may be interested in generalconcrete



conceptsof sort num (interpreted as subsetsof R) or in special conceptsof sort
numsud as"n, #n, or [n; m] for m; n 2 R. For any interpretation | ,"n' = fx 2
Rjx ng#n' =fx2Rjx ng,and[n;m]' =fx2Rjn x mg. Wewill
denote the arities of roles using a many-sorted framework. Let (D;R; ') be an

interpreted as a subsetof Dg, Ds,, where Dconcept = D and Dpym = R.

1. Let pricebeabinary role or arity (concept num), which assaiateswith every
elemen of sort conceptits possibleprices. The concept

9price"n = fxj9k n: price(x; k)g
represerts the classof all individuals with someprice greater than n.

2. Let has-weight-price be a role of arity (concept num; num). The concept
9 has-weight-price:("y; #p) = fx j 9y° y;9p° p and has-weight-price(x; y% p%g
denotesthe family of individuals for which a weight above y and a price
below p exist.

The example below can be generalizedby allowing a set of concrete sorts. We
can prove that semilattices with monotone n-ary operators de ne the algebraic
sematrtics of this extensionof EL. The proof is analogousto that of Theorem 4.

r 2 Ngrg are n-ary monotone operators. In addition we may allow constarts of
concretesort, interpreted assetsin P (A;). The cIassesDLO%R .5 and BAO%R .5 Of
all distributiv e lattices resp. Boolean algebraswith concrete supports and n-ary
join hemimorphismsffg, jr 2 Ngrg are de ned similarly.

Theorem 9 Assumethat the only concept constructors are intersection and ex-
istential restriction. For all concept descriptions C1; Cy; and every TBox T con-
si\s/ting of geneml concept inclusions GCI, C; v Cy if and only if SLQ%R s F

cvb2eciC D ! Ci Cu

= (S;f*\g [ ;Pred with S = fconcepts;;:::;sg, Pred=fg [ f ij1
i ng, where A 2 SL, the support of sort conceptof A is A, and for all i the
support sort s; of A is P(Aj).

(iiy for everyf2 ofarity s3:::s,! s, fa is apartial function from Qin:l Ug, to
Us with a nite de nition domain on which it is monotone,

weakly emteds into a total model of SLO .g (axiomatized by SLs[ Mon( )).

Y,
Corollary 11 Let G= inzl si(T) sXc) ~ s(t)6sYT) ke a set of ground clauses
in the extension ¢ of  with new constants. The following are equivalent:



(1) SLs[ Mon( )» GF?;
(2) SLs [ Mon( )[G]" G has no partial model with a total f* s_g-reduct in
which all terms in G are de ned.

Let Si”:o Mon( )[G]i * G; * Def be obtained from Mon( )[G]” G by puri ¢ ation,
i.e. by replacing, in a bottom-up manner, all subtermsf (g) of sort s with f 2
, with newly introduced constants ¢; gy of sort s and adding the de nitions
f(g) = ¢ to the set Def. We thus semrate Mon( )[G]”~ G into a conjunction
of constraints ; = Mon( )[G]; * Gi, wher ¢ is a constraint of sort semilattice
andfor 1 i n, ; is a setof constraints over terms of sort i (i being the
concrete sort with xed supprt P(A;)). Then the following are equivalent (and
are also equivalent to (1) and (2)):

3) Si”:o Mon( )[G]i * G; ~ Def hasno partial model with a total f* 5, g-reduct
i which all terms in Def are de ned.

4) i”:O Mon( )[G]i  G; is unsatis able in the many-sorted disjoint combina-
tion of SL and the concrete theories of P(A;), 1 i n.

The complexity of the uniform word problem of SLs [ Mon( ) dependson the
complexity of the problem of testing the satis abilit y w.r.t. the many-sorted
disjoint corrbmat@n of SL with the concrete theories of P(A;), 1 i n {
of sets Ceoncept [ j=; Ci [ Mon, where Ceoncept @and C; are unit clausesof sort
conceptresp. s;, and Mon consistsof possibly mixed ground Horn clauses.

Speci c extensionsof the logic EL can be obtained by imposing restrictions
on the interpretation of the \concrete"-t ype conceptswithin P(A;). (Wecane.g.
require that numerical conceptsare interpreted as intervals, asin Example 1.)

Theorem 12 CBox subsumptionis decidable in PTIME for the following ex-
tensions of EL with n-ary roles:

(1) The one-sorted extensionof EL with n-ary roles.

(2) The extensionof EL with sorts f concept numg, suchthat (i) the semanticsof
the sort conceptis the usual one, (ii) the conceptsof sort num are interpr eted
as elementsin the ORD-Horn, convex fragment of Allenis interval algeba
[7], and (iii) any CBox can contain many-sorted GCl's over concepts, and
constraints over the numerical data expressiblein the ORD-Horn fragment.

Example 2. Considerthe special casedescribed in Example 1. Assumethat the
conceptsof sort num usedin any TBox are of the form "n; #m and [n; m]. Con-
sider the TBox T consisting of the following GCls:

f9 price(#n,)v a ordable 9weight(" mi)ucarv truck; #n;v#n; "miv" m; Cv ca;
has-veight-price(" m; #n)v 9price(#n)u9weight(" m); Cv9 has-veight-price(" m; #n)g

{p order to prove that C v 1 a ordableu truck we proceedas follows. We refute

byvpor D D A T 6 aordable” truck. We purify the problem introducing
de nitions for the terms starting with existertial restrictions and obtain the
following set of constraints:



| Def ||Cnum |Cconcept |M0n |

fprice(#N1) = &1 #n  #n, |di aordable #n, #n! o c
forice(#n) = C "m "ma|di® car truck #n, #n! o c
fweight("ml) =ds e c™d "my "m dy d
f weight("m) = d C ca "m; "m d; d
fhwp ("M;#n) = € C e

C 6 aordable” truck

The task of proving C v t a ordableu truck can therefore be reducedto cheding
if Chum ™ Ceoncept™ Mon is satis able w.r.t. the combination of SL (sort concep)
with P(Q) (sort num). For this, we note that C,,, entails the premisesof the
rst, second,and fourth monotonicity rules. Thus,wecanaddc ¢, andd d;
t0 Cconcept- Thus, we deducethat C e car (c*d)*ca ¢ ” (di” car)
aordable” truck, which cortradicts the last clausein Cconcept.

4.4 Extensions of EL*

For roleswith arbitrary arity we alsoconsiderrole inclusionsofthe formr; rp v

=fy1j9yi2Ui;2 i n 1,9yn2for,(Un+z ;i Unsk)s (Y Y2i i Yn)2r10 =
=fy1j9yi2Ui;2 i n L9 2U;n+1 i n+k;

fy1jOyi2Ui; for2 i n+ K;i6n;(yi;y2; 1 Vn 1Yn+1 100 Yn+k)2F5 110
fyijOyi 2 Ui; for2 i n+K;i6 n;(yi;¥2;::5Yn 1;Yn+1 5 0 Yn+k) 2 r! g
7ot Un i Unsr iy Unew)  ifre raoor.

|
—h

©
—~
C

N

Locality results similar to thosein Thm. 6 can be obtained alsoin this case.

5 Conclusions

In this paper we have showvn that subsumption problemsin EL canbe expressed
asuniform word problemsin classef semilatticeswith monotoneoperators, and
that subsumption problemsin EL* can be expressedas uniform word problems
in classeof semilatticeswith monotone operators satisfying certain composition
laws. This allowed us to obtain, in a uniform way, PTIME decisionprocedures
for EL, EL™", and extensionsthereof. These locality considerationsallow us to
preseri a new family of PTIME (many-sorted) logics which extend EL.

The results in [11] show that the class of semilattices with monotone op-
erations allows ground (equational) interpolation. We plan to use the results



preserted in this paper for studying interpolation properties in extensionsof EL
and for analyzing possibilities of e cien t (modular) reasoningin combinations
of ontologies basedon extensionsof EL .
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