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Abstract. Answering conjunctive queries (CQs) has been recognizea ey
task for the usage of Description Logics (DLs) in a numberpglizations. The
problem has been studied by many authors, who developed banwohdifferent
techniques for it. We present a novel method for CQ answdrasgd on knots,
which are schematic trees of depthl. It yields an algorithm for CQ answering
that works in exponential time foALCH and for large classes of CQs $H.
This improves over previous algorithms which require deubtponential time
and is worst-case optimal, as already satisfiability tgstinALC is EXPTIME-
complete. Our result reconfirms Lutz’s result that inverdes cause an exponen-
tial jump in complexity, being the problem XETIME-complete forALCI. The
algorithm iscoNP, and hence also worst-case optimal, under data complexit

1 Introduction

In the last years, Description Logics (DLs) have incredgingceived attention as for-
malisms to represent richer domain models in various cositecluding the Semantic
Web, data and information integration, peer-to-peer deaaagement, and ontology-
based data access. The wider use of DLs also raises the neezhéoning services
beyond traditional satisfiability, subsumption, and ins&checking. In particular, an-
swering conjunctive queries (CQs) over knowledge basebéas recognized as a key
task in this respect and studied in many papers, includiagd 4, 5,9,2,1,3,7,11, 14].
Answering CQs in expressive DLs containiad C, like SHI1Q, SR1Q andDLR,
is at least KPTIME-hard, since it subsumes the satisfiability problen®bfC knowl-
edge bases which is well-known to b&®T IME-complete. An important result on the
computational complexity of CQ answering in expressive Mas shown by Lutz,
who proved that it is 2EPTIME-hard for all DLs containingALC1 [9]; thus for the
aforementioned DLs, corresponding2& IME upper bounds from [2, 3, 6, 4] are tight.
Furthermore, Lutz identified inverse roles as the sourdeis&ixponential jump in com-
plexity, and reported in [9] that the problem is ixETIME for ALC. Using techniques
similar to [4], he gave an B TIME algorithm for answering CQs iIALCHQ); see [10].
Various approaches for answering CQs in expressive DLs haea used; they
range from adapted tableaux procedures [8,12,11] overpocating the query into
the knowledge base [2, 17, 4, 5] and resolution-based tqukgi[6] to automata-based
algorithms [3]. In this paper, we consider a novel method bHased on the technique
of knots which are schematic trees of degtfi that occur in the forest-shaped models
of a knowledge base. They have been introduced in the canitexin-monotonic logic
programming for the clagsDNC of programs, which have forest-shaped models [16].
The main result presented in this paper is an algorithm fewaning CQs ovesH
knowledge bases. It extends a similar algorithmAdrCH presented in [13] and works
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in exponential time forALCH, as well as for large classes of queriesSinl, show-
ing that the problem is not more expensive than satisfiglt#isting. The algorithm
is worst-case optimal and improves over previous ones #wtire double exponen-
tial time. Furthermore, it reconfirms Lutz’s finding [9] thatrerse roles make CQ an-
swering beyondALC significantly harder. Our query answering algorithm, whizds
developed independently from [10], has the following feasu

< For a fixed terminological component and query, it can be deterministically run
in polynomial time. ItscONP data complexity is worst-case optimal, as answering CQs
is known to becoNP-complete for a wide range of DLs includifg_C; see e.g., [12].

« It provides a modulaknowledge compilationf the TBox and the query, such that
further queries can reuse the TBox compilation. In paréicujueries of bounded size
can be incorporated in time polynomial in the size of the citetipn. This is specially
useful for evaluating many queries over the same knowledge.b

» The compiled knowledge can be expressed as a (unstratifigalpd program, which
is evaluated over an input set of facts (ABox) and computestiswers also for non-
ground queries. This may make the algorithm more amenabé&fffoient implementa-
tion in practice than some of the previous automata- or tabdased approaches.

While we focus orSH, the method extends to richer DLs. Indeed, once we obtain
theknot representationf a terminology, the algorithm works on the knots and doés no
depend much on the constructs of the logic. Hence, in otlggedcsupporting a knot
representation, CQs may also be not more expensive thamstanmy. The technique
opens an interesting perspective that might be exploitedtfeer purposes as well.

2 Preliminaries

We assume countably infinite s&fs R andl of concept namesoles andindividuals
respectively. Furthe: contains[Cadd [_Concepts (ir6H) are inductively defined as
follows: (a) every concept nam®& [Q is a concept, and (b) i€, D are concepts and
R [Risarole, therC D, C [, -C, [RIC, [RIC are concepts.

Let C, D be conceptdR, S be rolesa, b be individuals, and\ be a concept name.
An expressiorC [D1s ageneral concept inclusion axiom (GCHn expressioRk [S]
is arole inclusion axiom (Rl)an expressioffrangR) is a transitivity axiom while
expressiong:A and [@ bR are assertions An SH knowledge bas€KB) is a tu-
ple K=, AJwhere theTBox T is a finite set of GCls, RIs and transitivity ax-
ioms and theABoxA is a finite set of assertions. W.l.o.g. we assufn& [_and that
all concepts and roles occurring A4 occur inT . Let C(K), R(K) andI(K) respec-
tively denote the sets of concept names, roles and indilsdoecurring inK. Let
R* (K)={R [R|TrangR) [T}, and [_be the reflexive transitive closure 8T RIT]

We assume the reader is familiar with the standard semanit®isl (see, e.g., [17]).
In the following, we usd to denote an interpretation for a KB for the domain of
I,andC' andR' for the interpretation of a conce@tand roleR respectively.

Conjunctive Query Answering. Let V be a countably infinite set of variables.cAn-

junctive query(CQ, orqueny) over a KBK is a finite set of atoms of the forma(x)
or R(x,y), whereA [C(K), R [R(K) andx,y [M.! A queryq is associated with a

! Note that no individuals occur iq. This is no limitation, as for any constaatwe can use a
new concept nam&,, replacea in g by a new variable/, and addCa(y) tog anda: C4 to A.



unique (possibly empty) tupbe of answervariables occurring in the atoms of By
V(q) we denote the variables occurring in the atomg.of

A match forg in an interpretationl for K is a mappind from V(q) to A' s.t. (i)
8(x) CAl for eachA(x) Cqland (i) M(x), 8(y) (IRl for eachR(x,y) CGJA tuple
c individuals froml(K) (of the same arity ax) is an answer ofj over I, if c= 6(x)
for some matct® for q in I; angq, 1) denotes all answers gfover 1. Theanswerof
q overK is the seaingq, K) of all tuplesc s.t.c [Camqq, 1) for every modell of K.

Eliminating Transitive Roles. EachSH KB K can be rewritten in linear time into
anALCH KB K°s.t. each model oK is a model ofK®, and each model dk° can be
extended to a model &€. This can be done by deleting the transitivity axiom#&cadind
adding news GCls [18]. A CQ ovét can then be answered using the model&®f

De nition 1. LetK be anALCH KB, q be a CQ with answer variables andT [R{K)
be a set of roles. Then @&-match forq in an interpretationl for K is a mapping
o from V(q) to A" s.t. (i) if A(x) Cqltheno(x) CAl ; and (i) if R(x,y) Cq]lthen
[d(x),o(y) (IRl , wherel is the minimal extension df s.t. R' is transitively

closed for evenR [T]andS,' [SJd for everyS; [Szlin K. Byans: (g, 1) we de-
note the set of all tuples of individuals s.tc=o(x) for someT -matcho for g in 1.
Further,ans (q, K) denotes all tuples s.t.c Cams: (q, 1) for each model of K.
Theorem 1. For anySH KB K and CQq, we can obtain in linear time aALCH KB
KO%such thatangq, K) = ans; (q, K9, whereT = R* (K).

The theorem above follows from [18]. In the rest, we conaartonALCH, and show
how to computens (g, K) for a givenALCH KB K, a CQq and a sefT [CR(K).

3 Normal Knowledge Bases

We focus omormalKBs and on a restricted class models: the minimal Herbrandi mo
els of the skolemized first-order theory obtained by apgjyhe standard translation.

De nition 2. An ALCH KB K=, ALk normalif all the GCls inT are of the form
(E) Ag [(1RIBg, (U) Ao [IHIBy, or (D) Ao LL1[A] [BJL[BY,
where eactA, B; [Q, n,m > 0, and [Cddes not occur irK.

For a normal KBK, its Herbrand universBy is the set of altermsinductively de-
fined as follows: (i) each [I{K) is a term, and (ii) ift is a term andx is a GCI of type
(E) occurring inK, thenf (t) is aterm. LeBg be the set of athtomsof the formC(s)
andR(s, t) with C CC(K), R [RI(K), ands, t [Tk . AnHerbrand interpretatioaf K
is any setl [By; it represents the interpretatioh with A' = Ux, C' ={d | C(d) 1},
R' ={[€]d] R(c,d) ¥ andc' =c for eachC [CAK), R [R(K) andc [I{K).

Such anl is anS-Herbrand modedf K, if it is a model ofK, and for eaclo=A [
[RIB in K, A(t) (dmpliesR(t, f (t)) (CandB(f (t)) [IMoreover,l is aminimal
S-Herbrandnodel ofK, if no J [ an S-Herbrand model ¢€. We denote biv1(K)
the set of all minimal S-Herbrand modelskof
Using well-known structural transformations, evéfycan be rewritten into a normal
K°while preserving the query answers. Further, one can shawhei first-order logic
thatM(K) suffices to answer a CQ ovi. In the following, by ‘interpretation’ (resp.,
‘minimal model’) we mean Herbrand interpretation (respnimal S-Herbrand model).

Theorem 2. Given anALCH KB K, a CQq and arsefl [R(K), we can obtain in
linear time a normal KBK®such thatans: (9, K) = |, (ko) ansy (aq,1).

3



4 Knots

In what follows, letK= [, ACbe an arbitrary normaRLCH KB. We provide a
method for finitely representing the possibly infinite miminmodels ofK; it exploits
theforest-shaped model propenyhich allows us to view each minimal model kifas
a graph and a set of trees rooted at nodes of the graph. A setos ésforest-shapedf
its binary atoms are of the forR(a, b) or R(t, f(t)) for a termt and individualsa, b.

Proposition 1. Everyl [IM(K) is forest-shaped.

Due to the above, minimal models Bf can be composed out of trees of degthl
that we callknots We writetTif a set of atomd contains an atom with the tertras
argument, and denote ly(1) the set of all term$TT]

De nition 3. (Knots) Aknot with root (term) is a set of atom& such that each atom
in K is of the formA(t), R(t, f(t)), or A(f(t)) whereA, R, andf are arbitrary;
sucdK) denotes the set of terms of the fofift) 1K1

A knot with root termt can be viewed as a labeled tree of depth at most 1, whose nodes
and edges are labeled with concept names and roles regbgdtivthe following we
only consider knots whose concept names are f@{) and whose roles frolR(K)
(note that no restriction is imposed b For a ternt, let B; denote the set of all atoms
that can be built fron€(K) andR(K) usingt and terms of the forrfi(t) as arguments.
Note that for a forest-shaped interpretatiofor K andttLIthe setl n B; is a knot,
and that(i3 a knot with an arbitrary root. We introdun@n-consistenknots, which are
self-contained model building blocks for minimal modeldof

De nition 4. Given a knoK with roott, we sayK is consisten{w.r.t. K), if:

(a) [(u) K for eachu {1} [SucgK).

(b) if A CIRIB [T] A(t) [CK andR(t, f(t)) K, thenB(f(t)) [K;

(c) ifa= A[IHIB, a [TlandA(t) [K, thenR(t,f (1)) (K andB(f (t)) [K;

(d) if Ag L1 CA} [Bd 1 B}, [Tl,s CsucgK) and{Ao(S),...,An(s)} K]
thenB; (s) [Klfor someB;;

(e) ifR 51T andR(t, F(t)) (K] thenS(t, f(t)) K1

K is min-consistenif each K°[KJobtained fromK by removing atoms where an

s [succK) occurs is inconsistent.

Intuitively, given a termt and a set of concepts it satisfies, a min-consistent knot with
roott encodes a possible combination of immediate successotsria model ofK.

The tree-parts of the forest shaped model&ofill be represented by min-consistent
knots. Now we introduce some notions for dealing with thepbrpart.

De nition 5. The KBK?Y is obtained fronK by deleting all axioms of type (E) as in
Definition 2. A set of atomS is amin-graphof K if G CIM(K9).

The minimal models oK can be characterized in terms of min-graphs and min-camgist
knots. For a set of atonls let 19 contain all atom#\(a), R(a, b) in I with a,b CI{K).

Theorem 3. If | is an interpretation forlK, thenl MI(K) iff I is forest-shaped,? is
a min-graph ofK, and for each termtTL1the knotl n B; is min-consistent w.r.i.

Due to the above theorem, one can view each minimal modelaxf being constructed
out of a min-graph and a set of min-consistent knots. Thefdata@ts may be infinite,
but only finitely many of them are non-isomorphic modulo thetrterm.



Following the observation above, we represent all minimadieis using a finite set
of knots. Letx be an individual not occurring in arkL. CH KB. We say a knoK with
roott is abstract if t = x. A knot K°with rootu is aninstanceof an abstract kndk,
if K®can be obtained frorK by replacing each occurrence »fwith u. Given a set
of knotsL., we define the conditions that ensure that we can consteetstnaped parts
of minimal models using the knots In. Intuitively, for each knoK in L and for each
s [CsucdK), there must be some knot that can be instantiatesd Bhis ensures that
trees where all the nodes have the necessary successors baitt bGiven two sets of
atomsl andJ, we writel; = Jy if {A | A(t) I} = {A| A(u) LI}

De nition 6. Let L be a set of abstract knots. Givéf [ lands [SicdK), we say
KOs ans-successor oK if KszKQ; the set ofs-successors dK in L is denoted
L[K,s]. If everyK [Iis min-consistent w.r.tK and L[K, s]& [fbr eachK [IJand
eachs [slic¢K), thenL is K-founded

We show how minimal models &€ can be constructed fromi-founded set of knots
L, and describe a sétthat generates all the modelsh(K).

De nition 7. We say thal is generatethy aK-founded knot sdt if 1 is a [=minimal
interpretation containing some min-graghof K and, for every termttL1l n B; is an
instance of somK [L1 The set of interpretations generatedlbys denoted—« (L).

The setF¢ (L) represents all the forest-shaped interpretations thabeailt from a
min-graph by instantiating the knotslin Importantly, such interpretations are actually
minimal models; due to Theorem 3 lifis K-founded and [} (L), thenl [M(K).

De nition 8. The smallest set of abstract knots that contains e¥efpunded set of
knots is denotef .

The crucial property oKy is that it captures the tree-structures of the minimal medel
of K, and together with the min-graphs, it captures all the matimodels oK.

Theorem 4. Kk is K-founded, and~« (Kk) = M(K).

5 Query Answering with Knots

In what follows, we assume aALCH KB K= [T, A[[Ja K-founded set of knott,
aT [RIK), and a CQ. For the sake of this paper, we assume th& ibccurs ing
andR® [_R for someR° [T] thenR [T1 such arR is calledT -safe? We present a
method for computingns (g, 1) for eachl [CEk (L). By Theorem 4, setting = Kg
allows us to computans; (q, K) and, by Theorems 1 and 2, to answer CQs &4dr

To develop our query answering algorithm, we first define thimienent ofsub-
queries at a knokK, which informally means that there is a match for some pditiseo
query in eachreethat is generated frorh and starts withK, and provide a decision
procedure for it. The method is based on a fixpoint computdtiat derives in each it-
eration new pairs of knots and subqueries for which the leméait relation holds, based
on previously computed pairs. To decide whether a given & Knentails a subquery,
the subqueries that the possible successors knéfsasftail are considered. Hence, the
algorithm “back-propagates” the information via the pbkssuccessor relation.

2 Note that this imposes no restrictions for query answemngliCH or S.



In a second stage, we consider the min-graphK @nd verify whether for each
min-graphG, the query can be mapped in each forest-shaped minimal rob#ethat
is built from G and the knots irKg . To this end, we verify if, for any possible way
of constructing a model out @, a mapping for the full query can be composed from
some partial mapping @finto G and some mappings that exist in the trees rooted at the
individuals. The existence of the latter mappings will bénessed by the precomputed
set of pairs of knots and subqueries for which the entailmsdation holds.

Since the minimal models df are forest-shaped, for any query maicland any
tree shaped pait of a model, the image of the subquerympthat is mapped insidé
underr is a subtree of. This implies, e.g., that if two atonRR(x,y), RY(x% y) of q
are mapped inside a tree, themndx® must be mapped on the same path. Moreover,
if R andR%are not inT (i.e., they are not transitive), thenandx® must be mapped to
the same node. In general, eacimduces a set of variablég which are mapped into
the subtree rooted at the map»off the latter is inside a tree. This set containghe
successors of, and each variable that must be mapped to the same node aftbemo
because they have a common non-transitive successor.li@natriabley in VV(q), x
may not determine whethgris mapped above or below it. This is the case, e.q. jsf
neither a predecessor nor a successararid they have a common transitive successor.
However, if we fix a seX of such nodes, they will induce a unique set of variabgs
that are mapped below them in any a query match mapgimgfo a tree.

De nition 9. Assume a variablg [M(q) and a setX [\V]q). LetRy(x)= {x} and
Rn+1 (X)= {y M(q) | R(x% y) Cqhndx® [R}(x)}, for everyn=0. We also define
nex{x)=Ry(x) and preyx) = {y [M(q) | x Cnéx{y)}. ByV] we denote the smallest
subset oV/(q) s.t. () Ry (X) ] for everyn [, and (i) Régy Z) IilR(y z) gl
{R,R%}nT = Candy ] implyy® [\ . ByV} we denote , ,y Vi

De nition 10. A canonical rooting set af is a [-miaximal seV of sets of variables
X [(q) such thatv} 8 VI for everyX,Y [V1

In what follows, we assume a fixed arbitrary canonical rcg)fmtvg of g. We are
ready to formally define the subqueries and their entailriretnees.

De nition 11. For a knotK [I] 1 is a tree generated Ry (starting withK), if I is a
C=minimal set of atoms such thit [T and, for each termtTLJl nB; is an instance of
someK °[I_1We denote b¥ (L, K) the set of all such trees.

For a set of atoms, let1T be its minimal extension s.t) {f {R(a, b), R(b, ¢)} [T
andR [T]thenR(a,c) [ ;and (i)if R(a,b) (11 andR [S1T] thenS(a,b) [I.

De nition 12. Adisjunctive subquery af is a setpq Iﬂj . ByRy we denote the set of
all disjunctive subqueries of For a treel generated by, arooted match foiX [pg

in I is a functionm fromVyx toU(I) s.t. for eachx,y [XI:

(RM1) if A(x) CgthenA(m(x)) L]

(RM2) ifR(x,y) CathenR(m(x), n(y)) [13;

(RM3) ify IV, R(X,y) Cqhandx IV , thenm(y) = x, or R CTlandR(x, m(y)) CI.
We writel F pq if for someX [pd there exists a rooted match in Further, | dx
holds if for someX [Cpj there is a rooted matchi in | s.t. for eacty [V} , the depth
of the termm(y) is < d. We writeK |F pq (resp.,K Fd pg) if for eachl [CTI(L, K)
we havel [ pq (resp.,l 9 pg). We omit the subscripts if clear from the context.



Note that the trees il (L, K) have rootx. Intuitively, a rooted match fox in a treel

is a homomorphic embedding of the subquery afduced by into 1. Further, each

y [V} that has some predecessor variable ndtinmust be mapped te or reachable

from it via a path suitably labeled with a transitive role (RMA rooted match foixX

can be part of a full query match in a model containing an imesteofl, provided that

all the predecessors gfthave a match in it which is above the (sub)tree instantidting
We construct a sdt (L, q) of all pairs(K, p) such thatk . p. We first compute

the pairg K, p) with K 9 p, and then continue via fixpoint iteration to obtain the pairs

(K, p) with K ¢ p for an arbitraryd [l Such pairs capture thfe, relation:

Proposition 2. If K [ p, then there existd [wlsuch that< =9 p.

A key part of the algorithm is to characterize the minimasseij]i such that there
is a tree starting dK that models exactly the setslinTo this aim, we employinimal
hitting sets Informally, we can see these sets as the most general waymfping’ the
trees by the exact elements\ég for which they provide a match of bounded depth.

De nition 13. Assume a knd€ [land aseS [ Ry. A setl [\ is aminimal
hitting set ofS w.r.t. K ifitis a [=minimal set s.tl n p & Cfor every(K, p) Sl

Proposition 3. Assumak L[] d Caland letS be the set of all pair§K, p), p LR,
such thatk E¢ p. If | is a minimal hitting set o5 w.r.t. K, then there is some
I [TIL, K) such that, for ever)k LV], I @ {X}iff X 1]

We now sketch the procedure for computjag . For eactd [l letSY denote the set
of all pairs(K, p) s.t. K ¢ p. As easily seen, the s&f can be computed by checking
which sets ir?\/'a can be satisfied by direct mappings into the roots of the kindts

For the inductive case, suppose for sothd_a we have computed the s8¢.
Assume some and an arbitrary knoK [11. To verify whetherK |:E+1 p, we
considerK-hits which capture the possible ways of choosing for emdnslicdK) a
knot K° [IJK, s] and a minimal hitting sekt of S w.r.t. K° Intuitively, we conclude
KE ‘E*l p if for eachK-hit there is anX [Cpbuch that part o¥’x can be mapped into
K, while the rest of the variables are contained in the chosemmal hitting sets; this
partitioning ofVx will be captured by the notion dk-mapping

De nition 14. A successor choider K [Llis a function mapping each [suc¢K)
to aK® [JK, s]. AK-hit of S [Tk Ry is a pair (s¢ hs) of a successor choice sc for
K and a function hs mapping eashi_siic§ K) to a minimal hitting set 0% w.r.t. sqs).

Now we introducek -mappings which are composed of two setndo of variables,
and a functiom(-) that maps variables to leaveskif The variables im have a match at
theroot of K, while the variables i have a matclbelowthe root ofK. The variables

in 0 are predecessors of variableshiand don’t have a mapping in the trees rooted at
K: anx in o simply indicates that there is a transitive path leadingdsiiccessor in

b. Intuitively, in order for aK-mapping to represent a rooted match in a tree starting
with K, eachx in the domain ob must have a match in the subtree with rbt). In
particular, the latter holds whenever each su@hin the hitting sehqh(x)) of someK -

hit; if this is the case, we say that thké-hit complieswith the K-mapping. The domain

of a functiong from A to B is denotediom(g), andg (b)= {a CA|g(a) = b}.



De nition 15. For a knotK [[I] a K-mapping forq is a tuplem=I[r] o, b[[lwhere
r [V1(q), o [\1q) andb is a partial function fromV/(q) to sucdK) s.t.r, o and
dom(b) are pairwise disjoint and:

(M1) x [rAnd A(x) Cgimply A(x) [KI;

(M2) x [riCdodm(o) andR(x,y) Caldmplyy Cdoém(b) andR(x, b(y)) [KI;

(M3) x Cddm(o) andR(X,y) CgdmplyR [T1 and

(M4) for eachs [SiicdK), preyb (s)) CrIalhli(s)andnexth (s)) Chl(s).
We define roofsn) = r X Cdbm(b) | prex) = [ A K-hit (sc hs) complies with
mif for all s Cstic¢K) with b (s) & [dhere is som& [As) s.t.b 1(s)= V.

We are ready to define a relatié [d (K, p) for obtaining new pairgK, p) with
K E p, which follow from a given se$ of pairs(K p% with K° [ p°.

De nition 16. AssumeK [L] p [R}, and a setS [T kRy. The pair(K, p) follows
from S, in symbolsS [d (K, p), if for everyK-hit k of S there is akK-mappingm
such that k complies withh andV,qoqm) = Vx for someX [Cpl

De nition 17. Thesef (L,q) [Tk, Rq isdefinedaf(L,q)=Sd2! I'(L,q)d,where
M (L, 9)°={(K,p) | Clicd (K,p)}andrl (L, q)*™ ={(K,p) |T (L, a)" [d (K,p)}.

Note thall'(L,q)0 IZEQL,q)l 1 IZI:(IL,q)d for eachd Ll Sincel % Ry is finite,

I (L, q) is finite and unique. Furthermore, for every @) K | 9 piff (K, p) CTL, q)d.
Hence[ (L, q) captures thé= relation. The (inductive) proof of this correspondence
can be found in the extended version of this paper.

Theorem 5. For (K, p) [CI'kRy, KE L p iff (K, p) (L, q).

Now that we can decide subquery entailment at the knots,ofrfe move to query
answering oveK. By Theorems 1 and 4, it suffices to consider the forest-ghajelels
constructed from the min-graphsigfand the trees generated frdfg . The machinery
we have presented deals with the parts of query matches ¢bat mside the trees,
now we extend it to deal with the min-graph part. In what fatbowve assume thgthas
answer variablex, while c is a tuple of individuals of the same arity &s

De nition 18. An extended min-grapH of K is a [=minimal set of atoms containing
a min-graph oK and s.t. for each individual, H n B, is an instance of a knot iK.

Consider a min-grapks. Intuitively, each extended min-graph containi@gcan be
viewed as a “super” knot whose root@ while its leaves are the leaves of the knots
that extendS. Given this similarity, the full querg can be answered by adjusting the
notions ofK -hits andK -mappings to deal with extended graphs.

De nition 19. LetH be an extended min-graph séiccessor choider H is a function
that maps each terrfi(c) THlto someK [ such thatH; ) = K. Then anH-hit

is a pair (s¢ hs), where sc is a successor choice fdr and hs is a function that maps
eachf (c) 1™HIto a minimal hitting set of (Kk, q) w.r.t. the knot s¢f(c)).

We now provide a method to decide the existence of a querymiratdl models starting
with each extended gragH. Similarly as for the knots, we consider &l-hits and
check if they comply with the different partial mappingsaihe extended grapH.



De nition 20. Letqgyy be the restriction of the quenyto the atoms containing vari-
ables inV . AnH-hit (s¢ hg) complies witha constant tuple if there exist disjoint sets
V,V % [Xq) and a functiont fromV [VPtoU(H) s.t.m Y(VY n 1= [@nd:

— for eachx [V, A(x) CglimpliesA(n(x)) CHI

— for eachx,y [Vl VP, R(x,y) CqdmpliesR(m(x), n(y)) CH';

— for eachf(c) witht 1(f(c)) & Cihere is anX [h¥(f(c)) s.t.Vx =V 1(f (c)) »

— for eachy CMI(q)\(V [\ZP), there is anf (c) ™Hland anX [h¥(f(c)) s.t.y [\ ;

— for each answer variablg;, (x;) = ¢;.

Let Ck be the set of all tupleéH, s¢ hg) s.t. H is an extended min-graph & and
(s¢ hg) is anH-hit. For each such tupla =( H, sc hg) in Cg , we definans; (g, A) as
the set of all tuples that comply with théH-hit (sg hs).

T
Theorem 6. For every CQq overK, it holds thatans; (K, q) = 2c ansr (4, A).

The proof is similar to the inductive step of the one of Theoke(see extended paper).
We remark that for a giveA =( H, sc hg in Ck, the setans; (g, A\) can be com-

puted by evaluating a union of CQs over a set of aténsobtained by augmenting

H with atoms that capture the variable chofse hs). Furthermore, thé&d for all the

A [Ck can be generated in models of a datalog program (with uifechbhegation).

Hence, derivingns: (K, q) is reducible to computing cautious consequence in datalog.

6 Computational Complexity

Nextwe analyze the complexity of our algorithm. Note thategq andT , all canonical
rooting sets have equal cardinality, and recall W@tdenotes one (fixed arbitrary) such
set. Recall also that only queries all whose rolesTaisafe are considered.

Theorem 7. Given a normalALCH KB K, a CQq, a setT [R(K) and a tuple of
individualsc, deciding whethec [Cahs (g, K) is feasible in time double exponential
in [K|+ |q]. Furthermore, for all instances forwhiclh’g| is polynomial injg| + |T |, the
problem can be decided in single exponential time.

Proof. (Sketch) Lets:= [K| + |g]. The result follows from the following observations:

e The number of distinct abstract knots over the signatuil€ @ (single) exponential
in ¢cs, andKy can be constructed in exponential time by the procedurels&dtin [13].

= For a givenS [K} xRy and(K, p) CKk xRy, verifyingS Lcl.q (K, p) is fea-
sible in time exponential iws. Due to the monotonicity of [kJ.q and the fact that
|Kk > Rgq| is double exponentially bounded ds, the setl (L, q) can be computed in
time double exponential ios. If |Vg| is polynomial in[q| + |T|, the seiKk % Rq] is
bounded by an exponential ahdL, q) can be computed in time exponentiats

e For a given tuplex = ( H, sc hg) in Ck, the setangq, A) can be computed in time
exponential ircs. Indeed, for any tuple of constants, the compliance ofvith theH -
hit (s¢ hg can be decided in exponential timeds, and there are only exponentially
many tuples of constants frok matching the arity of the answer variablegjof

e The set|Ck | is double exponential ins, andc [amgK, q) can be verified in time
double exponential ins. If |Vg| is polynomial in|g| + |T|, the sef{Ck | is bounded by
an exponential, and hencelCangK, q) can be decided in time exponentialisn [



By Theorems 1 and 2, CQ answering o$dfl KBs is reducible to CQ answering over
normalALCH KBs. As consistency testing iBLCH is ExPTIME-hard [15], we have:

Corollary 1. Given anSH KB K, a CQq and a tuple of individualg, deciding
whetherc Camgq, K) is EXPTIME-complete in combined complexity, provided that
|Vg| is polynomial in|g|+ |R™ (K)|. In particular, this holds ifK has no transitivity
axioms, as’,Vg | < |V(q)]. Thus CQ answering ové&XL.CH KBs isEXPTIME-complete

in combined complexity.

Note that computingngK, q) is also exponential in the size of the input.
We provide a syntactic restriction to obtain classes of Giysmhich the sets/g
are of polynomial size ifg| + |T| and hence allow for query answering ix ET IME.

De nition 21. LetR: (X) = Si 1 Ri(X). Then a variablex [M(q) is an ABox vari-
ablg if there is somg [M(q) such thatx,y Rl (y), i.e.,x reaches some cycle.

A set of variablesX [\/1q) is calledconnectedif the query graph induced by
(with nodesX and an edgdXx, y) iff some atonR(X,y) [Cgkxists) is connected. The
order-freeness degree ¥, denotedfdy(X), is the size of the largest subséf X1
s.t. for eachx 1y [X, it holds thaty ITR] (x) andx [TR1 (y). Theorder-freeness de-
gree ofq, denotedfd(q), is the maximunofd,(X) over all connectecK [V(q).

Proposition 4. For every conjunctive query such thatofd(q) is bounded by a con-
stant,|Vg| is polynomial injg| + |T | for anyT.

The above implies that answering CQs with bounded ordemiss degree ov&H
KBs is ExPTIME-complete. Unfortunately, the order-freeness degred¢ésafnbounded,
even for simple queries (e.g., for some tree shaped quefiegddress this we intro-
duceframe querieswhich capture more precisely the structural complexitZars.

De nition 22. Fora CQq and a sefl [R] theframe queryy" is obtained frony by
(1) removing all atoms where only ABox variables occur;

(2) applying each of the following rules exhaustively todhery resulting from (1):
(2.a) if there are two atomR(x, y) andRYx°, y) s.t. R, RO [T], replacex with x°
(2.b) remove all atomR(x, y) s.t. nexty)= [Cand|prey)|=1.

Proposition 5. For each conjunctive query and each sef [RIlof roles such that
ofd(q") is bounded by a constant, the sizewf is polynomial in|q| + |T|.

As a result, for arSH KB K with T = R* (K) and any CQq such thatofd(q") is
bounded by a constant, CQ answering is feasible in expai¢intie. Note thabfd(q)
is bounded by a constant if constantly many variables occatams with roles front .
Finally, we remark that the algorithm can be easily adjustedin in CONP in the
size ofA, i.e., in data complexity; see [13] and the extended versidhis paper.

7 Conclusion

We presented a novel algorithm for conjunctive query answesver DL knowledge
bases, which is based on the concept of knots that have bignatly conceived in
the context of logic programming. It employs a techniqué thalifferent from pre-
vious query answering techniques, yet not completely atedl for space reasons, a
respective comparison is relegated to an extended paper.
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We confine here to the resolution-based method by Hustadlt[6],avhich is per-
haps most closely related to ours. Similar as in our apprdaelr method first “com-
piles” the knowledge base and the query into a special fonahtlaen exploits the pos-
sibility to answer the query by means of a datalog programwvésder, this is done on
different grounds: the knot technique is model-theoretitature, while Hustadt et al.'s
method is proof-theoretic, cleverly exploiting resolutiand superposition machinery.

The method we presented is extendible to richer DLs beifde.g., number re-
strictions can be accommodated by suitably adapting theriepoesentation of knowl-
edge bases. Future work will consider such extensions, #isaganore expressive
queries. We believe that the knot technique can be usefhisrand in other contexts.
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