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Abstract. We have shown recertly that, in extensions of ALC that
involve inverse roles, conjunctiv e query answering is harder than satis-
“abilit y: it is 2-ExpTime -complete in general and NExpTime -hard if
queries are connected and contain at least one answer variable [9]. In
this paper, we show that, in SHI Q without inverse roles (and with-
out transitiv e roles in the query), conjunctive query answering is only
ExpTime -complete and thus not harder than satis abilit y. We also show
that the NExpTime -lower bound from [9] is tight.

1 Intro duction

When description logic (DL) knowledge basesare used in applications with a
large amount of instance data, ABox querying is the most important reasoning
service. The basic query mechanism for ABoxesis instance retrieval, i.e., to re-
turn all the individuals from an ABox that are known to be instancesof a given
query concept. Instance retrieval can be viewed as a well-behaved generalization
of subsumption and satis abilit y, which are the standard reasoning problems
on TBoxes. In particular, algorithms for the latter can typically be adapted to
instance retrieval in a straightforward way, and the computational complexity
coincidesin almost all cases(see[13]for an exception). In 1998, Calvaneseet al.
intro duced conjunctive query answering asa more powerful query medanism for
DL ABoxes. Sincethen, conjunctive queries have received considerableinterest
in the DL community, seefor examplethe papers[1{4, 6,7,11].In a nutshell, con-
junctiv e query answering generalizesnstanceretrieval by admitting alsoqueries
whoserelational structure is not tree-shaped. This generalizationis both natural
and useful becausethe relational structure of ABoxesis usually not tree-shaped
either.

In cortrast to the caseof instance retrieval, dewveloping algorithms for con-
junctive query answering is not merely a matter of extending algorithms for
satis abilit y, but requires developing new techniques. In particular, all hitherto
known algorithms for DLs that include ALC asa fragment run in deterministic
double exponertial runtime, in corntrast to algorithms for deciding subsumption
and satis abilit y which require only exponertial time even for DLs much more
expressie than ALC. In the recen paper [9], we have shown that this increasein



runtime cannot be avoided in extensionsof ALC that include inverseroles. More
precisely we have proved the following two results about ALCI , the extension
of ALC with inverseroles:

(1) Conjunctive query answering in ALC1 is 2-ExpTime -complete.
(2) Rooted conjunctive query answering in ALCI is co-NExpTime -hard.

Here, rooted meansthat conjunctive queries are required to be connectedand
contain at least one answer variable. The name \ro oted" derivesfrom the fact
that every match of sudh a query is rooted in at least one ABox individual.

This paper is intended as a sequelto [9], providing the upper bounds that
have beenannouncedin [9] but not proved in detail. We show that

(3) Conjunctive query answering in SHQ, i.e., SHI Q without inverseroles, is
ExpTime -complete.

(4) Rooted conjunctive query answering in SHI1 Q is in coNExpTime , thus
co-NExpTime -complete.

In particular, (3) shawsthat inverserolesare indeedthe culprit for 2-ExpTime -
hardnessof conjunctive query answering in ALC1 and SHI Q. For both (3) and
(4), we assumethat non-simpleroles(a commongeneralizationof transitiv e roles
in SHI Q) are disallowed in the conjunctive query. We have learnedthat (3) has
beenprovedindependertly andin parallel in [12]for the description logic ALCH.

2 Preliminaries

We assumestandard notation for the syntax and semarics of SHI Q knowledge
bases[5]. In particular, Nc, Ng, and N, are countably in nite and disjoint sets
of concept names role names and individual names A TBox is a set of concept
inclusions C v D, role inclusionsr v s, and transitivit y statemerts Trangr),
and a knowledgebase (KB) is a pair (T ; A) consistingof a TBox T and an ABox
A. Wewrite K F sv r if the role inclusion sv r is true in all modelsof K, and
similarly for K E Trandr). It is easyto seeand well-known that \K F sv r"
and\K | Trangr)" aredecidablein polytime [5]. As usual, arole is called simple
if there is no role s such that K = sv r, and K F Trangs). We write Ind(A)
to denote the set of all individual namesin an ABox A. Throughout the paper,
the number n inside number restrictions (, nr C) and (- nr C) is assumedto
be coded in binary.

Let Ny be a courtably in nite set of variables An atom is an expression
C(v) or r(v;vY, whereC is a SHI Q concept,r is a (possibly inverse)role, and
v;v%2 Ny. A conjunctive query qis a nite setof atoms. We useVar(q) to denote
the set of variables occurring in the query g. The set Var(q) is partitioned into
answer variables and (existentially) quanti ed variables Let A be an ABox, | a
model of A, ga conjunctive query, and ¥a: Var(g) ! ¢ ' atotal function such that
for every answer variable v 2 Var(q), there is an a 2 N, sud that ¥{v) = a'.
We write | £ C(v) if Yv) 2 C" and | E r(v;v9) if (HLv);%AVvO)) 2 r' . If
| £ at for all at 2 g, we write | " q and call Yaa match for | and . We say



that | satis es g and write | F qif there is a match Yafor | andq. If | F q
for all models | of a KB K, we write K E q and say that K entails g. The
query entailment problemis, given a knowledgebaseK and a query g, to decide
whether K | @. This is the decision problem corresponding to query answering
(which is a seard problem), seee.qg. [4] for details. Obserwe that we do not
admit the use of individual constarts in conjunctive queries. This assumption
is only for simplicity, as such constarts can easily be simulated by introducing
additional conceptnames(4].

It has beenobsened many times that, when deciding conjunctive query an-
swering in a DL, it suxcesto concerrate on certain regular models of the input
knowledge baseK. In the following, we describe these models for SHQ. Let J
be an interpretation. A forestbaseJ is an interpretation that interprets transi-
tive rolesin an arbitrary way (i.e., not necessarilytransitiv ely) and satis es the
following conditions:

() ¢ isaprex-closed subsetof *;
(i) if (d;e)2r’,thene;d2 ore= dd¢cfor somec?2

Elementsof ¢ 7\ arethe roots of J . An interpretation | is calledthe K-closure
of J if | isidentical to J exceptthat, for all rolesr, we have
[
SEN| ()"
Kj=sv r*K j= Trans(s)

A model | of a knowledgebaseK = (T;A) is a forest model of K if

(iii) 1 is the K-closure of a forest baseinterpretation J , and
(iv) for every root d of J , there is an a 2 Ind(A) suc that a' = d.

The roots of | are de ned asthe roots of J .

Prop osition 1. Let K be an SHQ-knowledge base and g a conjunctive query.
If K 6j g, then there is a forest model | of K suchthat | & g.

3 Query Entailment in SHQ is in ExpTime

We give an algorithm for query entailment in SHQ that runs in ExpTime ,
and thus establish ExpTime -completenessof this problem. Our algorithm is
inspired by the 2ExpTime algorithm for conjunctive query entailment in SHI Q
with non-simpleroles allowed in the query, asgivenin [4]. On the one hand, our
algorithm is simpler becausewe allow only simplerolesin the query. On the other
hand, we aim at an ExpTime upper bound which posesadditional challenges.In
this section, it is corveniert to assumethat conjunctive queriesdo not cortain
answer variables. This assumption can be made w.l.0.g. since answer variables
can be simulated using quanti ed variables and an additional conceptname.
The generalidea of the algorithm is to (Turing-)reduce query erntailment in
SHQ to ABox consistencyin SH Q',i.e., SHQ extendedwith role conjunction:
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given a SHQ-knowledge baseK and a query g, we produce SHQ' -knowledge

that n is exponertial in the sizeof K and g, and the sizeof ead knowledgebase
is polynomial in the sizeof K and g. Sinceknowledgebaseconsistencyin SHQ'
can be decidedin ExpTime , we obtain the desired ExpTime upper bound for
query entailment in SHQ.

Throughout this section, we will sometimesview a conjunctive query as a
directed graph Gq = (Vq; Eq) with Vq = Var(q) and Eq = f(v;v) jr(v;v9) 2 g
for somer 2 Nrg. We call q tree-shagd if G4 is atree. If g is tree-shaped and v
is the root of Gq, we call v the root of q.

In the following, we intro ducethree notions that are certral to the construc-

We start with fork rewritings, and say that

{ ois obtained from q by fork elimination if °is obtained from q by selecting
two atoms r (v%v) and s(v®v) with v°6 v®and identifying v° and v

{ q®is a fork rewriting of q if ¥ is obtained from q by repeated (but not
necessarilyexhaustive) fork elimination;

{ o°is a maximal fork rewriting of q if q°is a fork rewriting and no further
fork elimination is possiblein oC.

The following lemma allows us to speak of the maximal fork rewriting of a
conjunctive query. It is proved in the full version of this paper [10].

Lemma 1. Modulo variable renaming, every conjunctive query has a unique
maximal fork rewriting.

The purpose of splittings is to describe such a partition without referenceto
a concrete model | and a concrete match ¥ Let K be an SHQ-knowledge
base. A splitting of q w.r.t. K isatuple | = MR;T;S;;:::;Ss;% °i, where
R;T;S1;:::; Sy is a partitioning of Var(g), * :f1;:::;ng! R assignsto ead
setS; avariable 1 (i) in R, and °® : R! Ind(A) assignsto ead variable in R
anindividual in A. A splitting hasto satisfy the following conditions, where gjy
denotesthe restriction of gto V p Var(q):

(a) somevariablesv are mapped to a root ¥{v) of | ;

(b) other variablesv are mappedto a non-root ¥{v) of | , and there is a variable
vPsudh that v is reachable from v%in the directed graph G4 and v°is mapped
to a root ¥{v9 of | ;

(c) yet other variables v are mapped to non-roots ¥{v) of | , but do not satisfy
Condition (b).

The purpose of splittings is to describe such a partition without referenceto
a concrete model | and a concrete match ¥ Let K be an SHQ-knowledge
base. A splitting of q w.r.t. Kisatuple | = MR;T;S;;:::;Sh;L °i, where
R;T;S1;:::;Sy is a partitioning of Var(g), * :f1;:::;ng! R assignsto eath
setS; avariable 1 (i) in R, and ® : R! Ind(A) assignsto ead variable in R
an individual in A. A splitting hasto satisfy the following conditions, where gjy
denotesthe restriction of qto V u Var(q):



1. the query gjt is a variable-disjoint union of tree-shaped queries;
2. the queriesqjs,, 1+ i - n, are tree-shaped;
3. if r(v;v9 2 g, then one of the following holds: (i) v;v° belongto the same

4. for1- i- n,thereisanatom r(*(i);vo) 2 g, with vp the root of gjs, .

Intuitiv ely, the R componert of a splitting corresponds to Case(a) above, the

Before we intro duce spoilers, we establish a certral lemma about splittings.
We start with somepreliminaries. As already noted, we useSHQ' to denotethe
extension of SHQ with a role conjunction operator \\ ". However, we restrict
the use of role conjunction to simple roles. Let q be a tree-shaped conjunctive
query. We dene a SHQ" -concept Cqyv for ead variable v 2 Var(q):

{ ifvisaleafin Gy, thenCq, = U
C(v)2q
{ otherwise, \
Cq;\/ = C(&,J)ch u (V;V%;IZEQ 9( S)-quvo).

s(viv0)2q

If v isthe root of g, we useCg to abbreviate Cq., . The following lemma establishes
a connection betweenforest models and splittings of fork rewritings.

Lemma 2. Let K = (T;A) be a knowledge base, | a forest model of K, and q
a conjunctive query. Then | F q i® there exists a fork rewriting q° of g and a

1. for each disconnected component § of T, thereisad2 ¢ ' with d 2 (Cy)' ;
2. if C(v) 2 ®with v2 R, then®°(v)! 2 C';

3. if r(v;v9 2 ®with v;vP2 R, then (°(v)";°(v9)') 2 r';

4. for 1. i- n, wehave

. \ ¢
(i) 29 $):Cage,

s(* (i);vo)2q°
with v root of s, .

Pro of. For the \only if" direction, let | " q. We construct a fork rewriting q°
of q by exhaustively eliminating all forks r(v%v);s(v®v) 2 q with v°6 v®and
vv9) = %v%. Now dene a splitting | = hR;T;S1;:::;Sh;%; % of @®w.rt. K
as follows:

{ v2 Ri®%v) isaroot of | ; set°(v) to someindividual name a 2 Ind(A)
such that a' = ¥{v) (such an a exists by Point (iv) of the de nition of forest
models);

{ v 2 T i® there is no variable v° such that ¥{v% is a root of | and v is
reachable from vCin the directed graph Geo;

{ for ead variable v sud that ¥{v) is a non-root of | and thereisanr(v%v) 2
o® with 4v% a root of |, generatea set S;. The elemerts of S; are those
variablesthat arereadablein the directed graph Gy from v. We set? (i) :=
VO (this vCis unique by the construction of ¢ from q).



can be proved that Conditions 1 to 4 of splittings and Conditions 1 to 4 from
Lemma 2 are also satis ed.

Conversely assumethat there is a fork rewriting q° of g and a splitting
hR;T;S1;:::;Sh; % °i of @ w.r.t. K sud that Conditions 1 to 4 are satis ed.
Using Conditions 1-4 of splittings and the de nition of the concepts Cy, and
Cqijs; » One can verify that | =" g for some¥awith ¥{v) = °(v)' for all v2 R.

0

Let K = (T;A) be a SHQ-knowledge base, q a conjunctive query, and | =
hR;T;Sy;:::;Sh; % °i asplitting of qw.r.t. K sud that q;:::; ¢ arethe (tree-
shaped) disconnectedcomponerts of gjt. A SH Q' -knowledgebase(T% A9 is a
spoiler for g, K, and | if one of the following conditions hold:

1. >V : Cq 2 TG for somei with 1+ i - k;
2. there is an atom C(v) 2 qwith v2 R and: C(°(v)) 2 A%
3. there is an atom r(v;v% 2 qwith v;v°2 R and: r(°(v);°(v9) 2 A%
4. :D(°(2 (i) 2 A%for somei with 1- i - n, and where
\
D= 9( s):Cqjs, With vo root of gjs; :
s(* (i);vo)2q

A SHQ' -knowledgebaseK?= (T%A9 is a spoiler for g and K if (i) for every
fork rewriting ¢ of g and every splitting | of Q® w.r.t. K, K®is a spoiler for ¢,
K, and! ;and (i) K°is minimal with Property (i).

Lemma 3. LetK = (T;A) bea SHQ-knowledgebaseand g a conjunctive query.
Then K 8] qi® there is a spoiler (T% A9 for gand K suchthat (T[ TSA[ A9
is consistent.

Pro of. (sketch) Assumethat K & g and let | be a model of K with | & q. By
Proposition 1, we may assumethat | is a forest model. We can now assenble
a spoiler KO = (T%A9 for g and K such that (T [ T%A [ A9 is consisten
by doing the following for every fork rewriting o° of q and every splitting | =

and | , at least one of Conditions 1 to 4 of Lemma 2 are violated. By the
corresponding condition from the de nition of a spoiler for % K, and ! , this
givesus an axiom to add to K°sud that K°is a spoiler for ¢®, K, and | .
Conversely assumethat there is a spoiler K® = (T% A9 for g and K such
that (T[ TXA[ A9 is consistert, and let | beamodelof (T[] TZA[ A9. We
canw.l.o.g. assumethat | is a forest model. Sincel is a model of K, it sutces
to show that | 6 g. Assumeto the cortrary that | F g. By Lemma 2, there is
a fork rewriting q® of g and a splitting | = hR;T;S;;:::;Sy; % °i of Pw.rt. K
such that Conditions 1 to 4 of Lemma 2 are satis ed. By de nition of spoilers
and sincel is a model of K° this meansthat K°is not a spoiler for ¥, K, and

I . This is a contradiction to K°being a spoiler for g and K. o}



Lemma 3 suggeststhe following algorithm for deciding conjunctive query en-
tailment in SHQ: given K = (T;A) and g, enumerate all spoilers (T %A9) for
g and K, return \y es" if for all sud spoilers, (T [ T%A [ A9 is inconsistert,
and \no" otherwise. To prove that this algorithm runs in ExpTime , we have to
show that there are at most exponertially many spoilers for g and K (which can
be computed in exponertial time), that ead spoiler is of size polynomial in the
sizeof g and K, and that consistencyof SHQ' -knowledge basescan be decided
in ExpTime . The latter can be proved by an easyvariation of Lemma 6.19in
[14]. It relies on the fact that we restrict the application of role conjunction to
simple roles.

Prop osition 2. Consistencyof SHQ' -KBs is ExpTime -complete.

Now for the number and size of spoilers for g and K. We start with a certral
lemma about fork rewritings. For a conjunctive query g and v 2 Var(q), let
Reach(v) denote the set of all variablesin Var(q) that are reacable from v in
the directed graph G4. De ne

Treegq) = fdireacn,(v) ] V 2 Var(q) and gjreacn,(v) IS tree-shapedg:
Clearly,

(y) for g° the maximal fork rewriting of g, the cardinality of Tree€q") is polyno-
mial in the sizeof q.

Together with the following lemma, this is a crucial obsenation. Proof details
can be found in the full version [10].

Lemma 4. Let q be a conjunctive query, o° a fork rewriting of g, and ! =
hR;T;Sy,;:::;Sy, ;%4 °i a splitting of o with ¢;:::; 0 the disconnected com-

ponents of qjr. Moreover, let g° be the maximal fork rewriting of g. Then
®2 Treegq”) for 1- i - k and ¢fs, 2 Treegq”) for 1- i - n.

Togetherwith (y), the next lemmaimplies that the sizeof eat spoiler is polyno-
mial in the sizeof K and g. We say that a role conjunction s;\ ¢¢¢\ s, occurs in

The proof of the following lemma is basedon the direct correspondencebetween
Points 1-4 of Lemma 5 and q Points 1-4 of the de nition of spoilersfor gand K .

Lemma 5. Let K = (T;A) be a SHQ-knowledge base, q a conjunctive query,
g° its maximal fork rewriting, and K°= (T% A9 a spoiler for g and K. Then K°
contains only axioms of the following form:

> v : Cq with ¢°2 Treegq®);

. . C(a;b) with a;b2 Ind(A) and C occurring in g;

: r(a;b) with a;b2 Ind(A) and r occurring in q;

. . D(a) with a 2 Ind(A) and D = 9(sy\ ¢¢¢\ s;):Cqo, Where s\ €C¢\ s,
occurs in g° and ¢°2 Tree$q®);

It is now easyto establishthe intended upper boundson the number of spoil-
ers. The set of all spoilers can be computed by a straightforward enumeration
approad.



Lemma 6. LetK = (T;A) bea SHQ-knowledgebaseand g a conjunctive query.
Then the number of spoilers for g and K is exponential in the size of q and K
and the set of all spoilers can be computed in time expnential in the size of g
and K

We have thus establishedthe desired ExpTime upper bound. A corresponding
lower bound is trivial to shav by a reduction of conceptsatis abilit y.

Theorem 1. Conjunctive query entailment in SHQ is ExpTime -complete.

4 Rooted Query Entailmen t in SHI Q is in co-NExpTime

We show that rooted query entailment in SHI Q is in co-NExpTime . Together
with the lower bound in [9], we thus obtain co-NExpTime -completeness.

We start with somepreliminaries. A relaxal forest baseis de ned in the same
way as a forest base,exceptthat Condition (ii) is relaxed as follows:

(i) if (d;e) 2 r? ,thene;d2 ore= d¢cord= edcfor somec?2

A relaxal forest model is then de ned analogouslyto a forest model, but based
on a relaxed forest baseinstead of a forest base.The degree of a relaxed forest
basel isthe maximum cardinality of any setN g suc that, for somed2 7,
we havefdécjc2 Ngu ¢', and the degreeof a relaxed forest model is that of
the underlying relaxed forest base.Note that if | is of degreek, it can have at
most k roots. We use jKj to denote the size of the knowledge baseK, i.e., the
number of symbols neededto write it. Just asfor Proposition 3, the proof of the

following result is standard.

Prop osition 3. Let K be a SHI Q-knowledge base and g a conjunctive query.
If K 8 g, then there is a relaxel forest model | of K with degree at most 2iKi
and suchthat | 6 q.

The main idea of our NExpTime -algorithm for query non-ertailment in SHI Q
is asfollows. Let K be a knowledgebaseand q a conjunctive query. To show that
K 6] g, by Proposition 3 it sutcesto nd a forest model | of K with degree
at most 2KI such that | 6j g. Now, the crucial obsenation is that | & q can
be chedked by looking only at an \initial part" of I . To seethis, assumethat
| E”q. Ford2 ¢', the depthjjdj of din | is the length of the word d minus
1. Sincewe are interested in rooted query containment and | is a forest model,
g has at least one answer variable v and thus ¥{v) is a root of | . Sinceq is
connectedand contains only simple roles, jj%{u)jj is bounded by the sizejqj of q
for every u 2 var(q). It follows that we can chedk whether | E g by looking only
at elemenis d2 ¢ ' with jjdjj - jq.

Thus, we can decide non-ertailment of a query q by a knowledge baseK by
guessingan initial part J of a forest model of K suc that J is of degreeat most
2K1 and of depth at most jgj, and then verifying that (i) J doesnot match g and
(i) J canindeedbe extendedto a full forest model I of K. When guessingthe
initial part J , we alsohave to guesssomeadditional information that is usedto



ensure(ii). To describe this additional information, we introduce the notion of
atype.

W.l.o.g., we assumethat all conceptsin the input knowledgebaseK = (T;A)
arein NNF, i.e., negationoccursonly in front of conceptnames.For ead concept
C in NNF, we use » C to denote the NNF of : C, and clk (C) to denote the
smallest set such that

1. C 2 clk (C),
2. clk (C) is closedunder subconceptsand » , and
3. if 8r:D 2 clk (C), K  Trangs), and K E sv r, then 8s:D 2 clk (C);

t Cr = Upyeor @Dt E). The closure cl(K) of K is de ned asclk (Ct) [
C(a)2A ClK(C)

De nition 1. LetK = (T;A) beaknowledgebasein NNF with T = f> v Crag.
A typefor K is a sett p cl(K) suchthat

{ A2ti®: A 2t, for all concept namesA 2 cl(K);

{ CuD2timpliesC2tandD 2t, for all CuD 2 cl(K);
{ CtD2timpliesC2torD2t, forall Ct D2 cl(K);
{ 8r:D 2t, KF Trangs), and K F sv r implies 8s:D 2 t;
{ Cr 21t.

We now formalize the initial part of a forest model guessedby the algorithm,
which we call a K; g-witness. In what follows, the depth of a nite forest basel
is the maximum depth of all elemeris of ¢ ' .

De nition 2. LetK = (T;A) be a knowledgebasein NNF and g a conjunctive
query. A K; g-witnessis a pair (I ;%) with | a nite forestbaseof degree at most
2Ki and depth at most jgj and ¥ a mapping that assignsto eachd 2 ¢ ' a type
¥(d) for K suchthat for all d;e2 ¢',

1. d2 A' i® A 2 3(d), for all concept namesA 2 cl(K);

2. if 9r:C 2 3%(d) and jjdjj < jqj, then there is an e 2 ¢' suchthat (d;e) 2 r!
and C 2 ¥e);

3. if 8r:C 2 ¥d) and (d;e) 2 r', then C 2 %{d);

4. if 8r:C 2 ¥(d), (d;e) 2 r', and K  Trangr), then 8r:C 2 ¥(e);

5. if (> nr C) 2 ¥d) andjjdj < jqj, then there are at least n distinct elements

€;:::;€, suchthat (d;e)2r' andC 2 ¥%e) for1- i- n;
6. if (6 nr C) 2 ¥d), then there are at most n distinct elementse;;:::;e,
suchthat (d;e) 2 r' andC 2 ¥e) for 1- i - n;

7. ifr(a;b) 2 A, then(a' ;b)) 2r';
8. if C(a) 2 A, thenC 2 ¥a');
9.ifrvs2T,thenr' ps;

10. 1 § q

Fix a concept name A, and a role name r, not occurring in K. Moreover, let
Rk be the set of all rolesoccurring in K. For d2 ¢' with d= e¢c, c2 , and
jidjj = jqj, de ne
Ca= U Cu9,;( U CuA)u u 8r:i A,
C2%(d) C2%e) r2Rg j(de)2r!
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The K; g-witness (I ;%) is good i® for all d = ec2 ¢ ' asatove, Cq is satis able
w.rt. the TBox T [ frov rj(d;e)2r'g.

Intuitiv ely, a K; g-witness being \good" meansthat it can be extendedto a full
forest model of K. The use of both d and e in the de nition of Cq is similar to
the use of double blocking in tableau algorithms for SHI Q, seee.g.[5].

For proving the following lemma, we need the notion of a tree model. An
interpretation J is called a tree baseif it is a forest baseand there is a unique
c2 sud that c2 ¢’ (called the root of J ). A model | of a conceptC is a
tree model if | is the K-closure of a tree baseJ with root candc2 C'.

Lemma 7. Let K be a knowedge basein NNF and q a conjunctive query. We
haveK 6j g i® there is a good K; g-witness (I ; q).

Pro of. (sketch) For the \only if" direction, assumethat K 6 q. By Proposi-
tion 3, there is a forest model | of K of degreeat most 2Ki such that | 6j g.
Let J bethe forest baseunderlying | , and let J ° be the restriction of J to the
elemerts of ¢ 7 that are of depth at most jgj. De ne a mapping ¥ which assigns
to eahr d2 ¢ the set¥(d) := fC 2 cI* (K)jd 2 C'g. It can be veried that
(3 %3) is a good K; g-witness.

For the \if " direction, assumethat there is a good K; g-witness (I ;%j. Let

for1- i - k. Since(l ;%) is good, we know that there are models| 1;:::;1 for
Cq,;:::; Cq, , respectively. We may w.l.0.g. assumethat these models are tree
models.For 1- i - Kk, let r; bethe root of I; andlet w; 2 ¢ ' be suc that
e I _ i
(ri;wi) 2r, andw; 2 (czl?l(e)c uA,)':
Sudh w; exist by de nition of Cg, . Modify | 1;:::;1 into interpretations 1 9;:::;12
by dropping from ead | ; the root r; and all elemernts from fw;g¢ °. Noow rename
the elemens of 1 J;:::;12 such that, for 1- i<j - k,wehave¢''\ ¢' =;
and¢'’\ ¢!/ = ;. Dene a new interpretation J asthe disjoint union of | and
1900051 2. Next, modify J into an interpretation J © by setting
rd =2 f(dd)j(risd)2r'iandl- i- kg
[ f(d;di)j(d;ri)2r' i andl- i- ko

Finally, let | ° be the K-closureof J ° It is possibleto show that | ©is a model
of K and | °6j q. )

By Lemma 7, the following algorithm decidesnon-ertailment of a query q by
a knowledge baseK: guessa pair (I ;%) with | a forest baseof degreeat most
2Ki and depth at most jgj and ¥%a mapping that assignsto eah d2 ¢ ' atype
¥(d) for K. Then chedk whether (I ;%) is a good K; g-witness, return \y es" if it
is and \no" otherwise. Since the degreeof | is at most 2Ki and the depth at
most jgj, the sizeof (I ;%) is exponertial in jKj+ jg. Chedking whether (I ;%)
is a K; g-witness by verifying Conditions 1-12 from De nition 2 can be donein
time exponertial in jKj + jgj. Sincethe conceptsCqy are of size polynomial in
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j *+ jgi and satis abilit y in SHI Q can be decidedin ExpTime , we can chedk
exponertial time whether (I ;) is good. We thus obtain the following result.

Theorem 2. Rooted query entailment in SHI Q is co-NExpTime -complete.
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