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1 Intro duction

Classical action formalisms form a dichotomy regarding their expressie power
and computational properties: they are either basedon “rst-order logic (FOL)
and undecidable like the Situation Calculus [13], or decidable but only propo-
sitional like STRIPS [8,7]. In [3,11], it was proposedto integrate description
logics (DLs) into action formalisms in order to increasethe expressie power
beyond propositional logic while retaining decidability of reasoning.In partic-
ular, ABox assertionsare used for describing the initial state of the world and
the pre- and post-conditions of actions, and acyclic TBoxesare usedto describe
badkground knowledge. A similar approach basedon the 2-variable fragmert of
FOL is describedin [9]. The resultsin [3] show that, even if expressive DLs suc
asALCQI O areusedin the action formalism, standard reasoningproblemssuch
as executability and projection remain decidable. The proof is by a reduction of
these problemsin a DL L to instance cheding in the extension LO of L with
nominals, and it works for all standard extensionsof the propositionally closed
DL ALC.

A recent trend in description logic is to consider lightweight DLs that are
not propositionally closedand for which standard reasoning problems such as
subsumption and instance cheding are tractable. In particular, the EL-family of
DLs hasbeendewelopedin [1,6,2,4], and it has proved useful for modelling life
scienceontologies such as SNOMED [16] and the National Cancer Institute's
NCI thesaurus[15]. Many sucd ontologies are acyclic TBoxes and can thus be
usedin a DL-based action formalism. This pavesthe way to new applications
such asthe following: onecanuseABoxesto describe patient data in the medical
domain, actionsto represert medical treatments, and in both casesuseconcepts
de ned in an underlying medical ontology. Executability and projection canthen
determine, e.g., whether a certain treatment is e®ecti\e or has undesired side-
e®ects.

In this paper, we investigate the complexity of executability and projection
in EL and EL( ), the extension of EL with atomic negation. In both caseswe
allow for negated assertionsin the post-conditions of actions. Our results shov
that, in general, tractabilit y does not transfer from instance cheding to exe-
cutability and projection. Even in EL without TBoxes, the latter problems are
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coNP -hard. This is due to two sourcesof intractabilit y: (1) existertial restric-
tions in the initial ABox together with negated assertionsin post-conditions;
and (2) conditional post-conditions. We remark that co-NP -hardnessdoes not
follow from hardnessresults for propositional action formalisms since EL does
not have disjunction, and negation occurs only in post-conditions. We prove a
matching coNP upper bound for EL ). We also shaw that, in the presenceof
acyclic TBoxes, projection in EL is PSpace-hard and thus not easierthan in
ALC. Finally, we identify restrictions under which executability and projection
in EL w.r.t. acyclic TBoxes can be decidedin polynomial time. These restric-
tions subsumethe casewhere only positive post-conditions are admitted, but
still allow for a careful use of negated post-conditions.

2 DL Actions

Let T be an acyclic TBox describing general knowledge about the application
domain, similarly to state constraints in the Situation Calculus [13]. An atomic
action ® = (pre; post) for T consistsof

{ a nite set pre of ABox assertions,the pre-conditions;
{ a nite set post of conditional post-conditions of the form '=A , where' is
an ABox assertionand A is a primitive literal for T, i.e. an ABox assertion

A(a);: A(a);r(a;b); or: r(a;b)

with A a conceptname primitiv ein T and r a role name.

for T. Note that we allow negation in post-conditions although EL does not
provide negation. Intuitiv ely, actions without negated post-conditions seemtoo
restrictive to be useful. We will return to this issuein Section5.

Applying an action changesthe state of the world, and thus transforms an
interpretation | into an interpretation J . Intuitiv ely, the pre-conditions specify
under which conditions the action is applicable. The post-condition '=A says
that, if ' is true in the original interpretation |, then A is true in the inter-
pretation | © obtained by applying the action to | . This can be formalized as
follows.

Let T be an acyclic TBox, ® = (pre; post) an atomic action for T, and | ;J
models of T that respect the unique name assumption (UNA), have identical
domain, and agree on the interpretation of individual names.We say that ®
transforms| intoJ (1 ) &§ J) i®, for ead primitiv e conceptA and role namer,
we have

A) = (Al [ fal j': A(a) 2 pOStA | F ! g)nfal j': : A(a) 2 post/\ [ F ' g
rd = (r‘| [ f(a| ,b‘)] '=r (a;b) 2 post® | F ' g)n
f@;n)j'=:r(ab 2 postrl g
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there are models | g;:::;1 of T with | = 14,3 = Iy, and 1; 1) éi I for
1. i - k. Note that, since we use acyclic TBoxes, there cannot exist more
than oneJ such that | ) [ J. Thus, actions are deterministic. We generally
assumethat actions ® = (pre; post) are consistent in the following sense:for
every interpretation |, there exists J such that | ) [ J. It is not dizcult to
seethat this is the casei® post doesnot contain any pair of post-conditions of
the form ' 1=A;" »,= A.

Projection and executability are the most important reasoningproblems on
actions. Executability is the problem of deciding whether an action can be ap-

exeutablein an ABox A w.r.t. an acyclic TBox T if the following conditions are
true for all models| of A and T:

{ | Fpre
{ for all i with 1- i < n and all interpretations J with | ) § ..o J,we
haveJ F pre.; .

Projection is the problem of deciding whether applying an action achieves a
desired e®ect.Formally, the ABox assertion' is a consequene of applying the

A and T andforall J with I ) ], J,wehaveJ E ' . In this context, we also
call ' the gaal. If T is empty, we write A” = ' instead of T;A” F ' . It has
been shawvn in [3] that projection and executability are mutually reducible in
polynomial time. Thus, we will focusonly on projection in the rest of the paper.

In lower bound proofs, we use actions of a restricted form: only atomic ac-
tions are admitted, the set of pre-conditions is empty, and post-conditions are
unconditional, i.e., of the form > (a)=A. We call such actions updates and write

3 Projection in EL with empty TBo xes

We shaw that, without TBoxes, projection in EL and EL(? is co-NP -complete.
The lower bound, which is proved for EL, is a variation of Schaerf's proof that
instance cheding in ELC) wurt. empty TBoxesis co-NP -hard regarding data
complexity [14]. It usesa reduction of a variation of the propositional SAT
problem called 2+2-SAT, which is shovn to be NP -completein [14].

A 2+2 clauseis of the form (py_ p2_: n1_: ny), whereead of py; p2; n1; N2
is a propositional letter or a truth constart >, ?. A 2+2 formula is a nite
conjunction of 2+2 clauses.Now, 2+2-SAT is the problem of deciding whether
a given 2+2 formula is satis able. Let ' = ¢; » ¢¢¢~ ¢, be a 2+2-formula in
m propositional letters ¢p;:::;0n, andlet ¢ = p.1_ P2 _: N1 _: n;o for all
1- i- n.Weconstruct an ABox A. , an update ®, and a goal A suc that '
is satis able i® A® 6 A. The individual namesin A. aref (which corresponds

and ¢, (corresponding to the truth constarts); and a and b, whosepurposewill
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be explained later. De ne the ABox A: asfollows, wherec, p1, p2, N1, N2, and
t are role names:

[ 1 i nfpu(ciipia); P2(Gi; P 2)s (G i 1); n2(Gis ni;2)g
[ f(AuA)a);Ab);t(e;b);t(xp ;a)g

Note that the rst two lines in the de nition of A. are a straightforward rep-
reseriation of ' . Dene ® = f: A(a)g. Together with the last line of A. , the
execution of ® inducesa choicefor ead g, 1- i - m. To seethis, let | £ A.
and| ) @ J. Then we have g 2 (9t:A)', and the t-successonf g that is in
A' canbea' ornot. If it isa', we have g 2 (9t:A)’ . Thus, if (9t:A)’ and

lows: g is true if d 2 (9t:A)' and falseif ¢ 2 (9t:A)'. The use of a and b
in A- ensurethat > and ? are interpreted in the expectedway (relying on the
UNA). Executionsof ®in A- give us all possibletruth assignmers, encaled as
interpretations J . We usethe goal A = C(f ) to expressfalsity of ' under these
assignmeirts:

C := 9¢(9p1:9t:A u 9p2:9t:A u 9n1:9t:A u 9n,:9t:A):

In the above explanation, we have assumedthat (9t:A)? and (9t:A)’ are dis-
joint. In general,this neednot bethe case,and alsocannot be enforced.However,
this does not a®ectthe correctnessof the reduction. Indeed, it is not hard to
shaw that ' is satis able i® A is not a consequenceof applying ® in A, c.f.
the proof of Lemma 2 in [10]. We remark that only the ABox A: dependson' ,
whereas® and A do not. Thus, our lower bound even applies to data complex-
ity, where only the ABox is consideredasthe input, but the action and goal are
“xed.

Lemma 1. Thereis an update® and an EL -goal A suchthat, givenan EL-ABox
A, it is co-NP -hard to decide wheter A® E A.

We now prove a coNP upper bound for projection in EL* ). The proof focusses
on countermodels, which are de ned as follows. Given an ABox A, an action

' suchthat the cardinality of j¢'ij is bounded by the size of A and Yfor i < k.
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are as follows:

1. a'o, for all individual namesain A, % and "' ;

2. onewitness from ¢ '° for ead occurrenceof a subconcept9r:D in A;

3. one witness from ¢ 'ii + for each occurrence of a subconcept 9r:D in f' j
'=A 2 post; li;1F 'g forl- i- n.

Individual names not occurring in A, ¥ and ' are interpreted randomly in
Joiii Jk. u

Sincemodel cheding in EL¢) canbe donein polynomial time and together with
Lemma 1, we obtain the following result.

Theorem 1. Projection in EL and EL¢) with empty TBoxesis co-NP -complete.

4 Pro jection in EL with acyclic TBo xes

We show that projection in EL and EL¢) becomesPSpace-complete when
acyclic TBoxes are admitted. For the lower bound, we reduce validity of quan-
tied Booleanformulas (QBF) to projection in EL. A QBF is of the form ' =
Q1p1:::: Qnpn:#; whereQ; 2 f8;9¢g, and # is a propositional formula using only

existenceof validation trees. A validation tree for a QBF ' = Qup1::::Qnpn:#
is atree of depth n in which every level (except the leaves) correspondsto one of
the quanti ers in ' . In 8p;-levels, each node has two successorsone for p; = >
and onefor p; = ?. In 9p;-levels, eat node has one successoregither for p; = >
or for p; = ?. Thus, every branch of a validation tree corresponds to a truth

formula # evaluatesto true on every branch. The QBF formula' is valid i®there
exists a validation tree for ' . It is known that validity of QBFs is PSpace-hard,
even if the matrix formula # is in CNF [17].

For the reduction, let ' = Qip:1::::Qnpn:# be a QBF with # in CNF.
We de ne an acyclic TBox T., ABox A, goal A, and update ® sud that
T ;A" 6 A i®' is valid. As in Section 3, we call models| and J of T
countermodels against T ;A® E A i®1 A ,1) T J,andJ 6 A . The
generalidea of the reduction is to achieve that, if 1 ;J are such countermodels,
then J encadesa validation tree for ' . The purposeof the reduction TBox T.
is to establish a tree structure in | and J that is the core of this encading. In
the tree structure, we usea role namer to represen the edgesof the validation



explained later. De ne T. asfollows:

T =f L =9r(Pisgulijz)u9r(Pisa uljya)uN; i<n;Qj+1 =8
Li = 9riLj+1 UN; i<nQi+1 =9
Ln = Np
N; = 1l]l i9t:Aj i-ng

The reduction ABox A: will include an assertion Lo(a). The TBox T thus
establishesa binary tree of depth n rooted at @' in | with the right number of
successorsat ead level and with the concept namesP;, P; set as required by
the de nition of validation trees in \univ ersal" levels L; (i.e., where Q; = 8).
Sincenone of the L;, P;, P;, and r will occur in the update, a’ is a root of the
sametree in J . To make this tree a validation tree for ' , it remainsto ensure
that the tree in J satis es the following:

(&) On ewery branch of the tree, every variable is interpreted astrue or false(not
yet guaranteed sinceboth P; and P; may befalsein alevel L; with Q; = 9).

(b) On no branch, a variable is interpreted as both true and false.

(c) Every branch describesa truth assignmem that satis es #.

To enforce (a)-(c), we introduce a secondrepresenation of truth values, which
is used as the main sud represenation from now on: 9t:A; indicates truth of
p; and 9t:A; indicates falsity. In cortrast to the represeration via P; and Pj,
in which the truth value of p; is only stored at level j, the represertation via
9t:A; and 9t:ﬂ,— storesthe truth value of p; at any leveli , j. In particular, this
meansthat the leaf of a branch storesthe whole truth assignmemn assaiated
with the branch, and thus we can ensure(c) locally at the leaves.
We start using the new represenation by enforcing a certral property:

(e) If d2 L!, thend2 (9t:A;)’ or (9t:A;)’ istrue, for1- i- j - n.

To establish (2), we exploit the same e®ectas in the co-NP -hardness proof
in Section 3. More precisely we use (i) the conceptsN; in T., (i) assertions

Due to the use of the N; conceptsin T. , d 2 LJ-I satis es 9t:Aj in |, for 1 -
i -+ j - n.The choicein (v) then correspondsto whether or not the r-successor
stipulated by this conceptis by .

Obviously, (&) guarantees(a) for the secondrepresenation of truth values.
The de nition of ® explains why we cannot usethis represertation already in
T . Namely, T. is usedtogether with the assertionLy(a) 2 A: , and thus talks

in I may be destroyed when moving with ® from 1 to J .
We proceedby ensuringthat every noded 2 L!, i - n satis’es the following
three properties:



1. if disin PJ, then it isin (9t:A;)?, and likewisefor P; and 9t:A;;

2. disin at most oneof (9t:A;)? and (9t:A;)Y ,for1- j - i.

3. ifdisin (9t:Aj)’ with 1- j - i, then soareall its r-successorsand likewise
for Ot:A;;

Point 1 links the two represetations of truth values,Point 2 addressegb), and
Point 3 ensuresthat truth valuesstored via the secondrepresenation are pushed
down towards the leafs.

We de ne a set of conceptsC such that, to enforcePoints 1 to 3, it sutces
to ensurethat all conceptsin C are false at the root of the validation tree in J :

C:= for:(Piu9tA);9r':(Piu9tA)jl- i- ng
fOr':(9tA; u 9r:9tA;);or':(9t:A; u9r:9tA;)j1- j - i< ng|
for':(9tA; u9tA;)jl- j - i- ng

Note that the i-th line in the de nition of C correspondsto Point i above. Also
note that the “rst two lines of Crely on (o) to have the desired e®ect.

Before we describe how C can be incorporated into the reduction, let us
describe how to ensurethat, at every leaf, the formula # evaluatesto true. The
idea is to come up with another set of conceptsD that are made false at the
root of the validation tree in J . We use # to denote the dual of #, i.e. the
formula obtained from # by swapping _ and ™ and p; and : p;, for 1 - i - n.
Obviously, # is equivalert to : #, # is of the samelength as#, and # is in DNF.
Let #= #, _¢¢C_#.,, wherethe #; are conjunctions of literals. Now D consists
of the following concepts:

#[p =9tA;;: pj=9t:Aj;~=u]for1- i m:
Clearly, D is asrequired. If EL would include disjunction, we could now easily
put Cand D to work and thus nish the reduction by setting A. := Cth[D C(a),

where a denotesthe root of the validation tree. SinceJ is a part of a courter-
model and thus violates A , this hasthe desirede®ectthat all conceptsin C[ D
are false at a. Alas, there is no disjunction in EL and we needto invest more
work to employ C and D.

the validation tree. Supposewe ensurethat J is a model of the ABox

A =fs(a;a+1);s(a;ak)j0- i< kg[ fCi(a);Di+1(ak)j1- i< Kkg:

recursively de ne conceptsDy;:::; Dy asfollows:
D; = 9si(CjuDj4); forl- i- kij 1;
Dy = 9s:Ck
To enforcethat all conceptsCy;:::; Cy arefalseat ax in the model J in Figure 1,

we can choose
A = Di1(a):



,,,,Ln

big ¢0¢ bhe
A A, An; An

Fig. 1. Structure of the reduction ABox Ax.

To seethat this hasthe intended e®ect,note that the above choiceof A enforces
that : D1~ 8s:(: C;t : Dy) istrue at ag. Thus,: C; istrue at ax and : D, is
true at a;. It remainsto repeat this argumert k j 1 times.

Unfortunately, including the ABox A as part of A doesnot result in J
being a model of A. The reasonis that if the part of | that witnessesthe truth

occur in ® , then theseassertionsmay be invalidated by ® while transforming
| to J. The solution to this problem is as follows. For any concept C and
individual namea, let treec ;) be an ABox that enforcesa tree-shaped structure
of connectedindividual namessud that C is true at a. For example, if C =
9r:(A u 9s:B u 9r:(A u B)); then

treec (a) = fr(a;¢); A(0); s(c;c); B(c; r(c;c®YA(%Y; B(cg:

W.l.0.g., we assumethat the individuals by;:::;h, do not occurin such ABoxes.
In A. , we now use ABoxesof the form treec () instead of the original assertions
Ci(a) and Dj+1 (ak)- Sinceby;:::;hb, are the only individuals occurring in ®

and we adopt the UNA, the generatedstructures are left untouched when ®
transforms | into J . Summing up, the ABox A. is thus as follows:

A = fLo(a)gl f(Aj uA)()jl- j- ng[
f?(ai;am);s(ai;ak[)ji < kg[
treeCi(ai) [ treajiﬂ (ax)
1 i<k 1 i<k

Sincethe sizeof T, A- , A and ® is polynomial in n, we have establishedthe
intended PSpace lower bound. A formal proof of correctnessis given in [12].



A corresponding upper bound can be obtained from [3], whereit is proved that
projection in ALC is PSpace-completew.r.t. acyclic TBoxes.

Theorem 2. Projection in EL with acyclic TBoxes is PSpace-complete, even
if only updatesare allowed as actions.

5 A Tractable Case

The results in the previous sectionsshow that, in cortrast to subsumption and
other standard reasoningproblems, projection in EL is not tractable. The pur-
poseof this sectionis to identify a tractable case.From the perspective of mod-
elling, this caseis not very appealing. However, it may be usedby a reasonerto
avoid complex reasoningmecanismswhen they are not really needed.As in the
previous section, we admit acyclic TBoxes.

® = (pre;post) sudh that all post-conditions in post are unconditional, and
A = C(a) a goal. A symbol (i.e., concept or role name) ¥%is special if ¥o0ccurs
negatedin somepost, 1- i - n. Wesay that T;A;Y;A are nice if the following
condition is satis ed:

if 9r:D is a subconceptof C that corntains a special symbol, then there
is no assertion9r:E(b) 2 A such that E v+ D.

The aim of this sectionis to show that projection in EL w.r.t. acyclic TBoxes
is tractable if the input T;A;%A is nice. Obsene that this includes the case
where negatedliterals in post-conditions are disallowed altogether.

We give a simple algorithm that runs in polynomial time. Let T;A;%A be

that A doesnot cortain any assertionsof the form C u D (a). If presen, we may
simply replacesuch an assertionwith C(a); D (a). Givenan ABox A of this form
and a set L of primitiv e literals, we write A © L to denote the ABox obtained
from A by rst removing the complemert of every literal in L and then adding

follows:

{ Ao=A;

{ Ais1 = AjOFf' j>(a)=' 2 post,, 0.
The algorithm answers\yes"if T;A, E A (i.e., A is true in every model of T
and A;), and \no" otherwise.In EL with acyclic TBoxesand primitiv e negation,
deciding whether T; A, E A is tractable [2].

In the following, we brie°y sketch the proof that our algorithm is correct. To

show that A” 6j A implies A, 6j A, we construct a sequenceof interpretations

be homomorphically embeddedinto J;, for all i - n. Wethen show that Al/iﬁj A
implies that |1, is a model of An. To show that A, & A implies A7 & A, we
unravel a model J of A, [ f: Ag into a tree-like model J % and the de'ne a
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Theorem 3. Projection in EL w.r.t. acyclic TBoxesis tractablefor nice inputs.

We now shaw that there is no easyway to include conditional post-conditionsin
our tractable case.Let CL be the fragment of EL that admits only conjunction
and conceptnames,but no existertial restrictions. We prove that projection in
CL is coNP -hard, thus coNP -complete by Theorem 2. Clearly, this alsoyields
an alternativ e proof that projection in EL without TBoxesis co-NP -complete.
Howevwer, unlike the proof in Section 3, the current proof relies on conditional
post-conditions. This shaws that there are two sourcesof intractabilit y in pro-
jection in EL: existertial restrictions in the ABox as exploited in Section 3 and
conditional post-conditions as exploited here.

Our proof is by reduction of 3SAT. Let ' = ¢; * ¢¢¢" ¢ be a 3-formula in
the variablespy;:::;pn and ¢ = 1 _ Si2_ i3, forl- i - k. Wedene an
ABox A. , a composite action ® = ®. ;;®. ,;®. 3, and a goal A suc that '
is satis able i® A® 6 A . We usethe following concept names:

{ the conceptnamesB1;:::;B, represen the truth valuesof pi;:::;p, in the

{ the conceptnamesAy;:::;A, and Ay;:::; A, represen the truth values of

P1;::1;Pa in the interpretation obtained by executing®. ;, where Aj means
that p; is true, and A; that it is false;
{ the conceptnamesFi;:::; Fk indicates falsity of the clausesc;;:::; c;

{ the conceptnameF indicates falsity of ' .

The ingredients of the reduction are now de ned as follows, where ®. ; =
(;;post) fori 2 f1;2;3g and Lj; denotesA; if “i; = : p and A if i = pi:

post = fB1(a)=A1(a); B1(a)=: A1(a);:::;Bn(a)=An(a); Bn(a)= An(a)g

post, = fLisuLi2uL;3(@=F(ajl- i- kg
post; = fFi(a)=F(a);:::; Fk(a)=F(a)g
A =F(a)
Intuitiv ely, a valuation is \guessed" via Bi;:::;Bp in the initial interpreta-

#=A of subsequeh actions (where we cannot use: B;!). The remaining actions
®., and ®. 3 ensurethat there is a clausein which all literals are false.

Theorem 4. Projection in CL is co-NP -complete.

This result shows that, when conditional post-conditions are allowed, projection
is inherertly intractable.

6 Conclusion

Our results show that, in EL, tractabilit y doesnot transfer from instance ched-
ing to projection. If no TBoxesare presen, projection in EL is still simpler than
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in ALC. This advantage is lost oncethat acyclic TBoxes are added. In the full
version of this paper, we will additionally study planning with EL -actions and
show that most lower bounds for propositionally closedaction formalisms also
apply to EL.
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