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Abstra ct. In [14] a generalisation of Formal Concept Analysis was in-
troduced with data mining applications in mind, K-Formal Concept
Analysis, where incidences take values in certain kinds of semirings, in-
stead of the standard Boolean carrier set. The construction leading to the
pair of dually (order) isomorphic lattices can be further manipulated to
obtain the three other types of Galois Connections providing a fuller set
of tools to interpret any relations between data. We relate this result to
previous descriptions of certain instances of such Galois Connections in
qualitative data analysis and provide concrete examples of them related
to @max,+—semim0dules in quantitative data analysis.

1 DMotivation: Lattices related to an Incidence

Data analysis reaults improve when many dile rent tools are olered to the prac-
titi oner. Consider then the modal operators ([13], def. 3.8.2;[6]) introduced by a
Boolean matrix, I € 26*M  over a set of objects, A € 2¢ and, dually, over sets
B € 2M of attr ibutes operated by the converse relation It € 2M*¢ aslisted in
Table 1. Formal Concept Analysis adepts may recognise the extent and intent
polarsin thesu" ciency operators for a relation, [[I ]](4) = A/, [I']|(B) = B’ ,
but also their closure operators, [I']][[Z ]](4) = A” , [[I I[[I']1(B) = B" .

Perhaps less known is that the pairs of operators in the brst and second
rows of Table 1 debre the neighlourhood lattices: For a formal context (G, M, I)
debre the span of a set of objects as: span(A4) := (I)(A4) = (A)L . This is the
sd of attrib utes related to someg € A 1. Similarly, debne for its dual context
(M, G, I") the content of a se of attributes, content(B) = [I'](B) = (B)Y , as
the set of objects which can be completdy desaibed by the attri butesin B .
Next consider the set (G, M, I) (for Ger. Nachbar, neighbour) of neighlour
pairs, (A, B) € MG, M,I), sud that span(4) = (A)f = B& A= (B)y =
content( B) . Then we can state the:
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! The second, operator notation is closer to Galois connection theory as explained
below and relates better to normal notation in Formal Concept Analysis.



Table 1. Modal operators over a relation and its converse for sets of objects A C G
and attributes B C M . The misalignment in the first two rows is intentional.

possibility operator over G necessity operator over M
(I (A) = {meM|(3ge@lge AngIm]} | [I'](B)= {g€G|(YVm € M)mI'q=me B)}

necessity operator over G possibility operator over M
1(A) = {meM|(Vge QgIm=ge A)}| {I')(B)= {g€G|(Ime M)meBAmI‘gl}

sulciency operator over G sulciency operator over M
[[IN(A) = {me M| (Vg€ G)lge A= gIm)} [[It}] (B)= {g€G|(Vm € M)[m € B= mlI‘g)}

dual su! ciency operator over G dual su! ciency operator over M
{D))Y(A) = {meM|(3geqG)g¢g ANgI'm]} <<It>>(B) = {geG|(BmeM[m¢gBAmI g}

Theorem 1 (Fundamental theorem of Neighbourhood lattices [6]). The
neighlourhood lattice, (G, M, I), is a complete lattice in which inbmum and
supremum are given by:

v\ ! v
I
(As, By) = Ay, B, (A¢, By) = ( Ay > ) Bt)
té\T t@“ (tg >1 3 t\E/T ( (U )3 I tLeJT
Conversly, a completelattice V' is isomorphic to M(G, M, I) if and only if there
are mappings o : G — V and k : M — V suchthat ¢(G) U {0} is join-densein
V and (M) U{1} is meet-densein V and gIm is equivalent to o(g) £ x(m) for
algeGandall me M .

This result showsthat 91(G, M, I) isisomorphic to B(G, M, #j [6], but the draw-
ing and interpretati on in terms of neighbourhood pairs must diler, sincethe
sygems of spars and corntents are now order isomorphic: if (A1, B1), (A2, B2)
are neighbour pairs, they are ordered by the relation: (A1, B1) < (A2, Bp) <—
A1 <A, < B <B, .

In adi! erert train of thought and with algebraic applicationsin mind, when
considering Pnit e incidencesto berepreserted by Boolean matrices, I = [/;;] and
sets of objets by Boolean (column) vectors, we may write: (I)(A) = \/j 1ij N aj,
[11(A) = A; Iy — aj, (1)) (A) = V; T AT; and [[7]1(A) = A; a; — I, where
— indicates the logical conditional. It is clear that debnition of the possbility
operator can be understood in terms of matrix multiplication in the Boolean
algebra where Vv is addition and A multip lication, so that we could write for
proper bnite sets of objects and attr ibutes with cardinals |G| = g¢,|M| = m,

2 Our names for the neighbour pair-creating functions to avoid those already taken by
Formal Concept Analysis.



an incidence I € 29*™ and a se of objects A € 29%1, (I)(A4) = I' - A with
the convertional multipl ication betwen boolean matrices. But that is not at all
apparent in the caseof the other operators.

The quedion arises when considering a particular incidence whether there
are any more lattices related to it, and if sowhat their properties are. For in-
stance are there analogues of the constructions and methods in Formal Concept
Analysis for the compostion of the other operators? Are there similar operators
on typical domains for data mining like Ny or Ry ? Do these operators admit a
matrix represertation ?

In this paper we try to answer a" rmatively to the quegions poseal above,
providing analogues for the three other typesof lattice stemming from incidences
taking valuesin re3exive semibelds. For that purpose apart from the wider sope
of Galois connections between arbitrary orders in sedion 2, we reformulate in
section 3 the construction of Galois connections in idempotent senmimodules
which are idempotent analogues of vedor spaces and provide examples and a
linear algebraic setting for concreteinstances of thes in sedion 4.

2 Galois Connections and Adjunctions

Let P = (P, <p) and Q = (Q, <o) be partially ordered ses. We intr oduce the
following naming convertions for the purpose of claribcation 2 :

Definition 1. 1. (), p) is a TYPE OO Galois connection or (Galois) adjunc-
tion (on the left), and write (\,p) : P! Qiif: Vp € P,g € Q A(p) <o
q! p <p p(q) , that is, the functions are covariant, and we say that X is
the lower or left adjoint while p is the upper or right adjoint .

2. (p,\) : P" Qs a TypE II Galois connection or (Galois) adjunction (on
theright) i: Vpe P,ge Q p(p) >0 q< p <p A(q) , both functions are
covariant, p is the upper adjoint, and X\ the lower adjoint.

3. (p,%) is a TYPE OI Galois connection, or Galois Connedion proper, and
write (p,¢) 1 P=Q il Vpe P.qe Q ¢(p) 20 ¢ p <p Y(q) , thatis,
both functions are contravariant. For that reason they are sometimes named
cortravariant or symmer ic adjunctions on theright. Note that (v, ¢) is also
a TYPE OI Galois connection.

4. (A, /") is a TYPE 10, or co-Galois conrection, and write (A, A') : P—Q
if: Vvpe Pge @ Ap) <g q< p>p A(g) , thatis, both functions are
contravariant. For that reason they are sometimes named contravariant or
symmetric adjunctions on the left. (A’, A) is also a co-Galois connection.

Our classibcation of Galois connections stresses the compositions with order-
and dual order-isomorphisms, or anti-isomorphisms We take the Type OO
Galois connedion to be a basic adjunction composed with an even number of

% For a revision of the genesis and importance of Galois Connections and adjunctions
see [3], as well as a discussion of the different notation and nomenclatures for these
concepts. See [4] for an early tutorial with mathematical applications in mind.



anti -isomorphism for the domain or range orders. Consequerttly, a TYpE 11 Ga-
lois connedion, is a basic adjunction with an odd number of anti-isomorphisms
composed on both the domain and range orders. To obtain cortravariance we
compose with an odd number of anti-isomorphism on the rangesto obtain a
TYPE OI Galois connedion. Finally, to obtain a co-Galois connedion, we com-
pose with an odd number of anti -isomorphisms only on the domain, i.e. to get a
a TYPE 10O Galois connedion.

Table 2 summarises briel3y the main properties of all types of Galois connec-
tions. Furthermore, asa sort of graphical summary, we intr oduce th e diagram to

Table 2. Summary of Galois connections and their properties, for P, Q posets.

H Left Adjunction: (A, p) : P = Q H Galois connection: (¢,v) : P Q H
VpePqgeQ Ap)<cq=p<rplq |[VPEPqeQ ¢p)>cqep<pri(q
Ip <polXandIg>Aop Ip <poypand Ig <o

A=XopoAand p=podop p=¢pogpopandyp =yopor
A monotone, residuated (o antitone
p monotone, residual 1) antitone
A join-preserving, p meet-preserving ¢ join-inverting, v join-inverting
H co-Galois connection: (A, A") : P— Q H Right Adjunction: (p,A) : P=Q H
VpePqgeQ Alp)<eqepzr AQ||VpePge@ plp) 2o qe p<r A9
Ip > AN oA and Ig > Ao N Ip >Xopand Ig < po A
A=NANoNoNAand N =N oo/ p=polopand A=Aopo)
A antitone p monotone, residual
/\ antitone A monotone, residuated
A meet-inverting, /A’ meet-inverting p meet-preserving, \ join-preserving

the upper left-hand corner of Figure 1 asthe pattern that carriesthe structures
descibedin ([3], §1.2) and llustrat ed at the top left of Figure 1:

— A closure system, p(Q) = P
below).

— An interior system, A\(P) = @, the kernel rangeof the left adjoint (seebelow).

— A closure function (also OclosureoperatorO[6,2) vp = po A >p Ip, from
P to the closure range p(@), with adjoint inclusion map —p , where Ip
denotes the identit y over P.

— A kernel function (also Oirterior operatorO [6], Olernel operatorQ) kp =
Aop <g Ig, from @ to the range of A(P), with adjoint inclusion map —o ,
where Io denotes the identit y over Q.

— a perfect adjunction (X, : P! @, that is, an order isomorphism between
the closure and kernel rangesP and Q .

, the closure range of the right adjoint (see

However, a Galois connedion proper can be seen in the top right of Figure 1)
whoseranges are both closure systems and both compostions closure operators



Y

oQ) = P=——= AP
A

Type OO: Type OI:
Left Adjunction, (A, p): P=Q

Type 10: Type 1I:
Co-Galois connection, (A, A') : P~ Q Right Adjunction, (0,\): P=Q

Fig. 1. Diagrams visually depicting the maps and structures involved in the adjunction
on the left (A, ) : P= Q (top left), Galois connection (p,1) : P+ @ (top right), the
co-Galois connection (A, A’) : P+ @ (bottom left) and the adjunction on the right
(0,A) : P=Q (bottom right) between two partially ordered sets (adapted from [3,13]).
Closure operators are denoted by vp,7o , interior (kernel) operators by kp, kg , clo-
sure systems by P,Q and interior (kernel) systems by P,Q .

due to the dualisation of the second set (we write o for the new closure oper-
ator), resultin g in the well-known perfect Galois connection, (@, %) : P~ Q , a
pair of dual order isomorphism between closure ranges lying at the heart of For-
mal Concept Analysis. The diagramsin the bottom left and right show analogue
structures for co-Galois connections and right adjunctions respedi vely.

As an example of all the above, consider P = 2¢,Q = 2M the powerséds of a
se of objects G and a set of attrib utes M . Then for ead relation R € 26*M
we have (adapted from [4]):

— a Galois connedion (TypE OI) (- &,. B) : 2¢ .~ 2M 'with dually isomorphic
(closure) lattices of object and attri bute sets at the heart of Formal Concept
Analysis.

— aleft adjunction (TypPE OO) (- £,- %) : 261 2M with closure system (ZM)\;
that we call the neightourhood lattice of objects.

— aright adjunction (TypE II) (- &,- 3) : 26" 2M with closure sysem (ZG);2
that we call the neightburhood lattice of attri butes



— a co-Galois connedion (TYPE 10) (- &,- ) : 2¢ 2™, with dually isomor-
phic (kernel) lattices of object and attr ibute sds.

3 Galois Connections between Idempotent Semimodules

It is not straightforward to describe the examples in sedion 2 in the algebra
of Boolean matrices For this purpose we develop the more encompassng the
concept of a Galois connection between two idempotent semimodules next.

3.1 Idempotent Semirings and Semifields

Basic definitions. A semiing S = (5,4,®,¢,¢e) is a structure where the
additiv e structure, (S, ®, ), is a commutati ve monoid and the multip licative
structure, (S\{e}, ®, e), a monoid whosemultipl ication distr ibutes over addition
fromright and left and whoseneutral elemernt is absorbing for @, Vr € K, e®x =
e . On any samiring S left and right multip lications can be debred: L, : S —
S,br— Lg(b) = ab, and R, : S — S,b — R, (b) = ba . A commutative semiring
is a one whosemultip licativ e structure is commutativ e.

For instance let S = (S,®,®,¢,¢e) be a saniring. Then the seniring of
(square) matrices over S is M,,(S) = (™", ®,®,&, F) , with S™*™ denoting
the set of square matri cesover the semiring with matrix operations: (A® B),; =
Aij ® B;;,0 < i,j < nand (A® B);; = @y Aik ® Bg;,0 < i,j < n, null
element the matrix £, &; = ¢,0 < 4,7 < nandunit E, E; = ¢,0 < i < n,
E;;j = €0<14,5 <n,iZ j .Such semiringsare not commutati ve in general even
if Sis, except for My(S) = S .

A semibeld is a semiring whose multipli cative structure (S\{¢}, ®) is a group,
that is, there is an operation, -~ : S\{¢} — S\{e} such that Va € S,a® a1 =
a~!®a = es. For commutati ve semibelds, whose multipli cative structure is a
commutati ve group, we have (a®b) 1= at®@b ! .

An idempotent semiring or dioid (for double monoid), D , is a samiring
whose addition is idempotent, Va € D,a ® a = a , that is, whose additive
structure (D, ®, ¢) is an idempotent semigroup. Compared to a ring, an idem-
potent samiring crucially lacks additive inverses. All idempotent commutativ e
monoids (D, ®,e) are endowed with a natural order Va,b € D,a X b <
a®b= b ,which turnsthem into v-semilattice s with least upper bound debned
asaVb= adb . Moreover, the neutral element for the additiv e structure of
samiring D is the inbmum for this natural order, e = Lp . Hence all dioids are
sup-senilatt ices (D, <) with a bottom elemert.

A dioid whose multipl icative structure is a group is an idempotent semibeld.
The formula for the inbmum in such case was already put forward by Dedekind
[3]: the meetlaw is a Ab= a 1 ® (a @ b) ® b~! , henceidempotent semibelds
are already latti ces In this paper, we focus on two idempotent semibelds’:

4 We use : = (read “becomes”) to pass from abstract to concrete algebra.



1. The maxplus semibetl, Rmax,+ = (RU{—o0 },max,+,—oo0,0) with inverse
.~1:= —.is an idempotent commutativ e senibeld.

2. The minplus semiPeld, Rmin + = (RU{ oo}, min, +,00,0) is an idempotent
commutati ve semibeld, with the same inverseas the previous example.

Complete Semirings and Dioids. A semiring S is complete, if for any index
sé I including the empty sd, and any {a;};,c; C S the (possbly inbnite) sum-
mations @), ; a; are debred and the distrib utivity conditions: (6D,.;a;) ® ¢ =
@B, (ai®c) and ¢ ® (B,c; ) = B,e;(c®a;), are satisPed.Note that for
¢ = e the above demand that inbnite sums have a reault. A dioid D is complete,
if it is complete as a naturally ordered se (D, <) and left (L,) and right (R,)
multip lications are lower semicontinuous, that is, resduated: Va,b € D,a =<
b,Ve € D,L.(a) = L.(b),Rc(a) =< R(b) . This implies that inPnite sums are
debred in terms of suprema: @, ; a; = supf’el{ai}, V{a;}icr € D , with the
corvention that @,_, a; = ¢ . A lessstrict depniti on is: a dioid D is said to be
boundedly complete’ if every s M C D order-bounded from above has a leag
upper bound sup M €D .

In a complete idempotent semiring, D, becuse it is a sup-semilatti ce (D, V)
with bottom element ¢, the inPma of subsets also exist, hence D is in fact a
complete lattice . Furth er, for a complete idempotent semibeld, thisinPmum can
be computed from the supremum as:Va,b € D,aAb = (a=* Vv b 1)1 and
multip lication also distrib utes with resped to this inPmum. For instance the
Boolean samiring, B = (B,V,A,0,1), with B = {0,1} is complete, idempotent
and commutativ e.

A complete idempotent semiring D can never be a semibeldunless it is iso-
morphic to the Boolean semibeld 5. For instance its maximal element Tp sat-
isPesTp ® Tp = Tp, hence it cannot have an inverse. Ryax + iS incomplete
becauseits bottom hasno inversein the sensethat co+ (—00) = —c0 # 0 . For
a similar reason, Rnin + IS incomplete: its bottom has no inverse: —oo + co =
oo Z 0 . (The apparent incongruencebetween thesesumsis about to be solved.)

The Completion of Idempotent Semifields. Let a lattice-ordered group
G = (G, =X,®) bealattice (G, =) endoved with a group operation such that the
multip lications on either side are isotone (or lower semiconti nuous):

a,bceGab=c®a=c®ba®cbRc

A lattice-ordered group G is said to be conditionally complete if it is conditi on-
ally complete as a lattice. Every conditionally-complete lattice -ordered group is
commutati ve in the product operation. Also, latt ice-ordered semigroups which
are not singletons have no least, nor greatest elements. For instance, dioids are
latti ce-ordered semigroups for the natural order, hence they are commutativ e in
the product and incomplete, lacking bottom | or top T elemernts, or both. How-
ever, we may complete a lattice ordered group with the canonical enlargement
construction as follows:

5 Also conditionally complete or simply complete in the context of dioids [5].



Construction 2 (([9,10,11,12]) Canonical enlargement of a lattice-ordered
group). For any lattice-ordered group G = (G, <, ®): adjoin two elements | and
T to G to obtain G = GU{L, T} and extendthe orderto Gas 1L <a <X T,Va €

@ . Then exterd the product to two diler ent operations, upper, ® , and lower,
® , multip lications:

1 if a,be GU{L, THwitha= 1, orb= L;

a®b=qT if a,be GU{T},witha= T, orb= T; 1)
a®b if a,beG;
T if a,be GU{L, T},witha= T, 0orb= T;

a®b= < L if ac,be GU{L},witha= 1, orb= 1; (2)

a®b if abed,
to obtain the structure G = (G, =<, ®, ®), known as the canonical enlargemert of

G = (G,=,®). In this structure, ® and ® are asseiative and commutative over
G, asthe original ® was over G, and the isotony of the product with respect to
the natural order extendsto G . Furthermore, if e is the unit elementof (G, ®),

it is similarly the unit of (G, ®) and (G,®) .
This is the basisfor the completion of idempotent semibelds,to follow:

Construction 3. The top completion [5] of a dioid D is another dioid D=
(D, ®,®,¢,e) where: D= DU{T} and in which ® coincides with its dePnition
in construction 2 when D is considered as bearing a lattice-ordered (multiplicative
semi)group, and we exterd @ with the extra top-element:
T if a= Torb= T,

b= ' 3

@0 {a@b, if a,be D: @)

Construction 4 (Top Completion of an idempotent semifield). Given
an (incomplete) idemptent semibeld D, on its top enlargenent as a dioid by
construction 3, D, we extend the notation for the inverse with the following
conventons: et = T,T-1 = ¢. In that way we have two related complete
idempotent semibeld structures:

— a completelattice for the natural order (D, <), the one we havebeen focusing
on, D= (D,®=V,®,1,e), and

— a complete lattice for the dual of the natural order, (D,=% = (D,»)
D' = (D,& = A,®,T,e) where the meet is debnel (on D) as atove and
the debrition of ® follows that in construction 2.

Using constructions 2, 3 and 4, already invoked by Moreau [9] we have:

— The top completion of Rmax + IS Rmax+ = (RU {—0c 00}, max, +, —c0, 0),
the completed Maxplus semibeld.



— The top completion of Ryin + iS Rmin + = (RU{—00, 00}, min, #,00,0) the
completed Minplus semibeld .

Note that in this notation we have —co+ co = —oco and —oco# oo = oo, which
solves several issuesin dealing with the separately completed dioids, aspromised.

In the completed structure, we have the following De Morgan-like relations
between the multip lications, their resduals and inversion:

Property 5 ([12], lemma 2.2). In the top enlargementS of any commutative
semipeld S we have:

(a@b)t=atap? (adb)t=atopt (4)

(a®b)_l =ateb! (a®b)~t= a_1®b_l
Furthermore if S is idempotent, the residuals

a®bjc¢>bja\c¢>ajc[b a®bjd0<ﬁ>bjda\c¢>ajdc/b (5)
can be expressel in terms of the multiplications as:

a\c= alec= (a@c‘l)_l cla=c@al= (c_l®a)_1 (6)

-1

a\c: a71®c:(a®cfl) c/a= c®afl=(cfl®a)71

3.2 Semimodules over Reflexive Idempotent Semifields

Basic definitions. A semimodule over a samiring is dePnedin a similar way to
a module over aring [1,8,7] a left S-semimodule, Y, is an additive commutati ve
monoid (Y, @, ey) endowved with amap (A, y) — A®y sudhthat VA, p €S, y,z €
Y, and following the corvertion of dropping the symbol for the saalar action and
multip lication for the semiring we have:

M)y = Muy) €sY = €y (7)
My@z)= Ayd Az esy= =T

The debprition of a right S-semimodule, X, follows the same pattern with the
help of a right action, (\,2) — = ® A and similar axioms to those of (7.) A
(K, S)-semimodule is a set M endaved with left K-semimodule and a right S-
seamimodule structures, and a (K, S)-bisemimaule a (K, S)-semimodule such
that the left and right multip lications commute. For a left S-semimodule, ), the
left and right multi plications are debned as: LY : Y — Y,y — LS(y) = Ay, and
RY :S = Y,A— RY()) = \y . And similarly, for a right S-semimodule.

For instance, the semimodule of Pnite matrices M .,,,(S) = (S9*™, @, ) isa
(My(S), M, (S))-bi semimodule for brite g and m, with matrix multip lication-
like left and right actions and componentwise addition, and so are the s& of



column vectors M,,,»1(S) and the set of row vedors M;,(S) . For the com-
pleted semibelds of Rypax,+ and Rmin + , we have:

(A® B);:= T:alX(Aiki_- Bi;) (C®D);j:= min(Cix # Di;)

A left, right D-semimodule X' over an idempotent semiring D inherits the
idempotent law: Vv € X, v @ v = v, which induces a natural order on the
sanimodule: Vo, w € X, v < w <= v ®w = w, wWhereby it becomes a
V-semilattice,, with ey the minimum. In the following we sygematically equate
idempotent D-semimodules and semimodules over an idempotent semiring D .
When D is a complete idempotent semiring, a left D-semimodule, X' is complete
(in its natural order) if it is complete asa naturally ordered set and its left and
right multip lications are (lower semi)continuous. Trivially, it is alsoa complete
latti ce, with join and meed operations given by: v < w <= vVw = w <
v Aw = v . This extends naturally to right- and bisemimodules.

As in the samiring case because of the natural order structure, the actions
of idempotent semimodulesadmit redduation: given a complete, idempotent left
D-semimodule, ), we debre for all y,z € Y, A € D the redduals (Lf)# Y —
Y,z — (LD)" (2) = Nz, R 1Y = D2 = (RY)” (2) = 2/y, and likewise
for aright sesmimodule, X .

If D isidempotent (resp.complete), then Pnite matrix senimodulesareidem-
potent (resp.complete) with the componentwise parti al order their natural order.
For D a completed idempotent semibeldas per construction 4, the left and right

resduals of ® and ® are:

m

(A\B)i; = &b (A,;}@Bkj) (Bl C)i = é (Bik@écj;j) (8)

k=1 k=1
. m . P
(A\B); = P (Aiil ®Bkj) (BIC)i; = P (Bik ®ij})
k=1 k=1

with summations those of the dioid corresponding to the multipl ication.

There is a remarkable operation that changesthe character of a semimodule
while at the same time reversing its order by means of residuation: let D be a
complete dioid, and X be a complete right D-semimodule, its opposite semim-
odule is the complete left D-semimodule X°P = (X,ZQS,LXop) with the same
underlying se X, additi on debred by (x,z2) — = %.S z = x Az wherethe inPmum
is for the natural order of X', bottom element Ly = Ty , and left action:
DxX —->X (MNz)— )\ Xr= x/A . Consauertly, the order of the opposite
is the dual of the original order.

It is easyto seethat Rmin « iS precisdy the complete, idempotent semiring
opposite t0 Ryax+ , taken as a semimodule, Rmin + = (Rmax + ) and vicev-
ersa, Rmax + = (Rmin + )0p , since opposition of semimodules is an involution.

Finally, for an element of a semimodule over and idempotent semibeld,z € X,
we debrethe inverse as(z~1); = xi‘l (which is not felicitous, given that z '@z



is not debPnedin general.) However, with the precautionstakenfor Rmax + , Rmin +
we can write: (z71);:= —x; .

Basic construction of Galois connections over reflexive semimodules.
The following construction is due to Cohen et al. [1]. Let D be a complete dioid;
for abracket (- | -) : Y x X — Z betweenleft and right D-semimodules, Y and X
respedively, onto a D-bisemimodule Z and an arbitrary element ¢ € Z, which
we call the pivot, dePrethe maps, -7, : Y — X and - : X — YV

o= V{eeX|wlay<e) o= \{yeY|Wla<e} (©

Proposition 1 ([1], th. 42). (-, %) : Y« X is a TYPE OI Galois connection.

Note that X and ) are both already complete latti ces as well as free vector
spaces. Howewer, the closure lattices Y = »(X) and X = (), do not generaly
agreewith their ambient vector spacesin their joins, but only in their meets.
A rel¥exive dioid, (D, ¢), is a complete dioid suc that ((- | -) : D x D — D, )
with (A | ) = Ap induces a perfect Galois connection under construction (9),
that is, a pair of mutually inverse order isomorphisms VA € D, £(A7) = A, and
(55 = A . InreBexive dioids X and Y are actually (join-)subsemimodules of
the corresponding spaces ([1], prop. 28).

This construction is a! ected crucially by the choice of a suitable pivot ¢: if
we considerthe bradet to reRed a degree of relatedness between the elements
of each pair, only those pairs (y,z) € Y x X are consideredby the connection
whosedegree amournts at most to ¢ . Therefore we can think of the pivot asa
maximum degree of existene allowed for the pairs.

Finally, ¢ neednot be unique: if (D, ¢) is reBexive, for any A € D invertible,
(D, pX) isrel3exive. Cohenet al. [1] provethat idempotent semibelds are ref3exive,
and sugges that for the Boolean samiring we must choose ¢ = Og, the bottom
in the order. For other semibeldsany invertible element may be chose, e.g.

@Y= éep .

4 Galois Connections Generated by Matrices over
Completed Idempotent Semifileds

In this sedion we provide an eay way to build all possible Galois connedions
between two semimodules over an idempotent semibeld. We use the Moreau
notation troughout to prove that it simplibes things considerably. For all of this
section, considera completed, ref3exive idempotent semiring (D, ep) , and let Y
and X be left and right semimodules over D or its opposte.

Definition 6. For Y = D" x = D"*l and bracket (- | Jor : ¥ x X —
D, (y | z)or = y®2x we debPnea conjugation to be the Galois connection of type
OI obtained from the mapsin equation 9, and we write simply: (-*,*) : Y~ X .



Table 3. Brackets between left and right free semimodules defined over a complete
idempotent semifield and its opposite.

With range in D With range in D

<. | > R Dlxn anl D [ ‘ } . (Dop)lxn % (Dop)nxl N Dop
(ylz)o =y y |2l =yow

< | >()() Dlxn (Dop)lxn — D [ ‘ } (Dop)lxn X Dlxn — Dop
(| z)oo=y/s=y®@" yl2loo=y/c =y

< | > Dop)nxl (Dop)lxn NE>) [ ‘ } anl Dlxn N Dop
(y|z)o=(z®y)" =y 2" y|z]o =@y =y @

< | > . (Dop)nxl anl — D [ ‘ } anl (Dop)nxl — Dop

Wl =y\z=y @ |2l =y\e=y ®z

By Equation (9): y* = y\ep , *x = ep/ x . For any other invertibl e element
¢ we have the p-conjugations: y; = y\¢ = y\(ep®<p) = y*®¢p and T =

¢ ®*z . Hence, the conjugations in Rmax + are:y*:= —y' 1= —at .
Consider Table 3.We claim:

Proposition 2. 1. The bracketsin the left column gererate all possibk types
of Galois connections between Y and X' by composition with adeguate conju-
gations.

2. The bracketsin the right column geneate all possibe connections between
the conjugatesof ) and X by composition with adequate conjugati ons.

Proof. For 1) Bracket (- | -)o1 generatesthe conjugations above, which are Ga-
lois connections of TYpe OI by Proposition 1. (- | -);; generatesanother type Ol
between (D°P)"*1 and D"*%, hence pre-composing with a conjugation between
D™ and (D°P)"*! asdebnedpreviously obtainsaright adjunction, TypE II, be-
tweenD*™ and D"*1. The procedure is exactly the same for type OO and type
IO connedions. For 2) the procedure is exactly the same starting from [- | -],
which is the one generating the Galois connedion proper between (D°?)1*™ and
(Dop)nxl . 0

The following propostion states esentially, that the Galois connedions over D
and its opposite are esenti ally inverses (as expeded from the inversion of orders
between the opposte semibelds):

Proposition 3. For all brackes atove, for k € {OI,00,10,I1} we have:
wlay=(y 127" ], = ()™t (10)

Note that such Galois connections can be built being D either a scalar or a
matrix semiring. Hence, considering the brackets in Table 4, we claim, with a
similar proof:



Table 4. Brackets between left and right free semimodules defined over a complete
idempotent semifield and its opposite with the aid of matrices defined over each semi-
field.

With range in D With range in D°P
< ‘ >R . Dlxg X Dmxl —~ D [ | ]OI . Dop)lxq % (Dop)7nx1 Dop
yl2)§i =y Rea ly | 2]5 = y@R®

< ‘ >OO Dlxg X (Dop)lxm D [ | ]00 (Dop)lxg X Dlxm — DoP
wlno=weR) /e=yaRez" |ly|alf, = (y®R)/z=y@Raa
< ‘ > (Dop)gxl (Dop)lxm D [ | ]% . Dgxl % Dlxm —, D°P
( [
(- [
( [

y| o)y = (@@ *Roy) =y @Rez*|ly| iy = (z® " Roy)* =y @ R
‘ > . (Dop)gxl » Dmxl —~D K | ]ﬁ . Dgxl » (Dop)mxl —, DoP

ylalff =y\(Roz) =y @ Rew

y | z)if :y\(R®9€):y ®RQx

Proposition 4. 1. For agivenR € M,...(D) , the bracketsin theleft column
geneate all possibk types of Galois connections between the appropriate )
and X by composition with adequate conjugations.

2. For agiven R € Mg.,(D°P) , the bracketsin the right column gererate all
possibe connections between the appropriate ) and X by composition with
adeguate conjugati ons.

Proof. The proof is straightforward following the steps of proposition 2 and a
property similar to that for the brackets above. The proof for TypE OI Galois
connectionscan be found in [1], §4.5, aswell asthat of TYpPE I0O. a

5 Conclusion

In this paper we have provided algebraic formulae for the constr uction of Galois
connectionsof all four dilerent typesviz. left and right adjunctions, Galois con-
nections proper and co-Galois connedions, between senimodules over idempo-
tent, ref3exive samibelds. Alth ough such senibelds turn out to be incomplete, we
have supplied a constructi on allowing their completion and, further, a notation,
reminiscent of one introduced by Moreau, for expressng all Galois connection
operators in matrix algebra.

The main scheme of combining a basic Galois connection proper plus the
Cohen-Gauwert-Quadrat conjugation is already looming in [1,5]. Similarly, the
use of the Moreau notation is already present in [10] in relation to co-Galois
connections(TYPE 10) and the completions of certain idempotent semigroups
but was not explored systematicatically there. Of course, thisis exactly the way
theright-axiality (Ry>) and the co-Galois connection(R_ ~) whereintroduced in
[4], but only for subses of 2¢ and 2™, whosegeneralsation for other semirings
is not straightforward. All in all, this shows directly that X-Formal Concept
Analysisis just one of the caseshere desribed and indirectly the sameholds for
standard Formal Concept Analysis.



Acknowledgements Wewould liketo thank M. Ernefor providing initial input
for Galois connection diagramsin sedion 2.

References

1.

2.

10.

11.

12.

13.

14.

G. Cohen, S. Gaubert, and J.-P. Quadrat. Duality and separation theorems in
idempotent semimodules. Linear Algebra and Its Applications, 379:395-422, 2004.
B. Davey and H. Priestley. Introduction to lattices and order. Cambridge University
Press, Cambridge, UK, 2nd edition, 2002.

M. Erné. Adjunctions and Galois connections: Origins, History and Development,
volume 565 of Mathematics and Its Applications, pages 1-138. Kluwer Academic,
Dordrecht, Boston and London, 2004.

M. Erné, J. Koslowski, A. Melton, and G. Strecker. A primer on Galois connec-
tions. In A. Todd, editor, Proceedings of the 1991 Summer Conference on General
Topology and Applications in Honor of Mary Ellen Rudin and Her Work, volume
704 of Annals of the New York Academy of Sciences, pages 103-125, Madison, WI,
USA, June 1991 1993. New York Academy of Science.

S. Gaubert. Two lectures on max-plus algebra. Support de cours
de la 26-iéme Ecole de Printemps d’Informatique Théorique, May 1998.
http://amadeus.inria.fr/gaubert/papers.html.

G. Gediga and I. Diitsch. Approximation operators in qualitative data analysis.
Technical Report CS-03-01, Department of Computer Science, Brock University,
St. Catharines, Ontario, Canada, May 2003.

J. S. Golan. Power Algebras over Semirings. With Applications in Mathematics
and Computer Science, volume 488 of Mathematics and its applications. Kluwer
Academic, Dordrecht, Boston, London, 1999.

J. S. Golan. Semirings and Their Applications. Kluwer Academic, 1999.

J. J. Moreau. Inf-convolution, sous-additivité, convexité des fonctions numériques.
J. Math. pures et appl., 49:109-154, 1970.

I. Singer. Abstract Conver Analysis. Monographs and Advanced Texts. Wiley-
Interscience, 1997.

I. Singer. (*,s)-dualities. Journal of Mathematical Sciences, 115(4):2506—2541,
2003.

I. Singer. Some relations between linear mappings and conjugations in idempotent
analysis. Journal of Mathematical Sciences, 115(5):2610-2630, 2003.

P. Taylor. Practical Foundations of Mathematics. Number 59 in Cambridge studies
in advanced mathematics. Cambridge University Press, 1999.

F. J. Valverde-Albacete and C. Peldez-Moreno. Towards a generalisation of Formal
Concept Analysis for data mining purposes. In R. Missaoui and J. Schmid, editors,
Concept Lattices. Proceedings of the International Conference on Formal Concept
Analysis, ICFCA06, (Dresden, Germany), volume 3874 of LNAI, pages 161-176,
Berlin, Heidelberg, 2006. Springer.



