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Abstract
We present algorithms based on truth-prefixed tableaux to solve both Concept Abduction and Contraction in ALN DL. We also analyze the computational complexity of
the problems, showing that the upper bound of our approach meets the complexity lower
bound. The work is motivated by the need to offer a uniform approach to reasoning
services useful in semantic-based matchmaking scenarios.

1

Motivation

In recent papers [16, 15], Description Logics (DLs) have been proposed to model knowledge
domains in Semantic Web scenarios. A challenging issue in such scenarios is the matchmaking problem which is finding an offered resource described by a formalism with an unambiguous semantics [21, 8, 17]. Using DLs to describe resources, it is possible to infer which
of them satisfies the request either completely (i.e., subsumes the request) or potentially (i.e.,
the conjunction of the requested resource and the offered one is satisfiable) or partially(i.e.,
the conjunction of the requested resource and the offered one is not satisfiable).
In [9, 7] Concept Abduction and Concept Contraction have been proposed as non-standard
inference services in DL, to capture in a logical way the reasons why a resource S1 should be
preferred to another resource S2 for a given request D, and vice versa. Although efficient reasoning methods based on tableaux have been successfully implemented for standard inference
services in DL —satisfiability, subsumption, instance check, etc. [1, Ch.8-9] — non-standard
reasoning services have been usually solved by different methods, such as automata[1, Ch.6],
making a complete system built on heterogeneous technologies. Such an approach leads to
incomparable optimization techniques and partial duplication of services — e.g., a module
computing least common subsumer computes also subsumption. This motivates our research
in tableaux-based methods for Concept Abduction and Concept Contraction.
Related work on abduction using tableaux is in [6], where tableaux are used for the multimodal logic K, corresponding to the DL ALC. However, in that work the purpose was not
to find efficient methods, and contraction was not considered. Here we devise more efficient
methods, for a ALN logic, which would correspond to a syntactically-restricted modal logic
with graded modalities.

2

Abduction and Contraction in ALN

We start with a few definitions of the problem and then move on to discuss its computational
complexity. We assume the reader is familiar with DLs, and refer to [1] for a thourough
introduction to ALN , TBoxes, satisfiability, subsumption (denoted as v) and subsumption
w.r.t. a TBox T (denoed as vT ).
Here we deal only with a simple form of axioms in the TBox, where in the left hand
side of inclusions only concept names can appear and with each concept name as at most one
left-hand side of an axiom. Moreover, we admit only acyclic TBoxes, in the following sense.
Definition 1 (Dependency Graph of a TBox) Let T be a TBox. The dependency graph of
T is a graph GT = (N, V ) whose nodes are concept names, and whose arcs are defined as
follows: if A v C ∈ T , and concept name B appears in C, then there is an arc from node A
to node B.
A TBox T is said to be acyclic if GT contains no cycles. Even for this simple form of acyclic
TBox, it is known that subsumption is coNP-hard [18] and also satisfiability is coNP-hard
[5, 4]. However, all hardness reductions rely on “deep” TBoxes — TBoxes in which the
length of the longest path in GT is allowed to grow as large as O(|T |). ForALN TBoxes that,
in Nebel’s words [18], are “bushy but not deep”, satisfiability and subsumption can be solved
in polynomial time [3].
Definition 2 (Bushy TBox) A sequence of acyclic TBoxes T1 , . . . , Tn , . . . are bushy if the
size of the longest path in GTi is bounded by O(log |Ti |).
In the rest of the paper, we limit our attention to bushy TBoxes in ALN .

2.1

Concept Abduction in ALN

We follow the notation in [9, 7], excluding the choice of the DL which in our case is always
ALN .
Definition 3 Let C, D, be two concepts in ALN , and T be a set of axioms in ALN ,
where both C and D are satisfiable in T . A Concept Abduction Problem (CAP), denoted as
hC, D, T i, is finding a concept H ∈ ALN such that T 6|= C uH ≡ ⊥, and T |= C uH v D.
We use P as a symbol for a CAP, and we denote with SOLCAP (P) the set of all solutions
to a CAP P. For SOLCAP (P) the three following minimality criteria have been proposed.
Definition 4 Let P =hC, D, T i be a CAP. The set SOLCAPv (P) is the subset of SOLCAP (P)
whose concepts are maximal under vT . The set SOLCAP≤ (P) is the subset of SOLCAP (P)
whose concepts have minimum length. The set SOLCAPu (P) is the subset of SOLCAP (P)
whose concepts are minimal conjunctions, i.e., if C ∈ SOLCAPu (P) then no sub-conjunction
of C is in SOLCAP (P). We call such solutions irreducible abductions.
The three forms of minimality are related by: both SOLCAPv (P) and SOLCAP≤ (P) are
included in SOLCAPu (P) [9, Prop.2].

2.2

Concept Contraction in ALN

As defined by Gärdenfors’ [12], who formalized the revision of a knowledge base K with a
new piece of knowledge A, is made up of (i) a contraction operation, which results in a new
−
−
−
knowledge base KA
such that KA
6|= ¬A, (ii) the conjunction of A to KA
.
Definition 5 Let C, D, be two concepts in ALN , and T be a set of axioms in ALN , where
both C and D are satisfiable in T . A Concept Contraction Problem (CCP), denoted as
hC, D, T i, is finding a pair of concepts hG, Ki (both in ALN ) such that T |= C ≡ G u K,
and K u D is satisfiable in T . We call K a contraction of C according to D and T .
Also for Concept Contraction, one is interested in a minimal contraction, according to some
form of minimality.
Definition 6 Let Q =hC, D, T i be a CCP. The set SOLCCPv (Q) is the subset of solutions
hG, Ki in SOLCCP (Q) such that G is maximal under vT . The set SOLCCP≤ (Q) is
the subset of SOLCCP (Q) such that G has minimum length. The set SOLCCPu (Q) is
the subset of SOLCCP (Q) whose concepts are minimal conjunctions, i.e., if hG, Ki ∈
SOLCCPu (Q) then no sub-conjunction G0 of G is such that hG0 , K 0 i ∈ SOLCCP (Q) for
any K 0 . We call such solutions irreducible contractions.
We now analyze the complexity of computing a minimum-length concept abduction in ALN .
Proposition 3 in [9] yields a trivial polynomial-time lower bound for Concept Abduction in
ALN with a bushy TBox. Using a simple reduction, we show a tighter lower bound, using
an elementary form of Tbox: the problem is NP-hard. It is sufficient to have a constant-depth
concept hierarchy — i.e., a set of inclusions between concept names where the longest path
in GT has length 1 — to model the set-covering model for abduction [19].
Definition 7 (Set Covering) Let U = {a1 , . . . , an ,} be a set, let s1 , . . . , sm , be a collection
of subsets of U such that ∪i si = U and let k ≤ n be an integer. The Set covering problem is
deciding whether there exists a subcollection of subsets si1 , . . . , sik whose union covers U .
Theorem 1 Minimal-length Concept Abduction in ALN is NP-hard, even when T is a bushy
concept hierarchy.
Given an instance of Set Covering, we construct a CAP P =hC, D, T i as follows. Let
A1 , . . . , An , B1 , . . . , Bn be 2n concept names, where each Ai and Bi is one-one with ai , and
let S1 , . . . , Sm , be also concept names, one-one with subsets of U . Let the Tbox T be defined
as follows: {Si v Aj , Si v Bj |aj ∈ si }. Now we prove that si1 , . . . , sik is a minimal set covering iff Si1 u· · ·uSik ∈ SOLCAP≤ (P), where C = > and D = A1 u· · ·uAn uB1 u. . .uBn .
First of all, we prove a property of this construction.
Property 1 Every minimal-length abduction H of P contains neither Ai nor Bi , for every
i = 1, . . . , n.
Proof. Let H ∈ SOLCAP (P) and suppose A3 – say – is a conjunct of H. If there is a
concept S in H, such that S v A3 ∈ T , then H without A3 is a shorter abduction. Otherwise, sinceC u H ≡ H v D, also B3 must be a conjunct of H. In this case, let S be a

concept such that S v A3 , S v B3 ∈ T . Then the conceptH without A3 , B3 and with S is a
solution one conjunct shorter. The same line of reasoning could be repeated if a concept B is
a conjunct of H. Therefore, every minimal-length abduction contains neither Ai nor Bi , for
every i = 1, . . . , n.
2
.
(If) Suppose si1 , . . . , sik is a set covering. Then, H = Si1 u · · · u Sik is such that C u H is
satisfiable (in fact, every conjunction is satisfiable in this CAP), and C uH v D. Moreover, if
H is not a minimal-length abduction, then let H 0 ∈ SOLCAP≤ (P). For the above property,
H 0 does not contain A’s and B’s. Then it is straightforward to define a shorter set covering
from H 0 ,contradicting the fact that si1 , . . . , sik was a minimal set covering. (Only-if) On the
other hand, suppose H ∈ SOLCAP≤ (P). Then H does not contain A’s and B’s, so it can
be written as Si1 u · · · u Sik , which identifies a collection of subsets SH = si1 , . . . , sik . Since
H v D, also SH covers U ; moreover, if SH was not minimal, it would define a shorter
solution for P, contradicting the hypothesis.
2
We observe that a (more realistic) CAP allows one to put weights and probabilities attached to concepts in order to measure the importance that a user gives to a specified characteristic. Obviously, also this weighted version of CAP is NP-hard.

3

Calculus and Algorithms

In the following we assume the reader be familiar with tableaux (e.g., [14]). In this section
two algorithms working on tableaux for ALN concepts are presented. They both use the
same set of rules: the first one (contract) computes a solution hG, Ki for a CCP, the second
one (abduce) solves a CAP computing H.
Tableaux for DLs use a labeling function L to map an individual x to a set of concepts L(x)
such that for every concept C, C ∈ L(x) stands for the formula C(x), and similarly for roles
R ∈ L(x, y). Here we distinguish between formulas labeled “true” and formulas labeled
“false” in the tableaux[20], hence we use two labeling functions T() and F(), both going from
individuals to sets of concepts, and from pairs of individuals to sets of roles. A (usual) tableau
branch is now represented by two functions T() andF(). Moreover, we write in the name of an
individual x its history, i.e., the string identifying x is made up of integers and role symbols,
such as x = 1R3Q7, which means that individual x is used for concepts in a quantification
involving role R, and inside, a quantification involving role Q. Integers in between roles
make sure that such strings are unique, i.e., there can be two individuals with the same role
sequence, but not with the same integer sequence[11].
Given an individual x in a tableau, an interpretation (∆I , ·I ) satisfies two tableau labels
T(x) and F(x) if, for every concept C ∈ T(x) and every concept D ∈ F(x), it is xI ∈ C I
and xI 6∈ DI respectively. Similarly, (∆I , ·I ) satisfies two tableau labels T(x, y) and F(x, y)
if for every role R ∈ T(x, y) and for every role Q ∈ F(x, y) it holds (xI , y I ) ∈ RI and
(xI , y I ) 6∈ QI . We note that for ALN DL, every role Q appearing in a label F(x, y) is of the
form ¬R, hence Q ∈ F(x, y) means, in fact, (xI , y I ) ∈ RI too. An interpretation satisfies
a tableau branch if it satisfies T(x), F(x), T(x, y) and F(x, y) for every individual x, and for
every pair of individuals x, y in the branch.
We assume that concepts are always simplified in Negation Normal Form (NNF, see [1,

ch.2]), so that negations come only in front of concept names. Observe that for C ∈ ALN ,
C may not belong to ALN since it is not closed under negation. In what follows, given a
concept C, we denote with C the NNF of ¬C. Rules come in pairs, first the (usual) version
with a construct in the T-constraints, then the dual construct in the F-constraints. However,
groups 2 and 3 have only F-constraints because the correspondent formulae do not appear in
our tableaux for ALN .
1. conjunctions:
Tu) if C u D ∈ T(x), then add both C and D to T(x).
Ft) if C t D ∈ F(x), then add both C and D to F(x).
2. disjunctions (branching rules):
Fu) if C u D ∈ F(x), then add either C or D to F(x).
3. existential quantifications:
F∀) if ∀R.C ∈ F(x), then pick up a new individual y = x ◦ R ◦ m (where m is an
integer such that y is unique), add ¬R to F(x, y), and let F(y) := {C}.
4. universal quantifications:
T∀) if ∀R.C ∈ T(x) and there exists an individual y such that either R ∈ T(x, y), or
¬R ∈ F(x, y), then add C to T(y).
F∃) if ∃R.C ∈ F(x), and there exists an individual y such that either R ∈ T(x, y), or
¬R ∈ F(x, y), then add C to F(y).
5. at-least number restrictions:
T>) if > n R ∈ T(x), with n > 0, and for every individual y neither R ∈ T(x, y)
nor ¬R ∈ F(x, y), then pick up a new individual y = x ◦ R ◦ m (where m is an
integer such that y is unique), add R to T(x, y), and let T(y) := ∅.
F6) if 6 n R ∈ F(x) and for every individual y neither R ∈ T(x, y) nor ¬R ∈
F(x, y), then pick up a new individual y = x ◦ R ◦ m (where m is an integer such
that y is unique), add ¬R to F(x, y), and let F(y) := ∅.
6. at-most number restrictions:
T6) if 6 1 R ∈ T(x), and there are 2 individuals y1 , y2 such that for i ∈ 1, 2 it is
either R ∈ T(x, yi ) or ¬R ∈ F(x, yi ), then let T(y1 ) := T(y1 ) ∪ T(y2 ), let
F(y1 ) := F(y1 ) ∪ F(y2 ), and eliminate y2 in the branch.
F>) if > 2 R ∈ F(x) and there are 2 individuals y1 , y2 such that for i ∈ 1, 2 it is
either R ∈ T(x, yi ) or ¬R ∈ F(x, yi ), then let T(y1 ) := T(y1 ) ∪ T(y2 ), let
F(y1 ) := F(y1 ) ∪ F(y2 ), and eliminate y2 in the branch.
7. axioms in T :

Fv) if x is an individual such that either A ∈ T(x) or ¬A ∈ F(x) in the branch, and
A v C ∈ T , then add A u C to F(x).
.
F=1 ) if x is an individual such that either A ∈ T(x) or ¬A ∈ F(x) in the branch, and
.
A = C ∈ T , then add A u C.
.
F=2 ) if x is an individual such that either ¬A ∈ T(x) or A ∈ F(x) in the branch, and
.
A = C ∈ T , then add C u ¬A to F(x).
When more than one rule can be applied, we always give lowest precedence to Rules T>)
and F6), while other rules can be applied in any order. In group 7 (axioms in T ) a lazy
unfolding of the TBox is taken into account [2, 13]. Following this strategy, axioms in T are
dealt in a deterministic manner avoiding the exponential increase in the search space due to
the non-deterministic choices in a pure-tableau approach.
We now split the definition of clash (an explicit inconsistency) between clashes involving
the same truth prefix (homogeneous clashes) and those involving both prefixes (heterogeneous
clashes).
Definition 8 (Clash) A branch contains a homogeneous clash if it contains one of the following:
1. either ⊥ ∈ T(x) or > ∈ F(x), for some individual x;
2. either A, ¬A ∈ T(x) or A, ¬A ∈ F(x) for some individual x and some concept name
A;
3. either > n R, 6 m R ∈ T(x) with m < n, or 6 n R, > m R ∈ F(x) with m−1 < n+1,
for some individual x, and some role name R.
A branch contains a heterogeneous clash if it contains one of the following:
1. T(x) ∩ F(x) contains either A or ¬A for some individual x and some concept name A;
2. either > n R ∈ T(x) and > m R ∈ F(x) with m − 1 < n, or 6 n R ∈ T(x) and
6 m R ∈ F(x) with n < m + 1, for some individual x, and some role R
A branch is complete if no new rule application is possible to labels in the branch. A complete
branch is open if it contains no clash, otherwise it is closed. A complete tableau is open if it
contains at least one open branch, otherwise it is closed. We call a branch with a homogeneous
clash as good as complete. Soundness and completeness of the calculus follow from the
version without prefixes [10].
Theorem 2 Let C, D be two concepts in ALN , and T an acyclic TBox in ALN . Then
C v D in T iff the tableau starting from C ∈ T(x), D ∈ F(x) is closed.
Moreover, with prefixed tableaux we can distinguish between “real”subsumption, and subsumption stemming from inner contradiction in concepts.
Theorem 3 Let C, D be two concepts in ALN , and T an acyclic TBox in ALN . If every
branch of the tableau starting from C ∈ T(1), D ∈ F(1) contains a homogeneous clash, then
either C ≡ ⊥ or D ≡ > in T .

We now present the two algorithms for Concept Contraction and Concept Abduction, that
need some preliminary definitions.
Both algorithms use a function roles(x), that given an individual x (as a sequence of integers and roles) returns the sequence of roles in x (without integers). For example, roles(1R3Q7) =
RQ. We let roles(k) = ε, i.e., when x is just one integer, roles(x) returns the empty sequence. For a given concept C, and a sequence of roles σ, we define ∀σ.C as ∀R1 .(· · ·(∀Rn .C) · · ·)
.
if σ = R1 · · · Rn , and ∀σ.C = C in the special case in which σ = ε.
Moreover, we assume that atomic concepts (names and number restrictions) can be given
a unique index, as in A1 u ∀R.((6 1 Q)2 u A3 ). Hence the substitution of an occurence of
a concept can be defined: we let D[C → >] denote the substitution of an occurrence of an
indexed atomic concept C with the concept >, inside a concept D. For example, if D is
the concept above, then D[A1 → >] = > u ∀R.((6 1 Q)2 u A3 ), while D[A3 → >] =
A1 u ∀R.((6 1 Q)2 u >). Multiple substitutions are denoted by a set of concepts, e.g., if
G = {A, B} then D[C → >]C∈G means (D[A → >])[B → >]. Observe that since we
substitute only atomic concepts, the order of substitutions is ininfluent. For both algorithms,
we assume that concepts are indexed, so that substitutions are unambiguous.
Algorithm contract
input: ALN concepts C, D, acyclic TBox T
output: concepts K (keep), G (giveup)
begin
compute a complete tableau τ for T , D ∈ T(x), C ∈ F(x)
if τ is open then
/* no contraction needed */
return G := >, K := D
else if every branch in τ contains a homogeneous clash then
/* either C or D is unsatisfiable in T */
return fail
else
choose(*) a branch β containing only heterogeneous clashes;
let G := {hCi , xi i|Ci ∈ T(xi ), Ci ∈ F(xi ) is a clash in β}
let G := uhCi ,xi i∈G ∀roles(xi ).Ci
let K := D[Ci → >]hCi ,xi i∈G
return G, K
end
Observe that the algorithm contract contains a choice in step (*). This choice is needed
to select the contraction according to some minimality criterion. Only branches without homogeneous clashes need to be completely expanded, even after the first clash has been found.
Observe also that substituting an occurrence of a concept C with > corresponds, in ALN ,
to eliminating the occurrence. We preferred this notation instead of eliminating occurrences,
since it appears more concise.
Theorem 4 The concepts G, K returned by the Algorithm contract are a Contraction of D
w.r.t. C and T .

Proof. First, note that K u C is satisfiable by definition of K; in fact, the tableau for K u C
is the same as the tableau for D u C, but it has now at least one open branch β, in which all
clashes have been removed. Secondly, D ≡ G u K by construction.
2
Note that Algorithm contract proves that Concept Contraction in ALN with bushy TBoxes
is solvable in polynomial time.
We now present the algorithm for Concept Abduction, which also uses the tableaux rules
previously defined.
Algorithm abduce
input: ALN concepts C, D, acyclic TBox T
output: concept H (hypotheses)
begin
compute a complete tableau τ for T , C ∈ T(x), D ∈ F(x)
if τ is closed then
/* no abduction needed */
return H := >
else
choose(*) a set of pairs H := {hCi , xi i} and
let H := uhCi ,xi i∈H ∀roles(xi ).Ci
such that (1) every open branch in τ contains at least
one constraint Ci ∈ F(xi ) from H
(2) C u H is satisfiable in T
return H
end
Theorem 5 The concept H returned by the Algorithm abduce is a solution of the CAP
hC, D, T i.
Proof. Let τ be the tableau built by abduce. The tableau starting from C u H ∈ T(1), D ∈
F(1) is τ , plus the constraints signed T from H. Hence, it is closed. Hence, T |= C uH v D.
Regarding the condition C u H satisfiable in T , it is enforced by Condition (2) in the choice
of H.
2
Condition (2) is necessary in abduce, since heterogeneous clashes could be formed also by
contradicting an axiom in T . In that case, although it still holds C u H v D in T , the
subsumption trivially holds since C u H ≡ ⊥. We conclude the section by showing that our
Algorithm abduce puts an upper bound to Concept Abduction that meets the lower bound
proved in the previous section.
Theorem 6 Let P = hC, D, T i a Concept Abduction Problem, where C, D are concepts
in ALN , T is a bushy TBox in ALN and k is an integer. Deciding whether there exists a
solution of length k in SOLCAP≤ (P) is NP-complete.
Proof. Hardness was shown in Thm. 1. Membership in NP is proved by the correctness of
Algorithm abduce, since it is sufficient to run the algorithm, and guessing in the nondeterministic step (*) a set H that defines a concept H of length k.
2

4

Conclusion

We have shown how Concept Abduction and Concept Contraction for DL ALN can be performed using prefixed-tableaux. For such DL, we proved optimality of the methods by showing that they meet lower bounds obtained by a complexity analysis. Although devised for a
simple DL, we believe that the proposed approach could be easily extended to more expressive
DLs.
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