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josorio,is108990 � @mail.udlap.mx

Abstract. Answer Set Programming (ASP) is a formalism widely used for knowl-
edge representation since its introduction in 1988 by Gelfond and Lifschitz [4].
Nowadays there are powerful implementations of this paradigm, like DLV1 and
Smodels2. In order to increment the descriptive power of this tools, several ex-
tensions to their languages have been done. For example, the weak constraints of
Smodels and more recently the aggregate functions of DLV. Partial Order Pro-
gramming is very similar to mathematic programming, where a function is min-
imized (or maximized) and has a set of restrictions, the difference is that the
domain of values is a partial order [12]. Theorical work has already been done
to integrate this paradigms [11], one of the most important results is that partial-
order clauses can be expressed as normal clauses [8]. The main purpose of this
work is to present A-POL3, an extension for ASP that allow us to express op-
timization problems in a very suitable way, integrating disjunctive clauses and
partial-order clauses.

1 Introduction

Partial-orderclausesareintroducedandstudiedin [6,9,10], we referthereaderto this
papersfor a full accountof the paradigm.In comparisionwith traditionalequational
clausesfor de�ning functions,partial-orderclausesoffer bettersupportfor de�ning
recursive aggregateoperations.Partial-orderclausesare actually a generalizationof
subsetprogramclauses[2,5]. Therearetwo basicformsof a partial-orderclause[10]:
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Sincetheseclausesareusedto de�ne functions,werequierethateachvariableocurring
in  "!$#&%' '("(�)	*�+ shouldalsooccurin ,- "%�./( . Termsaremadeup of constantsandvari-
ables,while expressionsarein additionmadeup of user-de�ned-functions.Informally,
thedeclarativemeaningof apartial-orderclauseis that,for all its groundinstances,the
function 0 appliedto theargument,- "%"./( is 1 (respectively, 2 ) thanthegroundterm
denotedby the  "!3#&%' '(�(�)4*�+ on the right-handside.In general,multiple partial-order

1 http://www.dbai.tuwien.ac.at/proj/dlv/
2 http://www.tcs.hut.fi/Software/smodels/
3 http://www.udlap.mx/˜is108990/apol
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clausesmaybeusedin de�ning somefunction 0 . We de�ne themeaningof a ground
expression0�� ,- �%�./(�� to betheleast-upper bound (respectively,greatest-lower
bound) of the resultingtermsde�ned by the differentpartial-orderclausesfor 0 . In
practicethe lattice domainsthat commonlyoccur in applicationsaresets(underthe
subsetordering)andnumbers(underthenumericordering).In theformercase,thelub
andglb operationsaresetunionandintersection,respectively; andin the latter case,
theseoperationsarenumericgreater-thanandless-than,respectively. All theseopera-
tionscanbeimplementedquiteef�ciently , asshown in [5]. To useinformationfrom an
extensionaldatabasein partial-orderclausesweneedto extendthemasfollows:
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where#	� ( � 2 ) 2 + ) is a predicatesymbolandthevariablesin ,- �%�./(�� mayappearin
,- �%�./( or  �!$#&%' '(�(
)	*�+ .

Example1. [10] Supposethata graphis de�ned by a predicate ����  ������������ � , where
� is thenon-negativedistanceassociatedwith adirectededgefrom node� to node� ,
theshortestdistancefrom � to � canbedeclaratively speci�ed throughthefollowing
partial-orderclauses:

�"! �


� �$#%
'& � �)(*�+�/��,�-3�'�$#%
.&/
0( ���
�"! �


� �$#%
'& � � �"! �


� �$#%
01 �32 �"! ��
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5& ���+�/�",�-3�'�$#%
614
0( ���

Themeaningof a groundexpressionsuchas (�7&*�%�,���8	�
9�� is theglb (smallestnumber
in the above example)of the resultsde�ned by the differentpartial-orderclauses.In
orderto have a well-de�ned functionusingpartial-orderclauses,whenever a function
is circularlyde�ned (ascouldhappenin theaboveexamplewhentheunderlyinggraph
is cyclic), it is necessarythattheconstituentfunctionsbemonotonic.

Example2. The 0-1 KnapsackProblem[14] is a well-known optimizationproblem
that is known to beNP-complete.Supposewe aregivenweights : � andpro�ts # � , for
� 2 ) 2 + , anda capacitym. For ; 2=< 2 . , and � 2?> 2 + , de�ne @&(+�.>A�
<B� to
bethepro�t of theoptimalsolutionto the0-1knapsackproblem,usingobjects���DCECECF��> ,
andknapsackcapacityM. Then, @ ( is de�ned by thefollowing inequalities:

G �'�IHJ
0K � �LHJ�G �'�$MN
5K � � G �'�$MO�QP�
0K �4���RM �SP��G �'�$MN
5K � � G �'�$MO�QP�
0KT�VU �$M3�	�A2�� �$M3�W�+�XM �SP�
6U �$M3���YKZ�
Thesolutionfor this problem(maximumpro�t) is thevalueof @ (���+4� .R� .
Example3. This is a problemfrom the ACM InternationalCollegiate Programming
ContestProblemSetArchive4.

The fastfood chain McBurger owns several restaurants at highway. Recently, they have decided
to build several depots along the highway, each one located at a restaurant and supplyng several

4 http://www.acm.inf.ethz.ch/ProblemSetArchive.html
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of the restaurants with the needed ingredients. Naturally, these depots should be placed so that
the average distance between a restaurant and its assigned depot is minimized. You are to write
a program that computes the optimal positions and assigments of the depots.

To make this more precise, the management of McBurger has issued the following spec-
ification: You will be given the positions of

�
restaurants along the highway as

�
integers,N��� ,���� �
�"��� ,J�

these are the distances measured from the company’s headquarter, which
happends to be at the same highway). Furthermore, a number

G
(
G � �

) will be given, the
number of depots to be built.

The
G

depots will be built at the locations of
G

different restaurants. Each restaurant will be
assigned to the closest depot, from which it will then receive its supplies. To minimize shipping
costs, the total distance sum, defined as� �� � �
	 , � � (position of depot serving restaurant i) 	
mustbe as small as possible. Write a program that computesthe positionsof the @
depots,such that thetotal distancesumis minimized.

A recursivesolutionto obtainthetotal distancesumis asfollows:� �
� ��� � ,N
 �&
"�
� �� ��� ��� � �'P�
	� 
"� 
	� ,��*P
� ��� ���� � ��� � ��� � � �6
-� 
"�52� �
��� � � ,O�QP�
4�	��P�� 
	� ,���� 


Where+ % is thenumberof restaurants,+ � is thenumberof depotsand ��* (�,���)
���N� repre-
sentsthecostof placinga depotbetweenrestaurants) and � . A dynamicprogramming
approachto solvethisproblemcanbederivedfrom this formula,andthelocationof the
depotscanberecoveredfrom theresultingmatrix.Thiskind of problemscanbeeasily
formulatedwith partial-orderclauses:� �
� ���$MN
.M3� �LH������ � � � �4����� �$M3���� �
� ���'P 
'M3� � � �"� ���'P�
'M3�����/� ��,�,!� � �'P 
5M3�"�SKS����� � �#� �4���
� ��K ���� �
� ���$MN
%$�� � � �"��� �'& 
($��32 � �
� ���$M �QP�
%& �LP��4���M)�*$+
5M �+& 
,& �*$+
	� �I,�,!���'�'& 
($��
�SKS����� � � � �4����� ��K ���

Where. )5�+�.-  N������� � is thearithmeticmeanof � and � . In thisexampleweintroduce
a very useful featureof A-POL, witnessrecovery. This is not a standardfeatureof
partialorderprogramming,however, it is veryusefulfor optimizationproblems.In this
particularexample,recoveringthewitnessof 9� '(�,��.@ � + � we obtaintheubicationof the
depotsin theatomsof type - */�D8$,	)	*�+ .

The restof this work is organizedasfollows. First we presentthe languageof A-
POL, thenwe explain how our currentimplementationworks and�nally we provide
someexamplesandexperimentalresults.

2 Proposed Language

Our languageincludesfunctionsymbols,predicatesymbols,constantsandvariables,it
canbedescribedwith thefollowing context freegrammar:
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program ::= clause 	 clause program
clause ::= disjunctive clause 	 partial order clause
term ::= variable 	 constant
terms ::= terms 	 term, terms
expression ::= term 	 f(expressions)
expressions ::= expression 	 expression, expressions
f-p atom

�
::= function atom 	 predicate atom

f-p atom
�
::= f-p atom

� 	 not predicate atom
function atom ::= f(terms) = term
predicate atom ::= p(terms)
inequality atom ::= f(terms)

�
expression 	 f(terms) �

expression
f-p predicates

�
::= f-p atom

� 	 f-p atom
�
, f-p predicates

�
f-p predicates

�
::= f-p atom

� 	 f-p atom
�
, f-p predicates

�
partial order clause ::= inequality atom :- f-p predicates

�
disjunctive atoms ::= predicate atom 	 predicate atom � disjunctive atoms
disjunctive head ::= disjunctive atoms 	��
disjunctive clause ::= disjunctive head :- f-p predicates

�
Wheref is any functionsymbolandp is any predicatesymbol.A f-p symbolis eithera
functionor predicatesymbol.

Definition 1. A program � is a couple ����� �	��

� where ��� is a setof disjunctive
clausesand ��
 is a setof partial-orderclauses.

We are integratingdisjunctive clauseswith partial orderclausesin our language.
Sincetheirevaluationis donein differentways,weneedto setupanorderof evaluation.

Definition 2. A program � is strati�ed if existsa mappingfunction -  ��  -������������ %
��
, where

�
is a subsetof consecutivenatural numbers, � is the setof userde�ned

functionsymbolsin � and � % is thesetof predicatesymbolsin � . Clausesof � must
havethefollowingproperties:

(i) For a clauseof theform:�����	��

������� �	��

� �+� & �
�����	��

������� �	��

� �+� & �

Where � is a setof f-p atoms,then -  ��  -������ 0 � 1 -  ��  -������ #	� , where # is any f-p
symbolappearingin � .

(ii) For a clauseof theform:�����	��

��������- ��������
"� ��� & �
�����	��

��������- ��������
"� ��� & �

Where 0 and � areuserde�nedfunctionsand � isde�nedlikein (i), then-  ��  - ��� � 0 � 1-  ��� - ��� �I��� , -  ��� - ��� � 0 ��� -  ��� - ��� �.7	�"� -  ��  - ��� � # � , -  ��  - ��� �$� � � -  ��  - ��� � #	� where #
is anypredicatesymbolappearingin � and 7 is anyuserde�nedfunctionsymbol
in  "!3# % .

(iii) For a clauseof theform:�����	��

������� � � - ��������
"�	� ��� & �
�����	��

������� � � - ��������
"�	� ��� & �



The A-POL System 257

Where � is de�ned like in (i) and . is a monotonicfunction,then -  ��  -���� � 0 � 1-  ��� -������I��� , -  ��� -������ 0 ��� -  ��� -������ .X��� -  ��� -����N� 73��� -  ��� -���� � #	� where # is anypredi-
catesymbolappearingin � and 7 is anyfunctionsymbolin  "!3# % .

(iv) For a clauseof theform:� � ���4��
�� � � � �
�
� � � � ���	��
�� � �V��� &
Where � is de�ned like in (i), then for each ) ( � 2 ) 2 + ), -  ��  - ��� � #	�.� �-  ��� - ��� � � � , where � is anyf-p symbolappearingin � .

(v) No otherkindof clauseis allowed.

For a strati�ed program � the function -  ��� - ��� is obtainedusingthe dependency
graphof thef-p symbolsde�ned in � .

Definition 3. For a strati�ed program � wede�ne thefunction -  ��� -�������� � � %�� �
usingthedependencygraph ����� � ��� �
	 � asfollows:-  ��� -����N����
���� � ��!W��
 ����	�����!����������?�-  ��� -����N����
�� -  ��  -���� ��! ��� +4��� � ! ��
 ����	������ +� �

A restrictionin our languageis thatpredicateandfunctionsymbolscannotbein the
samelevel, now thatwe have thefunction -  ��� -���� we de�ne thefunction -  ��  - to deal
with this issue.

Definition 4. Using -  ��  -�! ���� we de�ne the function -  ��� - ��;
� � �#" ��� � � %J� as
follows: -  ��� -��%$ +'&($����)�"!���!�� -  ��� -*! ���� � + �,+ !�� � %-�-  ��� -��%$ +'& �����)�"!���!�� -  ��� -*! ���� � + �,+ !�� �.�

With this construction,all thepredicatesymbolsin � arein evenlevels(including
zero)andall the functionalsymbolsin � arein odd levels.The evaluationorderof a
strati�ed program� is obtainedusing -  ��  - .
3 Implementation

A-POL is written in Javaandusesacompiledversionof DLV [3]. Our implementation
followstheproposedlanguagewith asmallextensionfor partial-orderclausesthatallow
us to recover the witnessin optimizationproblems.To obtainthe �x-point of partial-
orderclauseswe usea generalform of dynamicprogrammingasshown in [7].

3.1 Main Computation Cycle

Now we presentthemainalgorithmof A-POL for computingthemodelsof astrati�ed
program� .

A-POL( / ) �
�

D, ��


= obtainOrder( / )
models = 0�
�ZH
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while (
��
D, ��
 ������

or
�

 , ��
 � � � ����

)
�

if (
�
mod � �ZH

)
models = ASP(models,

�

 , ��
 �
)

else
models = POP(models,

�

 , ��
 �
)� � ��2YP

�
return models

�
whereobtainOrder generatesthe dependency graphof the f-p symbolsin � and
obtainsits evaluationorderusingthe function -  ��� - . obtainOrder returnsthe array
*�%��  "% , where *�%��  "%�� containstheclausescorrespondingto thef-p symbolsin -  ��� -���)6� .
ASP obtainsthe stablemodelsof disjunctive clausesin *�%��  "% � andPOP obtainsthe
modelsof thepartialorderclausesin *�%��  "% � , bothusingeach. *��  -�� models asan
extensionaldatabase.

3.2 DLV Wrapper

A-POL usesDLV to obtainthestablemodelsfrom disjunctiveclauses.DLV is usedas
a blackbox andthecomunicationbetweenthemis donedirectly from Java, this means
thataninput �le is generatedfor DLV andits outputmodelsareparsedandwrappedso
they canbeusedasanextensionaldatabasefor thenext level in thestrati�cation path.
To generateDLV' s input �le, disjunctiveclausesof theform:
�	������� � � �
�"� � ���&���5�$���+� � �����'� � � ��
��
�
�

 ��� ���'� � � ��
 �������5� � � � � � � 
��

"�
�
��
 �	�����5� � � � � �
� 

�D�

arerewrittenas:
�	������� � � �
�
� � ��� ���5�$�/��� � �����5� � � ��
����
�

 ��� ���5� � � ��
 �������'� � � � �

	
�� ��

�
���

 �
�"���5� � � � �"
-

� ���

In our implementationonly asubsetof theDLV languageis supported,to supportother
features(suchasweakconstraintsandaggregatefunctions)we would have to extend
the grammarof A-POL (in otherwords,extendthe grammarof the source-inputand
DLV-outputparsers).

3.3 Partial-order clauses compiler

A-POL is acompletepartial-orderclausescompilerthatsupportsby default two lattice
domains,numbersunderthe numericorderingandsetsunderthe subsetordering.As
mentionedbefore,A-POL usesa generalform of dynamicprogramming,becauseof
this,witnessrecoveryis doneverynaturalway. Themainalgorithmusedfor computing
partial-orderclausesis describedbelow.

POP(model,clauses)
�

clauses’ = flattening(clauses)
grounded = grounding(model,clauses’)
return fix-point(grounded)
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�
Whereflattening returnsthe �attened form of thepartial-orderclauses.For exam-
ple,considertheclause:

� �$# �����3� 
$� ���$&/
51 �	�	�/��� ����� ���
its �attenedform is:

� �$# ������� ��� � ��� ��
-���$&/
51 �
�����"
	
3���J� �
��� � 
	�3��� ��� ����
��
This is doneto eliminatecomposedfunctionsin the right-handsideof the inequality
atom of partial-orderclauses.The instantiationof clauses usingmodel as an ex-
tensionaldatabaseis doneby grounding, this is the mostexpensive part of POP in
memory(and time) becausewe needto storeall the instancedclauses,we actually
storeanencodedversionof thisclausesfor smallermemoryrequirements.To grounda� -�8
� (� � clauses of theform:

� � ��� � �+� � � 

�
�"� � � 
 � � � � ��� � 
 � � � � ��� ���3� 
"�
�
�

 � � ��� � �
a groundingtreefor this � -�8
� (� is generatedasfollows:

� 

����� , � � � � � ����
 ��� �
� ��� �������� !�" � � � 

��� �A, � ��� � � � � � �'�!# � ��� � " 
 � � � � ������
 ��� � �-�
where

(i) $%� �&%+� is thesetof groundedatomsof thesametypeof �'% thatunify with �&% . For
example,if wehave thegroundedatoms� #W��8	�
9��"� #W��8	�#�D�"� #W�.9�� �D��� andthepartially
groundedatom #/��8	�0�L� , then $%� #W�.83���L�0��� � #W�.83�
9��"� #W�.83�#�D� � (for � � thedomain
of thefunctionis usedto obtain $%� � � � ).

(ii) )4+ (�,68 + �� N�($%��� % �*)�� � -.8+� (" �� replacesthevariablesof � % with thevaluesof $�� � % �()
in all thef-patomsof � -�8
� (" .Forexample,for #W�.8	�0�L� with $%� #W�.83���L�0��� � #/��8	��9���� ,
� will bereplacedwith 9 in all thef-p atomsof � -.8+� (" .
A-POL supportsuserde�ned libraries,this featurewill beexplainedwith morede-

tail later, however, it is very importantfor groundingbecauseit allow us to make an
importantcut in thegroundingtreeof each� -�8
� (" . Supposethatwe have a prede�ned
booleanfunctioncalled -  N�I����� � thatreturnstrueif � 2*� andfalseotherwise,when
X andY areinstancedwe canevaluate-  N�I����� � , if its falsewe eliminate � -.8
� (" from
thetree,if its truewe eliminate -  N�I����� � from � -�8
� (" andcontinuewith theinstantia-
tion of its branches.

The main algorithmto obtain the �x-point of a setof partial-orderclausesis de-
scribedin [7], to ilustratethis procedurewe will useexample1 (shortestdistancebe-
tweentwo nodesof agraph)with thefollowing extensionaldatabase:

,.- & � � �",�-3�'� � 
 � 
"P���
-�",�-3�'� � 
 � 
 � ��
	��,�-3�'� � 
.,N
	/'� � .
FirstconsiderthatA-POL will obtain-  ��� -0��;�� � �" ����� ��� �� and -  ��  -��6����� ��(�7&*�%�, � ,the
solutionof the�rst level is trivial. To solve (�7&*�%�, �rst wegroundits clausesusingEDB,
obtaining:
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short(a,b)
�

1.
short(b,c)

�
2.

short(a,d)
�

4.
short(a,a)

�
v
�
:- short(a,b)=v

�
, short(b,a)=v

�
, v

�
+v
�
=v
�
.

short(a,b)
�

v
�
:- short(a,b)=v

�
, short(b,b)=v

�
, v

�
+v
�
=v
�
.

short(a,c)
�

v
�
:- short(a,b)=v

�
, short(b,c)=v

�
, v

�
+v
�
=v
�
.

short(a,d)
�

v
�
:- short(a,b)=v

�
, short(b,d)=v

�
, v

�
+v
�
=v
�
.

short(b,a)
�

v
�
:- short(b,c)=v

�
, short(c,a)=v

�
, v

�
+v
�
=v
�
.

short(b,b)
�

v
�
:- short(b,c)=v

�
, short(c,b)=v

�
, v

�
+v
�
=v
�
.

short(b,c)
�

v
�
:- short(b,c)=v

�
, short(c,c)=v

�
, v

�
+v
�
=v
�
.

short(b,d)
�

v
�
:- short(b,c)=v

�
, short(c,d)=v

�
, v

�
+v
�
=v
�
.

short(a,a)
�

v
�
:- short(a,d)=v

�
, short(d,a)=v

�
, v

�
+v
�
=v
�
.

short(a,b)
�

v
�
:- short(a,d)=v

�
, short(d,b)=v

�
, v

�
+v
�
=v
�
.

short(a,c)
�

v
�
:- short(a,d)=v

�
, short(d,c)=v

�
, v

�
+v
�
=v
�
.

short(a,d)
�

v
�
:- short(a,d)=v

�
, short(d,d)=v

�
, v

�
+v
�
=v
�
.

The solutionof this programis doneusinga matrix to storethe partial valuesof the
function.Then,were�ne themusingdifferentiterationsuntil weobtaina �x-point. The
initial state� � of thematrixstoresthevaluesobtainedby theEDB of ourprogram:

short(a,b)
�

1.
short(a,d)

�
4.

short(b,c)
�

2.

a b c d
a � 1 � 4
b � � 2 �
c � � � �
d � � � �

In thenext interation,wecomputestate��� . For this,wenolongerusetheEDB but only
theIDB and � � .

short(a,c)
�

v
�
:- short(a,b) + short(b,c) = v

�
.

a b c d
a � 1 3 4
b � � 2 �
c � � � �
d � � � �

Thenext interation ��� is asfollows:

short(a,c)
�

v
�
:- short(a,b) + short(b,c) = v

�
.

a b c d
a � 1 3 4
b � � 2 �
c � � � �
d � � � �

At this point, ���.����� then ��� is our �x-point. A-POL storesalsoa parentmatrix, if
the valueof the matrix at �� is re�ned usingthe groundedclause� - the body of this
clauseis storedin theparentmatrix at �� , usingthis informationwe canrecover how
a speci�c positionwasobtained,doingthis in our example,we canobtaintheshortest
pathinsteadof just theshortestdistancebetweentwo nodesof agraph.This is the�nal
parentmatrix of our example:
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a b c d
a short(a,b)=1 short(a,b)=1,short(b,c)=3 short(a,d)=4

b short(b,c)=2

c
d

Supposethatwewantto know theshortestpathbetween8 and � , startingfrom position
��8	� �D� in theparentmatrix we have to go to �.83�
9�� and �.9��#�D� , sincethis positionsdo not
giveusmoreinformation,wearedone.With a largergraphweprobablywouldhaveto
trackmorepositionsin theparentmatrix, however, this simpleexamplegiveusa good
ideaof how A-POL recoversa witnessin this kind of problems.

3.4 Advanced Features

A-POL hassomeadvancedfeaturesthatallow usto incrementitsef�ciency anddescrip-
tive power. This featuresare,witnessrecovery, userde�ned librariesanduserde�ned
partial-orders.

Witness recovery Theinnerprocedurefor recoveringa witnesswasexplainedabove,
however, it is necessaryto tell A-POL whatinformationwe wantto retrieve from each
clause,to do this,weextendthesyntaxof partial-orderclausesasfollows:
�����	��

��������������
������������������	�����4��
�� ���	��

�
�
��
 ��� ���4��
�� ���3��� � ��� � �$� � �	��

�������
�����	��

��������������
������������������ � ���4��
�� � � ��

�
�
��
 � � ���4��
�� � � ��� � ��� � �$� � �	��

�������

To ilustratethis let us useour shortestdistanceexample(1), supposethatwe want to
recovertheshortestpathinsteadof justthedistance,so,wewantto obtaineveryexisting
edgefrom ourclauses.
�"! �


� �$#%
'& � �)(*�+�/��,�-3�'�$#%
.&/
0( �����4U ��� �$#%
5& ����"! �


� �$#%
'& � � �"! �


� �$#%
01 �32 �"! ��
�����14
5& ���+�/�",�-3�'�$#%
614
0( ���

Noticethatnothingis addedto thesecondclause,this is becauseweareonly interested
in the existing edges,andthe secondclause�nds a cheaperway betweentwo nodes
using intermediatenodes.Now we needto specify which way we want to recover,
supposethatwe want to know theshortestpathbetweennode 8 and � , we cando this
in A-POL asfollows:
��� ��� � �AU ��� U !���
�� �"! ��
���� � 
 � ���

In our resultingmodelwe canrecover the path from the atomsof type : 8 
 . Notice
that in this particular implementationwe can only obtain one path even if different
pathswith thesamecostexists,now we presentan alternative implementationof this
problemto �x this issue:
�"! �


� �$# � �)H ��� � � � 
����$#����
�"! �


� �$# � � �"! �

����$& �32Q( ��� ��,�-3�'�$#%
51 
0( �����4U ��� �$&/
 # ���

Suposethatour extensionaldatabaseincludes(�,68$%�,��.8N� , then (�7&*�%�,����L� representsthe
shortestdistancefrom node8 to node� .
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User defined libraries Userde�ned librariesarenotjustafancy implementationissue,
but a very convenientway of increasingthecorefunctionsof A-POL. SinceA-POL is
written in Java, loadingexternalclassesfor their usein a speci�c programis a very
easytask(like dynamiclinking libraries).All prede�nedA-POL functions(add,sub,
mul, div, etc..)areimplementedasuserde�ned libraries.For creatinganew prede�ned
functiontheuserhasto extendaLibrary class,overrideits functionalmethod(execute),
compileit andregisterit. For functionsthatarevery easyto de�ne in procedurallan-
guagesmostof thetime is easier(andmoreef�cient) to write andregisteranew library
thantry to codeit in A-POL.

User defined partial-orders Theco-domainof thefunctionsde�ned by partial-order
clausesis a partial or completeorderedset.In A-POL a speci�c partial-ordercanbe
describedfrom therelationsbetweenits elements.To ilustratethis let us considerthe
set � � ��83�
9�� �J���3�  -� where 8�� 9�� ��� ���  , therelationsbetweentheir elements
are �)� ��8�� 9��
9�� ��� ���*�A�����  -� .

4 Examples and Results

In this sectionwe presentsomeexamplescodedin A-POL and someexperimental
results.

Example4. A-POL's implementationof theshortestpathbetweentwo nodesof agraph
is asfollows:

declare < short(node).
select way where short(X) <- end(X).
% extensional database
node(a). node(b). node(c). node(d).
edge(a,b,1). edge(b,c,2). edge(a,d,4).
start(a). end(f).
% rules
short(X)<= 0 :- start(X).
short(X)<= add(short(Y),C) :- edge(Y,X,C). / way(Y,X).

The�rst line is requiredto specifythedomainandthetypeof partial-orderclausesthat
de�ne the functionshort. We alsowrote a DLV versionof this problemusingweak
constraints:

% rules
way(X,Y,C) v other(X,Y,C) :- edge(X,Y,C).
:- edge(X,A,C), start(A), way(X, A,C).
:- edge(D,X,C), end(D), way(D,X,C).
:- edge(X,Y,C), edge(X,Y1,C1), way(X,Y,C), way(X,Y1,C1), Y != Y1.
:- edge(X,Y,C), edge(X1,Y,C1), way(X,Y,C), way(X1,Y,C1), X != X1.
r(X) :- start(X).
r(X) :- r(Y), edge(Y,X,C), way(Y,X,C).
:- end(D), not r(D).
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:˜ way(X,Y,C). [C:1]

Now we presentexperimentalresultsusingcompletegraphsfor bothimplementations:

� + *��  �( DLV A-POL
10 ; CE���$( ;AC ���3(
20 �AC���� ( ;AC 	�� (
40 �3. $��+C �
�3( �+CF���3(
60 $ $'.��
��C ; $3( $ C $ �"(
80 & $ C 	��3(

Example5. Partial-orderclausescanbeusedfor carryingoutsophisticated�o w-analysis
computations,asillustratedby thefollowingprogramwhichcomputesthereachingdef-
initions andbusyexpressionsin a program�o w graph.This informationis computed
by a compilerduring its optimizationphase[1]. Theoriginal formulationof the �o w-
analysisequationsis:

��� ���$# � �)-3��� �$# ��� � ��� �$#�� � G � � � �$# �	�
��� �$# � ����� ��� � � / �

Where � is a predecesorof � . Now we presentan A-POL implementationof this
problem(thisparticularexampleis from [1]):

setmode.
declare > out(block).
declare > in(block).
declare > gen(block).
declare > kill(block).
% extensional database
block(1..4).
pred(2,1). pred(2,3). pred(2,4).
pred(3,2). pred(4,2). pred(4,3).
gen(1)>=

�
a,b,c � . gen(2)>=

�
d,e � .

gen(3)>=
�
f � . gen(4)>=

�
g � .

kill(1)>=
�
d,e,f,g � . kill(2)>=

�
a,b,g � .

kill(3)>=
�
c � . kill(4)>=

�
a,d � .

% rules
in(X)>= out(Y) :- pred(X,Y).
out(X)>= gen(X).
out(X)>= sub(in(X),kill(X)).

In theaboveprogram,kill(X) andgen(X), areprede�nedset-valuedfunctionsspec-
ifying the relevant information for a given program�o w graphanda basicblock X.
pred(X,Y), de�nes when Y is predecessorof X. The �rst line specify that the co-
domainof the functionsde�ned by partial-orderclausesare sets.The set-difference
(sub) is monotonicin its �rst argument,andhencetheprogramhasa uniqueintended
meaningasit is shown in [1]. Theoperationalsemanticsbehavesexactly asthealgo-
rithm proposedin [1] to solve this problem.
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Example6. A-POL's implementationof the0-1knapsackis asfollows:

maxint = 20.
declare > ks(object,tweight).
declare > profit(object).
select take1 where ks(4,10).
% extensional database
object(0..4).
tweight(0..10).
weight(1,2). weight(2,3). weight(3,5). weight(4,8).
profit(0)>= 0. profit(1)>= 1. profit(2)>= 2.
profit(3)>= 3. profit(4)>= 5.
% rules
ks(N,K)>= ks(sub(N,1),K) :- le(1,N). / take1(N,K).
ks(N,K)>= add(profit(N),ks(sub(N,1),sub(K,X))) :-

weight(N,X), le(X,K), le(1,N). / take1(N,K).
take(X1,Y) :- take1(X1,Y), not take(X2,Y), X2 > X1, object(X2), tweight(Y).

In thisexamplewehave4objects,eachobject hasaweight andaprofit, noticethat
werecoverwhichobjectsareselectedfrom partial-orderclausesandweusedisjunctive
clausesto makemorecleartheoutput.

Example7. Theoptimalparentizationfor amatrix-chainmultiplicationis a typicaldy-
namicprogrammingproblem[14] we presenta solutionto this problemin A-POL:

declare < r(nmat).
declare < c(nmat).
declare < m(nmat,nmat).
select asoc where m(1,6).
% extensional database
nmat(1..6).
r(1)<= 30. c(1)<= 35.
r(2)<= 35. c(2)<= 15.
r(3)<= 15. c(3)<= 5.
r(4)<= 5. c(4)<= 10.
r(5)<= 10. c(5)<= 20.
r(6)<= 20. c(6)<= 25.
% rules
m(N,N)<= 0 :- le(1,N). / asoc(N,N).
m(I,N)<= add(add(m(I,K),m(add(K,1),N)),mul(mul(r(I),c(K)),c(N)))

:-
le(1,N), le(1,I), lt(K,N), le(I,K), nmat(K). / asoc(I,N).

Wherer(X) andc(X) arethenumberof rows andcolumnsof matrix X respectively.
This problemcan also be found in the ACM InternationalCollegiate Programming
Contestproblemsetarchive.Thefollowing resultsareusingthejudge's input (consider
that in a real contestthis inputshave to be processedby the programin lessthana
minute).
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# matrix time # groundedclauses# iterations
3 ;AC 	A�"( ��� ���
6 ;AC 	
�$( ��� � $��
10 �+CF� 	$( ���
� � �����
20 �3C $ � ( �����+; � $J;���;
40 $�� C $
� ( � ;�� 	�; � ;��
� $�;

Example8. Theimplementationof thefastfoodexample(3) is asfollows:

declare < middle(dom,dom).
declare < rest(dom).
declare < sumato(dom,dom,dom).
declare < cost(dom,dom).
declare < best(dom,dom).
declare < rdist(dom,dom).
select location where best(5,10).
% extensional database
dom(1..10).
rest(1)<= 11. rest(2)<= 28.
rest(3)<= 68. rest(4)<= 84.
rest(5)<= 86. rest(6)<= 93.
rest(7)<= 96. rest(8)<= 160.
rest(9)<= 171. rest(10)<= 200.
% rules
middle(X,Y)<= div(add(X,Y),2).
rdist(I,J)<= dist(rest(I),rest(J)).
cost(I,J)<= sumato(I,J,middle(I,J)).
sumato(I,I,K)<= rdist(I,K).
sumato(I,J,K)<= add(rdist(I,K),sumato(add(I,1),J,K)) :- lt(I,J).
best(I,I)<= 0. / location(I).
best(1,I)<= cost(1,I) :- middle(1,I) = M. / location(M).
best(I,J)<= add(cost(B,J),best(sub(I,1),sub(B,1))) :-

middle(B,J) = M, lt(I,J),
le(I,B), le(B,J), dom(B). / location(M).

Whererest representsthe distanceof the restaurantandcost(X,Y) is the cost of
placingadepotbetweenrestaurantsX andY. Now wepresentexperimentalresultsusing
someof thejudge's inputs.

# rest.time # groundedclauses# iterations
��; ��C�� ( ��;��+; ���
�+;
$
� � $ C � ( � $��
� � $ � $ � �J;
��; � . �NC �$( ��� �
�J; � $ �
����;+;

In theaboveexamples,weuseprede�nedfunctions(whichareimplementedasuser
de�ned libraries)suchas:
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Function Meaning
add(X,Y) X

2
Y

sub(X,Y) X
�

Y
mul(X,Y) X � Y
div(X,Y) X

�
Y

dist(X,Y) 	 X-Y 	
le(X,Y) X

�
Y

lt(X,Y) X
�

Y
ge(X,Y) X

�
Y

gt(X,Y) X
�

Y

If a new functionis required,theusercaneasilycodeit andregisterit for its use.

5 Conclusions and future work

Partial-orderclausesseemto bea betterapproachfor optimizationproblemsthandis-
junctive clauses.They offer a moredirect way to expressoptimizationfunctionsand
we have found domainswherethey aremoreef�cient thandisjunctive clauses.Since
partial-orderclausescanbeexpressedasnormalclauses[8], they canbeseenasa very
ef�cient macrofor certainkind of AnswerSetprograms.A-POL's maindesignoffers
someimportantfeaturessuchaswitnessrecovery anduserde�ned functions(which
alsoallow us to make cutsin the groundingtree).This featuresmake A-POL a more
�e xible andpowerful tool.

A very importantissueis that A-POL hasto supportall the featuresof DLV, our
currentversiononly supportsa subsetof theDLV language.As mentionedbefore,A-
POLis written in Java.Thiswasagoodchoiceto createaprototypein ashortperiodof
time.However, if a betterintegrationwith DLV is desired,A-POL shouldberewritten
in C++.Theuseof partial-orderclausesin otherfront endssuchasDLV-K hasnotbeen
consideredat this point,we believe this couldbeveryusefulmainly for ef�ciency rea-
sons.Nowadaysparallelanswersetsystemsarebeendeveloped[13]. Ourpartial-order
clausescompilercoulduseparallelprogrammingtechniques(mainly in thegrounding)
andconsideringthatall theprogramsin A-POL arestrati�ed, consecutive levelscould
beevaluatedin parallel.
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