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Abstract. The integration of preferences into answer set programming consti-
tutes an important practical device for distinguishing certain preferred answer
sets from non-preferred ones. To this end, we elaborate upon rule dependency
graphs and their colorings for characterizing different preference handling strate-
gies found in the literature. We start from a characterization of (three types of)
preferred answer sets in terms of totally colored dependency graphs. In turn, we
exemplarily develop an operational characterization of preferred answer sets in
terms of operators on partial colorings for one particular strategy. In analogy
to the notion of a derivation in proof theory, our operational characterization is
expressed as a (non-deterministically formed) sequence of colorings, gradually
turning an uncolored graph into a totally colored one.

1 Intr oduction

Graphsconstituteafundamentaltool within computingscience.Similarly, in answerset
programming,graphsareusedfor decidingwhetheranswersetsexist. Recently, there
is even an increasedinterestin usinggraphsasthe primary computationalmodel for
computinganswersets[4,13]. In fact, one of the distinguishingfeaturesof answer
set programmingis that it provides non-deterministicprogrammingtechniquesthat
usuallyinducemultiple distinctanswersets.For �ltering out certainpreferredanswer
sets,a prominentapproachis to incorporatepreferencehandlinginto answersetpro-
gramming.Up to know, preferenceswhereincorporatedinto answersetsolverseither
by meta-interpretation[6] or by pre-compilationfront-ends[5]; therefore,preferences
wereneverintegratedinto thesolversthemselves.This is whereourcontributioncomes
in. We arguethat the aforementionedgraph-basedapproachesprovide an appropriate
modelfor integratingpreferencesinto answersetprogrammingandthecorresponding
solvers.Weunderpinthisclaim,�rst, by showing how threeamongthemostprominent
preferencehandlingapproachescanbe characterizedby graph-orientedmethodsand,
second,by showinghow thiscanberealizedby meansof anoperationalsemantics.This
is usablefor extendinggraph-basedanswersetsolvers,suchasnoMoRe[1]. Follow-
ing [10], our ideais to startfrom an uncoloredrule dependency graphandto employ
speci�c operatorsthatturnapartiallycoloredgraphgraduallyinto a totally coloredone
that representsa preferredanswerset.This approach,developedin [10] for standard
answersetprogramming,is strongly inspiredby the conceptof a derivation, in par-
ticular, thatof anSLD-derivation[14]. Accordingly, a programhasa certainpreferred
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answersetif f thereis asequenceof operationsturningtheuncoloredgraphinto atotally
coloredone,expressingtheanswerset.

2 Background

A logicprogramisa�nite setof rulessuchas���������	��
�
�
��
�������������������	��
�
�
������������ ,
where������� � , andeach��!�"
�$#&%'#&�)( is anatom. Forsucharule * , welet +-,/.10)"2*�(

denotethehead, ��� , of * and 3/�40657"2*�( thebody, 89�7�	��
�
�
��:���;�<���6�����=�>�6��
�
�
������6������? ,
of * . Let 3/��0�5

�

"2*�(A@B8C���4��
�
�
��
���D? and 3/��0�5�E<"2*�(A@B8C���=�>�4��
�
�
��
����? . For a setof
rules F , we write +G,/.107":FH(�@I86+G,/.107"
*6(KJL*NMOFP? andconversely, for anatom � , we
de�ne *	Q�R:ST"U��(V@�8�*WM FXJY+G,/.10Y"
*�(�@Z�)? . A programis basicif 3/�4065 E "
*�(�@I[ for
all its rules.The reduct, FH\ , of a program F relativeto a set ] of atomsis de�ned
by FH\^@�8�+-,/.10Y"2*�(��_3/�4065

�

"2*�(`J�*�MaFb�43/�4065�E<"2*�('cW]d@I[T? . A setof atoms ]

is closedundera basicprogramF if for any *eM�F , +-,/.107"
*�(fMH] if 3C�4065

�

"
*6(hgi] .
Thesmallestsetof atomsbeingclosedunderabasicprogramF is denotedby j��k":FH( .
Then,a set ] of atomsis an answersetof a program F if jl�k"
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Fo( for denotingthe set of all answersetsof F . In what follows, an important
conceptis thatof thegenerating rulesof ananswerset.Theset pVqK"2]o( of generating
rulesof a set ] of atomsfrom programF is givenby
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An ordered logic programis a pair ":Fb��wx( , where F is a logic programand wyg

F{zNF is astrictpartialorder. Given, *��	�9*�|VMNF , therelation*6�fw�*4| expressesthat *4|

hashigherpriority than*�� . Thisinformalinterpretationcanbemadeprecisein different
ways.In whatfollows,weconsiderthreesuchinterpretations:} – [5], ~ – [3], and • –
preference[17]. Given "
FW��wx( , all of themuse w for selectingpreferredanswersets
amongthe standardanswersetsof F . As shown in [17], the threestrategiesyield an
increasingnumberof preferredanswersets.That is, } is strongerthan • , which is
strongerthan ~ , which is strongerthanno preference.For brevity, we give below only
a formal de�nition of } –preference,andreferthereaderto theliteratureregarding~ –
and • – preference[3,17].

De�nition 1. Let ":Fb��wx( be an ordered program and let ] be an answerset of F .
Then, ] is called wx€ –preserving, if there existsan enumeration •2*

!ƒ‚„!2…1† of p�qK"2]�(

such that for every %/�ˆ‡$MŠ‰ wehavethat:
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Condition1 stipulatesthat •2*
!–‚—!
…1† is compatiblewith w . Condition2 makestheprop-

erty of supportnessexplicit. Although any standardanswersetis generatedby a sup-
portedsequenceof rules,in } –preferences,rulescannotbesupportedby lower-ranked
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rules.Condition3a separatesthe handlingof unsupportedrulesfrom preferencehan-
dling. Condition3b guaranteesthat rulescannever beblockedby lower-rankedrules.
For • –preference,thepreviousconceptof orderpreservation is weakenedin Condi-
tion 1 and 3 for suspendingboth conditions,whenever the headof a preferredrule
is derivablein analternative way. Roughlyspeaking,~ –preferenceadditionallydrops
Condition2; thusdecouplingpreferencehandlingfrom theorderinducedby consecu-
tive ruleapplications.De�ne
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3 Graphs and coloringswith preferences

This sectionlays thegraph-theoreticalfoundationsof our approach.A graph is a pair
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In the sequel,we are interestedin labeledgraphsre�ecting dependenciesamong

rules.

De�nition 2. Let "
Fb��wx( be an ordered logic program.Theordered rule dependency
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This de�nition extendstheonein [13] by � -edgesfor representingpreferencesamong
rules.Whenever clearfrom thecontext, we write � insteadof ��
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TheDG of ":F`�6��wx( is depictedin Figure1a.For instance,"—8�*����„*4|��9*
 

?”�Œ8T"2*6�	�„*4|�(‘?	( is a
� -subgraphof ��


q�./�	���

.
Wecall 0 acoloringof ��


q��	���

if 0 is amapping0
!

F21 843;�/5�? . Intuitively, the
colors 3 and 5 indicatewhetherarule is supposedlyappliedor blocked.Wesometimes
denotethesetof all verticescoloredwith 3 or 5 by 0�6 or 087 , respectively. That is,

0�6�@ 84*`J-0$"
*6(=@93�? and 087�@ 84*`J-0$"
*6(=@95�? . If 0 is total, ":086=�/0�7<( is a binary
partitionof F . Thatis, Ft@;0<6<=�087 and 086sc80�7 @i[ . Accordingly,weoftenidentify
a coloring 0 with thepair ">0<6s�/087'( . A partial coloring 0 inducesa pair ">0�6s��087'( of
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Fig.1. (a): The DG of ordered logic program ��� ������� ; (b): The (partially) colored DG
����� �

."! #%$ �'&(�)� ; (c) The totally colored DG ���*� �
."! #%$ �'& � � .

setssuchthat 0 6 = 0 7 g F and 0 6 c 0 7 @ [ . For comparingpartial colorings, 0

and 0V• , we de�ne 0,+�0V• , if 0 6 g�0f•

6

and 0 7 g�0f•

7

. The“empty” coloring ":[-�C[1( is
the + -smallestcoloring.Accordingly, wede�ne 0.- 0�• as ":0 6 = 0f•

6

��0 7 = 0f•

7

( .
If 0 is a coloringof � , we call thepair " �=�/0V( a coloredDG. For example,“color-

ing” theDG of "
F � ��wx( with

0�|�@ "—8�*	���„*4|�?v�'84* % ?6( (2)

yields thecoloredgraphgivenin Figure1b. For simplicity, whencoloring,we replace
thelabelof a nodeby therespectivecolor.

Thecentralquestionaddressedin thispaperis how to computethetotalcoloringsof
DGs thatcorrespondto thepreferredanswersetsof anunderlyingprogram.In fact,the
coloringsof interestcanbe distinguishedin a straightforwardway. Given an ordered
logic program ":Fb��wx( alongwith its DG � . Let �
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By way of therespectivegeneratingrules,we associatewith any programa setof w
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Notethat +-,/.107":086 (�g&] for any w
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mhn

qK">0V( . As regards
program "
F � ��wx( andcoloring 0 | , we get

m�n

�




q . �	���

":0 | ('@ 818 $ �
�>� '

•

?”?”


We call a coloringsimplyadmissible, if ] is a standardanswersetof F . Also, if ] is
a standardanswersetof F , weomit thesuperscript� in theabovede�ned sets.

We needthefollowing conceptsfor describinga rule'sstatusof applicability.

De�nition 3. Let �Z@�"
FW��� � ��� � ��� | ( be the DG of orderedprogram "
Fb��wx( and 0

bea partial coloringof � . For *KMŠF , wede�ne:

1. * is supportedin " �=�/0V( , if 3/��0�5
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3. * is blocked(by * • ) in " �=�/0V( , if * • M 086 for some"2* • �9*6(sM � � ;
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*6•ƒ�„*�(=M � � ;
5. * is maximalin " �=�/0V( if 8�*
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�9*�(=M � | ?VgZ">086 = 0�7 ( .

Conditions1–4 expressstandardconceptsof logic programmingadaptedto DGs (cf.
[10]). Theconceptexpressedin Condition5 allowsfor distinguishingrules,all of which
morepreferredruleshaveeitherbeenfoundto beapplicableor blocked.Suchrulesare
maximalinsofar asthey arenot dominatedby any preferredruleshaving anundecided
statusof applicability. In what follows, we use

n
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and � " �=�/0V( for denotingthe setsof all supported,unsupported,blocked,unblocked,
and maximal rules in " �=�/0V( . For illustration, considerthe setsobtainedregarding
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Rule *
% is not maximalin " ��


q�. �	���

��0�|	( becausethehigherpreferredrule *
 is uncol-

oredandthusnot known to beblockedor applied.

4 Deciding preferred answersetshipfr om colored graphs

We now developconceptsthatallow usto decidewhethera (total) coloringrepresents
an order preservingadmissiblecoloring by purely graph-theoreticalmeans.For this
purpose,we build uponthe conceptof a supportgraph anda correspondingcharac-
terizationproposedin [10]. To begin with, we give the de�nition of a supportgraph,
accountingfor thenotionof recursivesupport;it is adaptedto orderedprograms.

De�nition 4. Let � be the DG of ordered logic program ":Fb��wx( and 0 be a partial
coloring of � . We de�ne a supportgraph of " �=��0V( as an acyclic � -subgraph "

�

����(

of � such that 3/��0�5

�
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@u[ .
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Observe that theorder w doesnot in�uence thesupportgraph.If ">�=��0V( hasa support
graph,thenthereis alsoa maximalsupportgraph "

�

���;( of " �=��0V( suchthat
�

•<g

�

for all supportgraphs"

�

•

���

•

( of ">�=��0V( .
We build uponthe following characterizationof admissiblecolorings(alongwith

their underlyinganswersets)for standardlogic programs,takenfrom [10].

Theorem1. Let � betheDG of logic program "
FW�C[1( and 0 bea total coloring of � .
Then,0 is anadmissiblecoloringof � iff 0 6 @

n

">�=��0V(>c ~A" �=�/0V( and ":0 6 ���;( is a
supportgraphof ">�=��0V( for some� gi":FrzŠFo( .

For illustration,let usconsiderprogram "
FA�	�C[”( . We obtaintheadmissiblecolorings
m

0;"„":F � �/[1(„('@Z8v"—8�* � �„* | �9*&%1?”�Œ84*� 6?6(‘�4"–8�* � �9* | �„*� ”?”��8�* %	?	(‘?

representinganswersets
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":F � ('@ 8189�>� $ � ' ?”��89�)� $ � '

•
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For capturingpreferences,we proposethe conceptof a height function. To begin
with, we developthis conceptfor } –preferences.

De�nition 5. Let � betheDG of orderedlogic program ":Fb��wx( , 0 bea total coloring
of � andlet "

�

���s�v���������x|�( bea subgraphof � .
We de�ne a } –heightfunctionof "

�

��� �v���h�	���x|4( asa function � !

�

1 ‰ � such
that for all *KMNF , wehave

1. �)"
*6• (sw��>"2*�( if "2*6•ˆ�9*6(sM �
| ,

2. if *KM 086 thenwehave �>"2*6•’(�w��)"
*�( if "2*6•ƒ�„*�(=M �
� and *6•YM 086 , and

3. if *KM 087sc

�

thenthereexistsan *6•)M 0�6 such that "
*6•ƒ�„*�(=M �
� and �>"2*6•’(�w��>"2*�( .

Thevaluesattributedby a heightfunctionre�ect a possibleorderof rule consideration
(not necessarilyapplication).In this respect,Condition1 stipulatesthathigherranked
rulesmustbeconsideredbeforelower rankedrules;in this way, � respectstheprefer-
encesfrom w . If "

�

��� �	( forms a supportgraphof ">�=��0V( , thenCondition2 ensures
thatrulesareneversupportedby ruleshaving a greater� -value.Condition3 expresses
thatrulescoloredwith 5 , mustbeblockedby ruleswith a smaller � -value(that is, in-
tuitively, alreadyappliedrules).It is instructive to observe that every height function
inducesa partialorderon F extendingthegivenpartialorder w . Furthermore,this in-
ducedorder is alwaysextendibleto a total orderof F respectingan enumerationof
thegeneratingrules,givenin De�nition 1. A moredetailedanalysisis givenin thefull
paper[11].

Taking theconceptof a } –heightfunction togetherwith Theorem1, we obtaina
characterizationof wx€ –preservingadmissiblecolorings.

Theorem2. Let �O@ "
Fb���s�v���h�	���x|4( betheDG of orderedlogic program "
Fb��wx( and
0 bea total coloring of � . Then,0 is a w�€ –preservingadmissiblecoloring iff

1. 086 @

n

">�=��0V(Yc ~e">�=��0V( and
2. for some��•

�

g��
� , wehave
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(a) ">086 ���D•

�

( is a supportgraphof " �=��0V( and
(b) there existsa } –heightfunctionof "

n

" �=�/0V(‘���;•

�

�����1J � 
��
� � �

��� |TJ � 
��
� � �

( .

Conditions1 and2aaretheonesfoundin Theorem1 for standardadmissiblecolorings,
while Condition2b selectsthe w�€ –preservingonesby meansof a } –heightfunction.
For this,only supportedrulesaretakeninto account;unsupportedrulesareinapplicable
anyway. Now, theheightfunctiontiesthearcs�;•

�

of the(standard)supportgraphto the
onesre�ecting blockage� � J � 
��

� � �

andpreference� | J � 
��
� � �

. This guaranteesthatthe
underlyinganswersetcanonly beformedin anorderpreservingway.

For illustration,consider"
Fe����wx( . For theadmissiblecoloring "—8�*����„*�|1�„*  ?v�Œ8�* % ?	( ,
we detectonly thefollowing } –heightfunction �

€

:

�
€

"
* � ( @9�”� �
€

"2* | ( @ �L� �
€

"
*&%	('@

�
� �

€

"2*& 	('@��-
 (5)

For admissiblecoloring "–8�* � �9* | �„*&%�?”��8�*� 1?	( , there is no } –height function because
*&% wt*& and the blockageof *  by *&% lead to a contradictionbetweenCondition 1
and3 in De�nition 5. Hence,only "–84* � �„* | �„*& �?v�Œ8�* %6?6( is w € –preservingand 89�)� $ � ' •’?

is theonly w

€ –preservinganswerset.
For ~ – and • –preferences,wecande�ne similarheightfunctionsin ananalogous

way.

De�nition 6. Let � betheDG of orderedlogic program ":Fb��wx( , 0 bea total coloring
of � andlet "

�

���s�v���������x|�( bea subgraphof � .
We de�ne a ~ –heightfunctionof "

�

���
�

���
�

���
|

( asa function � !

�

1d‰ � such
that for all *KMNF wehave

1. �)"
* •

(sw��>"2*�( if "2*

•

�9*6(sM �
| ,

2. if *KM 0
7

c

�

oneof thefollowingconditionsis ful�lled:
(a) there exists *6•)M 086 such that "
*6•ˆ�„*�(=M �

� and �)"
*6•’(�w��>"2*�( ;
(b) *	Q�R:Sv"ˆ+-,/.10)"2*�(„(>c 086•“ @i[

Notethata ~ –heightfunctiondoesnot take into account� -edges,since ~ –preference
decouplessupportednessfrom preferencehandling[3]. If ]d@�+-,/.”0Y">0�6'( is a setof
atoms,then *	Q�R
ST"ƒ+G,C.”0Y"
*6(9(sc 0<6 “@ [ statesthat +G,/.10Y"
*�(OMy] for some *ZMyF .
Hence,Condition2bweakenstheconceptof orderpreservationgivenin Condition3 of
De�nition 5, whenevertheheadof ablockedrule is derivedby anotherappliedrule.By
this weakening,moreadmissiblecoloringsare w�� –preservingthan wx€ –preserving.

Thenext de�nition addresses• –preferences.

De�nition 7. Let � betheDG of orderedlogic program ":Fb��wx( , 0 bea total coloring
of � andlet "

�

���s�v���������x|�( bea subgraphof � .
We de�ne a • –heightfunctionof "

�

���x�v�����6��� |4( asa function � !

�

1 ‰ � such
that for all *KMNF wehave

1. �)"
*6• (sw��>"2*�( if "2*6•ˆ�9*6(sM �
| ,

2. if *KM 086 thenis oneof thefollowing conditionsful�lled:
(a) wehave �)"
*6•’(�w��>"2*�( if "
*6•:�9*�(=M �s� and *6•)M 0

6

(b) there existsan *�•YMŠ*	Q�R:ST"ƒ+-,/.”0Y"2*�(9()c 086 such that �>"2*6•’(�w��)"
*6( ,
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3. if *KM 087bc

�

thenoneof thefollowing conditionsis ful�lled:
(a) there exists *6•)M 0 6 such that "
*6•ˆ�„*�(=M ��� and �)"
*6•’(�w��>"2*�( ;
(b) there existsan *�• •YMN*	Q�R:ST"ƒ+-,/.”07"2*�(„(>c 0�6 such that �)"
*6• •’(�w��>"2*�( .

• –height functionscombinesupportednessand preferencehandlingsimilar to } –
height functions.In contrastto } –heightfunctions,however, De�nition 7 allows for
supportingandblockinga rule * by lower rankedrules,if +-,/.10)"2*�( is derivedby some
appliedrule with a lower � -valuethan * . Hence,Condition2b and3b weakenthecon-
ceptof orderpreservation given in De�nition 5, but they arenot so generousas the
conditionsfor a ~ –heightfunctiongivenin De�nition 6. For this reason,theconditions
for theexistenceof a } –heightfunctionarestrongerthatthanfor a • –heightfunction,
whicharestrongerconditionsthanfor a ~ –heightfunction.

For illustration,considerorderedlogic program "
FA����wx( . For admissiblecoloring
"–8�*6�6�9*�|1�„*  ?”��8�* % ?	( , the } –heightfunction given in (5) is alsoa ~ – aswell asa • –
heightfunction.Observe that �)"
*���( @ �L� �>"2*�|	( @ �”� �)"
* % ( @

�
� �)"
*  ( @ � provides

analternative ~ –heightfunction.No � –heightfunctionis obtainedfor thesecondad-
missiblecoloring,correspondingto answerset 8C�)� $ � ' ? , for any �

M�84}b�C~`�/• ? .
In analogyto to Theorem2, ~ – and • –heightfunctionsallow us to characterize

w � – and w

� –preservingadmissiblecolorings.

Theorem3. Theorem2 still holds,whenreplacing} by either ~ or • .

For illustration, considerprogram "
FA�6��wx( . As above, "–84*6�	�9*�|”�„*
%

?”��8�*
 

?	( is neither
w � – nor w

� –preservingsince +-,/.10)"2*
 

( is notderivablein analternativeway. Hence,
"–8�*6�6�9*�|1�„*

 
?”��8�*

%
?	( is a w

�

–preservingadmissiblecoloringfor �

Mo84}b�C~`�C• ? .
Whenevernopreferencesaregiven,Theorem2 and3 fall backto characterizations

of standardadmissiblecolorings:

Corollary 1. Let � be the DG of ordered logic program ":Fb�C[”( and 0 be a total col-
oring of � . Then, 0 is an admissiblecoloring iff 0 is a w

�

–preservingadmissible
coloring for �

Mo8	}b�9~e�C• ? .

5 Operational characterization

In thissection,we exemplarilyprovideanoperationalcharacterizationof wh€ –preserv-
ing answersets;for brevity, thecorrespondingcharacterizationsfor ~ – and • –prefer-
encesareomitted.Theideais to startwith theemptycoloringandto successively apply
operatorsthat turn a partialcoloring 0 into anotherone 0�• suchthat 0 + 0f• . This is
doneuntil a total coloringis obtainedthatcorrespondsto a wh€ –preservinganswerset.

For this, it is necessaryto introducea new color
�

, which only appearsin interme-
diatepartial colorings.That is, a partial coloring is now a partial mapping 0

!
F 1

843;�/5;�

�
? . Analogously, we de�ne 0��•@ 8�*eMOF J 0$"2*�(h@

�
? . We color a vertex *

with
�

in apartialcoloring 0 , if * mustbecoloredwith 5 in the�nal totalcoloringbut
thereis not yet any justi�cation for coloring * with 5 . As before, 0 is a total coloring
if 086 = 087 @IF and 0

�
@^[ . Furthermore,0 + 0V• if 086 g 0f•

6

, 0�7 g 0f•

7

and
0
�

g 0f•

7

= 0f• � . Wede�ne 0 -(0V• as ":086 = 0f•

6

�/087 = 0f•

7

�4">0
�

= 0f• � (-•�">087 = 0f•

7

(„( .
We denotethesetof all partialcoloringsof a DG ��


q��	���

by � �����
	 �
� . Whenever clear
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from thecontext, wesimplywrite � . Otherwise,all conceptsfrom theprevioussections
directlycarryover, sincethey keeprelyingon rulesbelongingto 0�6 and 087 only.

We concentrate�rst onoperationsdeterministicallyextendingpartialcolorings.

De�nition 8. Let � be the DG of ordered logic program ":Fb��wx( and 0 be a partial
coloringof � . Then,de�ne � � ! ��1 � as � � ">0V(<@ 0f• where

0f•

6

@ 0 6 =�"

n

">�=��0V()c ~e" �=�/0V(Yc � " �=�/0V(„( ,
0f•

7

@ 0 7 =

n

">�=��0V( =o"
~A" �=�/0V()c � " �=�/0V(„( , and
0 •� @ 0 �b•80 •

7

.

For standardlogic programsF , � � is de�ned in [10] by meansof standardcolors 0�6

and 087 only. De�nition 8 thusoffersanextensionof operator� � , augmentedby athird
color for dealingwith orderedlogic programs.A coloringis extendedby maximalrules
only, with the exceptionof unsupportedrules(cf. Condition3a in De�nition 1). The
ideais to propagatealonga } –heightfunction,while excludingunsupportedrulesand
coloringthemwith 5 .

A partial coloring 0 is closedunder � � , if 0�@�� �
":0V( . Note that 0 +�� � ">0V( .

In fact, � � ">0V( is not guaranteedto be a partial coloring. To seethis, observe that
� � "„"—8��a� ��������?”�C[-�C[”(„( would be "—8��a� ���6����?”�Œ8��&� ���6�����C[L?	( , which is no
mappingandthusno partial coloring.Interestingly, � � existson coloringsexpressing
preferredanswersets(cf. Theorem4 below). Now, we cande�ne our principalpropa-
gationoperatorin thefollowing way.

De�nition 9. Let � betheDG of orderedlogic program "
Fb��wx( and 0 a partial color-
ing of � . Then,de�ne ���� ">0V( as the + -smallestpartial coloring closedunder � � and
containing 0 .

Although �	�� is notalwaysde�ned, it is oncoloringsexpressingpreferredanswersets.

Theorem4. Let � betheDG of orderedlogic program ":Fb��wx( and 0 a partial coloring
of � . If

m

0f€




q��	���

":0V(h“ @u[ , then �
�� ">0V( exists.

Essentially, �
�� ">0V( amountsto computingthedeterministic“consequences”of a given
partialcoloring 0 . In fact, � �� ">0V( is monotonicandpreservespreferredanswersetsin
thefollowing sense.

Theorem5. Let � be the DG of ordered logic program ":Fb��wx( and 0 be a partial
coloringof � .

1. If
m

0
€




q��	���

">0
•

(�“ @i[ and 0,+�0 • , then � �� ">0V( +�� �� ">0
•

( ;
2.

m

0f€




q��	���

">0V( @

m

0f€




q��	���

"��	�� ":0V(„( .

In [10], it is shown for standardprogramsthat ���� amountsto Fitting's operator[7].
Therefore,De�nition 9 canbeviewedasanextensionof Fitting's operatorto ordered
programs.Thenext operationdrawsuponthemaximalsupportgraphof coloredDGs.

De�nition 10. Let � be the DG of ordered logic program ":Fb��wx( and 0 be a partial
coloring of � . Furthermore, let "

�

����( bea maximalsupportgraphof " �=��0V( for some
� gZ"
F zNFH( . Then,de�ne 
 � ! � 1 � as


 � ">0V(<@ ">086 �9FI•

�

�/0
�

c

�

(‘
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A 2-aryversionof 
 � wasproposedin [10] for standardprograms.Thisoperatorallows
for coloringruleswith 5 whenever it is clearfrom thegivenpartialcoloringthat they
will remainunsupported.Observe that 0�7 g F •

�

and 0 � c

�

@ 0 � •�":F�•

�

( .
As with �
�� , operator
 � ">0V( is anextensionof 0 . Unlike �
�� , however, 
 � allows for
coloringnodesunconnectedwith thealreadycoloredpartof thegraph.Although 
 � is
notde�ned in general,it is oncoloringsguaranteeingtheexistenceof supportgraphs.

Theorem6. Let � be the DG of ordered logic program ":Fb��wx( and 0 be a partial
coloringof � . If ">�=��0V( hasa supportgraph,then 
 � ":0V( exists.

We show in the full paper[11] that 
 � is re�exive, idempotent,monotonic,andpre-
ferred answerset preserving.That is, for partial colorings 0 and 0�• of � suchthat

m

0f€

q

":0V(h“ @u[ and
m

0V€

q

">0f• (h“ @i[ , we have 0,+ 
 � ":0V( , 
 � ">0V(�@�
 �
" 
 � ">0V(9( , andif

0,+ 0f• , then 
 � ">0V( + 
 � ">0f•’( . Moreover, we have
m

0V€

q

":0V(<@

m

0f€

q

" 
 � ">0V(9( . Note
thatunlike � � , 
 � leavesthesupportgraphof " �=�/0V( unaffected.

Now wedevelopa strategy for choiceoperationsbasedonsupportedof rules.

De�nition 11. Let �Z@ "
FW��� �”�����	��� |�( be the DG of ordered logic program "
Fb��wx(

and 0 bea partial coloringof � . For *;MP"
Fyc � " �=�/0V(„(Y•h":0 6 = 0 7 ( , wede�ne the
following operators

���
� ! � 1 � for �;Mo843;� 5�? :

1.
�

6� ":0V('@ ":086 =W84*v?”��087=�/0
�

( , if *KM

n

" �=�/0V( ;
2.
�

7� ":0V('@ ":086s��087 =H8�*v?”�4"„":0
�

=Šp��”(Y•x8�*v?	( , if *e“ M

n

">�=��0V(*=

n

">�=��0V( ,
where non-emptyp��V@a*	Q�R
ST"U��(Y•8087 for some�bMO3/��0�5

�

"2*�( .

The
�

6� operatorcolorsa maximal,supportedrule * with 3 , that is, * is taken to be
applied.

�
7� colorsa maximal,up to now neithersupportednor unsupportedrule with

5 . Thatis, * mustbeunsupportedandthusbelongto 0�7 in the�nal totalcoloring.For
guaranteeingthis, it mustbeensuredthatfor someatom�bM 3/��0�5

�

"2*�( all rules *�• with
+-,/.10)"2*6•’(K@ � areeventuallyinapplicable.This is accomplishedby coloring all rules
in p�� with

�
. In this way, � is excludedfrom all preferredanswersetsobtainedfrom

0 . Observe thatblockedrulesarenever colored 5 by
�

7� in orderto guaranteeCon-
dition 3 in De�nition 5. Similarly, unsupportedrulesaretakencareof by propagation
operations.For illustration,consider"
F	����wx( , where:

*6�
! �K� *6�hwŽ*4|

*4|
!*$

�r�*),+ a
(6)

We obtain � � "„"ƒ[L�/[L�C[”(„(�@ ":[-�C[L�/[1( . If
�

7� would color maximal,(supported,)blocked
rules,then

�
7� "9":[-�C[L�/[1(9(f@t":[-�Œ8�*

|
?v�C[1( . But then, � � would not detectthemiscolor-

ing � � "„"ƒ[L��8�*
|

?”�/[1(„(A@ "—8�*
�

?”��8�*
|

?”�/[1( which is an admissiblecoloring but no w�€ –
preservingone.Thatis, thereis nocorrespondingwh€ –preservinganswerset.

The above operatortakes preferenceinto accountin two ways.First, it restricts
thechoiceof * to rulesbelongingto � " �=�/0V( . Second,it eliminatesthecolorationof
blocked rulesanddelegatesit to the deterministicoperator� � . While both measures
clearlyrestrictthepossiblenumberof overallchoices,afurthernon-determinismis cre-
atedin Condition2 in De�nition 11 throughthechoiceof �bMO3/�4065

�

"2*�( . Interestingly,
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thechoiceof � hasfurtherrepercussionssinceit amountsto excludingall rules * with
+-,/.10)"2*�(K@ � from 086 . That is, whenever sucha choiceis madefurther propagation
follows,which leadsto amoreconstrainedsituation.We arecurrentlyinvestigatingthe
effectof this in anexperimentalstudy.

Combiningour deterministicoperatorswith the choiceoperatoryields an opera-
tional characterizationof orderpreservingadmissiblecolorings.For this, for a partial
coloring 0 we de�ne "�� 
x( �� ">0V( asthe + - smallestpartial coloringcontaining0 and
beingclosedunder� � and 
 � .

Theorem7. Let � be the DG of ordered logic program ":Fb��wx( and let 0 be a total
coloring of � . Then, 0 is a w

€ –preservingadmissiblecoloring of � iff there existsa
sequence">0

!

(–����!���� with thefollowingproperties:

1. 0

�

@ " � 
 ( �� "„"ƒ[L�C[-�C[”(„(

2. 0

! ���

@ " � 
 ( �� "

� �
� ">0

!

(„( for some��M�843;� 5�? and �;#&%'w&� ;
3. 0

�

@ 0 .

The formationof sequencesis driven by the colorationof maximal rules.Operators
� � � 
 � and

� �
� color alonga } –heightfunction,wherelowervaluedrulesarecolored

�rst. That is, the sequencestartsby coloring mostpreferredrulesandendswith the
lowestones.

For illustration,considerthecoloringsequencein Figure2, obtainedfor wh€ –pre-
servinganswerset 8

$
�
�)�

'
• ? of program ":F

�
��wx( . First, maximal rules *

� and *
| are

���� ����

� �� � ��	 	
�




� 
�

� �
�

�

� ����� $	�
� ��


�� ��

� �� � ��	 	
�




� 
�

� �
�

�

� ���
� ��


�� ��

�� � ��	 	
�




� 
�

� �
�

�

� ����� $	�
� ��


�� ��

�� ��	 	
�




� 
�

� �
�

�

�
Fig.2. A coloring sequence.

coloredby "�� 
 ( �� . Fromtheremaininguncoloredrules,only *  is maximaland(since
beingsupported)taken to be 3 by

�
6� . This leadsto coloring * % by "�� 
x( �� sinceit

is maximalandblocked.Theresultingadmissiblecoloring "–84*1���„*�|1�„*
 

?v�Œ8�*
%

?	( is w
€ –

preservingandre�ects the w�€ –preservinganswerset 89�)�
$

�
'

• ? . Note that coloring a
maximal,supportedandblocked rule * in the absenceof a blocker of * would lead
to illegal total colorings,which areadmissiblebut not orderpreserving.For example,
coloring *& with 5 insteadof 3 after "�� 
 ( �� would leadto coloring *,% with 3 by � � .
Theresultingtotal coloring "–84*

�
�„*

|
�„* %�?v�Œ84*� 6?6( is admissible,but not wx€ – preserving.

To illustratetheusageof
�

, considerthefollowing program":F��”��wx( , where

*6�
! �K���

*4|
!*$

�r�*),+��
*

%

! �s�r�*),+
$

*�|fw&*	�

*
%

w&*�|

(7)
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"�� 
x( �� cannotcolor any rule. Only * � is maximal and available for our choiceop-
erator. By *�“ M

n

" ��


q�� �	���

��"ƒ[L�/[L�C[”(„( , we color * � by
�

7� , which leadsto coloring
":[L��8�*6�4?”��8�* % ?	(K@{"�� 
x( �� "„"ƒ[L��8�*	�	?”��8�* % ?	(„( . Applying

�
6� to maximalrule *4| andap-

plying " � 
 (

�� lead to total coloring "—8�* | ?”��8�* � �„* %�?v�C[”( , which is w

€ –preservingand
correspondsto theonly existing w�€ –preservinganswerset 8 $ ? . Thesuccessfulcolor-
ing sequenceis given in Figure3. Notethat theDG containsthe2-edge"
*”�6�9* % ( since

w is transitive.

����

���� � ��	






�

�
�

� ��


�

 � �

�� �
�

� �
�
� ��


����

�� ��	






�

�
�

� ��


�

 � �

�� �
�

� ���
 � � � � $ �
 $� ��


��

�� ��	






�

�
�

� ��


�

 � �

�� �
�

�
Fig.3. A (successful) coloring sequence.

In thefull paper[11], othersequencesof partialcoloringsleadingto wf€ –preserving
admissiblecoloringsare considered.For example,startingwith the empty coloring

0

�

@ ":[L�/[L�/[1( and obtaining 0

! �>� by � �� "

� �
� ">0

!

(„( , thus disposingof 
 � . In this
way, the colorationof unsupportedrules is entirely accomplishedby

�
7� . Although

this avoidsusing(deterministic)operator
 � , it delegatesthetreatmentof unsupported
rulesto a non-deterministicoperator, which seemsnotadvisablefrom a computational
point of view. Furthermore,we discussanalternative support-drivenoperationalchar-
acterizationusinganincrementalversionof 
 � .

6 Discussion,relatedwork, and conclusions

Many approachesto addingpreferencesto answersetprogrammingcanbefoundin the
literature[16,2,8,19,9,3,5,18]. Among them,we have chosenthe threeapproaches,
interpretingpreferencesasinducinga selectionfunctionamongtheanswersetsof the
underlyingprogram[3,5,17]. Up to now, thelatterapproacheshaveeitherbeenimple-
mentedby meta-interpretation[6] or by pre-compilationfront-ends[5]. Theadvantage
of bothapproachesis thatonecanharnessexistinganswersetssolverswithoutany need
for modi�cation. Ontheotherhand,it remainsunclearwhetherthe“selectionof answer
sets”cannotberealizedmoreef�ciently within a solverby restrictingits searchspace.
For instance,“weight-based”approaches,aspursedin thedlv [12] andsmodels [15]
systems,canbe implementedratheref�ciently throughbranch-and-boundtechniques.
Suchaquantitativeapproachis unfortunatelyinapplicablein oursetting.

For addressingthis problem,we have put forward the usageof graphsandcolor-
ings asan appropriatecomputationalmodel.Preferencesare simply taken asa third
typeof edgesin a graph,re�ecting anadditionaldependency amongrules.In particu-
lar, we have demonstratedthat this approachallows us to captureall three“selection



Graphs and colorings:Preliminary Report 55

function” approachesto preferencesin a uniform settingby meansof theconceptof a
heightfunction.To a turn,we haveexemplarilydevelopedanoperationalcharacteriza-
tion for oneof thesestrategies.For thispurpose,we haveextendeda recentlyproposed
operationalframework for graph-basedcomputationof answersets[10]. Apart from
the extensionof coloringsby a third “transitory” coloring

�
(comparableto dlv 's

“must be true ”), we have extendedthe deterministicandnon-deterministicoper-
ationsby preferencehandling.This is donethroughtherestrictionof propagationand
choiceoperationsto thoserulesthatarenotdominatedby any preferredruleswhoseap-
plicationstatusis indeterminate(viz. � " �=��0V( ). We have prototypicallyimplemented
differentoperationalvariants,usingdifferentoperators;theresultingPrologimplemen-
tationis availableat

http://www.cs.uni-potsdam.de/ � kon czak/s ystem /GCplp .
An integrationinto thenoMoResystemis envisagedin thenearfuture.
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