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Abstract. DisjunctiveLogic Programming(DLP) is averyexpressiveformalism:it al-
lowsfor expressingeverypropertyof �nite structuresthatis decidablein thecomplexity
class�	�

��

����������� . Despitethishighexpressiveness,therearesomesimpleproperties,
oftenarisingin real-world applications,whichcannotbeencodedin a simpleandnatu-
ral manner. Especiallypropertiesthatrequiretheuseof arithmeticoperators(like sum,
count,or min) on a setof elementssatisfyingsomeconditions,cannotbenaturallyex-
pressedin classicDLP.
To overcomethis de�ciency, we extendDLP by aggregatefunctions.In contrastto a
previousproposal,wealsoconsiderthecaseof unstrati�edaggregates.Weformally de-
�ne thesemanticsof thenew language(calledDLP� ) by meansof a generalizationof
theGelfond-Lifschitztransformation,andillustratetheuseof thenew constructsonrel-
evantknowledge-basedproblems.Weanalyzethecomputationalcomplexity of DLP� ,
showing thattheadditionof aggregatesdoesnotbringahighercostin thatrespect.And
we provide an implementationof DLP

�

in DLV– the state-of-the-artDLP system–
andreportonexperimentswhichcon�rm theusefulnessof theproposedextensionalso
for theef�ciency of thecomputation.

1 Intr oduction

DisjunctiveLogic Programs(DLP) arelogic programswhere(nonmonotonic)negationmay
occurin the bodies,anddisjunctionmay occurin theheadsof rules.This languageis very
expressive in a precisemathematicalsense:undertheanswersetsemantics[GL91] it allows
to expressevery propertyof �nite structuresthat is decidablein thecomplexity class���

�����

� �"!$#&%

. Therefore,underwidely believedassumptions,DLP is strictly moreexpressivethan
normal (disjunction-free) logic programming,whoseexpressivenessis limited to properties
decidablein

� �

, andit canexpressproblemswhich cannotbe translatedto satis�ability of
CNF formulasin polynomial time. Importantly, besidesenlarging the classof applications
whichcanbeencodedin thelanguage,disjunctionoftenallows for representingproblemsof
lowercomplexity in a simplerandmorenaturalfashion(see[EFLP00]).

'
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The problem. Despitethis high expressiveness,thereare somesimple properties,often
arisingin real-world applications,which cannotbeencodedin DLP in a simpleandnatural
manner. Among thesearepropertieswhich requirethe applicationof somearithmeticop-
erators(e.g.,sum,times,count)on a setof elementssatisfyingsomeconditions.Suppose,
for instance,thatyou want to know if thesumof thesalariesof theemployeesworking in a
teamexceedsa givenbudget(seeTeamBuilding in Section3). To this end,you should�rst
ordertheemployeesde�ning a successorrelation.You shouldthende�ne a sumpredicate,
in a recursive way, which computesthesumof all salaries,andcompareits resultwith the
given budget.This approachhastwo drawbacks:(1) It is badfrom the KR perspective, as
the encodingis not naturalat all; (2) it is inef�cient, as the (instantiationof the) program
is quadratic(in thecardinalityof the input setof employees).Thus,thereis a clearneedto
enrichDLP with suitableconstructsfor thenaturalrepresentationof suchpropertiesandto
providemeansfor anef�cient evaluation.

Contrib ution. We overcometheabove de�ciency of DLP. Insteadof inventingnew con-
structsfrom scratch,we extendthelanguagewith a sortof aggregatefunctions,�rst studied
in thecontext of deductivedatabases,andimplementthemin DLV [EFLP00] – thestate-of-
the-artDisjunctiveLogic Programmingsystem.Themaincontributionsof this paperarethe
following:

� We extendDisjunctiveLogic Programmingby aggregatefunctionsandformally de�ne the
semanticsof theresultinglanguage,namedDLP

�

.
� We addressknowledgerepresentationissues,showing theimpactof thenew constructson
relevantproblems.

� Weanalyzethecomputationalcomplexity of DLP
�

. Importantly, it turnsout thattheaddi-
tion of aggregatesdoesnot increasethecomputationalcomplexity, which remainsthesame
asfor reasoningon DLP programs.

� We provideanimplementationof DLP
�

in theDLV system,deriving new algorithmsand
optimizationtechniquesfor ef�cient evaluation.

� We reporton experimentation,evaluatingthe impactof the proposedlanguageextension
on ef�ciency. Theexperimentscon�rm that,besidesproviding relevantadvantagesfrom the
knowledgerepresentationpoint of view, aggregatefunctionscanbring signi�cant computa-
tionalgains.

� We compareDLP
�

with relatedwork.

A previousversionof DLP
�

[DFI
�

03] requiredaggregatesto honorstrati�cation, thatis,
predicatesde�ned by meansof aggregatescouldnot mutuallydependon oneanother. Here,
we lift this restrictionandallow for arbitrarily recursive de�nitions. To thatendwe provide
a novel approachto de�ning thesemanticsof DLP

�

programswhich naturallyextendsthe
original de�nition of answersets.We alsodescribesuitableenhancementsto theimplemen-
tationin orderto dealwith unstrati�edaggregates.

2 The DLP
�

Language

In this section,we provide a formal de�nition of the syntaxand semanticsof the DLP
�

language– anextensionof DLP by set-oriented(or aggregate)functions.Weassumethatthe
readeris familiarwith standardDLP; wereferto atoms,literals,rules,andprogramsof DLP
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asstandardatoms,standard literals,standard rules, andstandardprograms,respectively. For
furtherbackground,see[GL91,EFLP00].

2.1 Syntax

A (DLP
�

) setis eitherasymbolicsetor agroundset.A symbolicsetis apair ���������
	���
������ ,
where ������� is a list of variablesand ��
���� is a conjunctionof standardliterals.1 A ground
set is a set of pairs of the form � ��	���
������ , where � is a list of constantsand ��
���� is a
ground(variablefree)conjunctionof standardliterals.An aggregatefunctionis of the form

�

���

%

, where � is a set,and
�

is a function nameamong � ��!#"%$�& , �('*)+$ , �('-,#. , � /0"#' ,
�1&�)2'-34/ . An aggregateatomis 5�687

�

�

���

%

7

�:9

6 , where
�

�;�

%

is an aggregatefunction,
7

�0<

7

��=

�

�

<?>@<BA@<�C@<ED

� , and 546 and 9

6 (calledleft guard, andright guard, respectively)
areterms.Oneof “ 546F7

� ” and“ 7

�@9

6 ” canbeomitted.An atomis eithera standardDLP
atomor anaggregateatom.A literal G is an atom H or an atom H precededby thedefault
negationsymbolnot; if H is anaggregateatom, G is anaggregateliteral.

A (DLP
�

) rule I is a construct
J

�LKNM�M�MOK

J#P :- Q

�SR�M�MTM�R

QSU

R�V#W�X

Q�U�Y

� R�M�MSM�R4V#WEX

Q�Z\[

where]

�0<E^�^E^�<

]%_ arestandardatoms,̀ ��<�^E^�^2<

`Sa areatoms,andb

Ddc , e

DgfhDgc , ejiLb

D

k

. Thedisjunction ]

�mln^E^�^1l

]o_ is theheadof I while theconjunction `

�0<�pEp�p2<

$4!#&q`Sa

is the bodyof I . We de�ne r

�

I

%

�

�0]

�
<�pEp�p2<

]
_

� and s

�

I

%

�

��`

�
<Ep�p�pE<

$4!t&u`
a

� . A rule
with anemptybody(i.e. f

�

e

�

c ) is calleda fact,andwe usuallyomit the“ :- ” sign.A
(DLP

�

) programis asetof DLP
�

rules.

SyntacticRestrictionsand Notation.
For simplicity, andwithout lossof generality, we assumethatthebodyof eachrule con-

tainsat mostoneaggregateatom.A global variableof a rule I is a variableappearingin
somestandardatomof I ; a local variableof I is a variableappearingsolely in anaggregate
functionin I .

Safety. A rule I is safeif thefollowing conditionshold: (i) eachglobalvariableof I appears
in a positive standardliteral in the body of I ; (ii) eachlocal variableof I that appearsin a
symbolicset ����������	���
��E�4� alsoappearsin a positive literal in ��
���� ; (iii) eachguardof an
aggregateatomof I is eithera constantor a globalvariable.Finally, a programis safeif all
of its rulesaresafe.

Example1. Considerthefollowing rules:
v


xw � :- y


xw

R{z�R}|

�

R~z€•‚•„ƒ%…E†

��‡‰ˆ+Š




‡

�

R~V#WEX

J




‡

R}|

�

�0[

v


xw � :- y


xw

R{z�R}|

�

R~z€•‚•@‹2Œ�ƒ

��‡‰ˆ

V�WEX

J




‡

R}•

�

�0[

v


xw � :- y


xw

R{z�R}|

�

R{Ž:•‚•„ƒ�•2V

�E‡dˆEŠ




‡

�

R~V#WEX

J




‡

R}|

�

��[

The �rst rule is safe,while the secondis not, sinceboth local variables• and � violate
condition(ii). Thethird rule is not safeeither, sincetheguard‘ is notaglobalvariable.

Strati�cation. This is a conceptoriginally introducedfor theuseof negationin logic pro-
gramming.In our context, it ensuresthat two predicatesde�ned by meansof aggregatesdo

1 Intuitively, a symbolicset
�

w

ˆ

J


xw

R’z

�

R{V#WEX

v




z

�

� standsfor thesetof w -valuesmakingthecon-
junction J


xw

R{z

�

R{V#WEX

v




z

� true,i.e.,
�

w

ˆ�“

z�”

[–•}[

J


xw

R~z

�4—

V#W�X

v




z

�™˜

”

•xš}›oœ � .
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notmutuallydependononeanother. Ouroriginalde�nition andimplementationof DLP
�

in
[DFI

�

03] imposesthis syntacticrestriction,which we now lift in thepresentpaper, though
westill differentiatestrati�ed programsasthey allow for amoreef�cient computationof the
instantiationof aggregateatoms.

A DLP
�

program � is aggregate-strati�ed if thereexists a function ������� , called level
mapping, from thesetof (standard)predicatesof � to ordinals,suchthatfor eachpair ] and

` of (standard)predicatesof � , andfor eachrule I

=

� thefollowing hold: (i) If ] appearsin
theheadof I , and ` appearsin anaggregateatomin thebodyof I , then ��� `����

>

��� ]���� ; and(ii) if
] appearsin theheadof I , and ` occursin astandardatomin thebodyof I , then ��� `����

A

��� ]���� .

Example2. Considertheprogramconsistingof a setof factsfor predicates] and ` , plusthe
following two rules:

y


xw � :- v


xw �

R}•��+W2Œ0V�X

�

z

ˆ

J




z�R

w �

R

Q


xw �

�
	���[

v


xw � :- y


xw �

R

Q


xw �

[

Theprogramis aggregate-strati�ed,asthelevelmapping ��� ]
���

�

��� `����

�

k

��� �����

�

��� �����

���

satis�es the requiredconditions.If we add the rule `

���

%

:- �

���

%

, then no level-mapping
existsandtheprogrambecomesaggregate-unstrati�ed.

Intuitively, aggregate-strati�cationforbidsrecursionthroughaggregates.Strati�ed aggre-
gatesarecomputationallysomewhateasier, asthey canbeevaluatedstepby step,asthetruth
valueof an aggregateatomcannotchangeafter it hasbeen�x ed once.On the otherhand,
usingunstrati�ed aggregates,onecanencodeunstrati�ed negation,andhencethe situation
becomeslessclearin this case.

Consider, for instance,the (aggregate-unstrati�ed)programconsistingonly of the rule
IL	��

�

]

%

:- � �#!#"o$�&4�

�

	��

���

%

�

�

c . Neither ���

�

]

%

� nor � is anintuitivemeaningfor thepro-
gram,andneitherof thetwo is ananswerset.Indeed,therule I correspondsto �

�

]

%

:- $ !t&����

p

and��� :- �

���

%

p whichdoesnotadmitany answerset,either.

2.2 Semantics

Givena DLP
�

program� , let ��� denotethesetof constantsappearingin � , �! 

�#"

��� the
setof thenaturalnumbersoccurringin �

� , and s
� thesetof standardatomsconstructible

from the (standard)predicatesof � with constantsin �$� . Furthermore,given a set � , ��%

denotesthesetof all multisetsover elementsfrom � . Let usnow describethedomainsand
themeaningsof theaggregatefunctionsweconsider:

�'&�(*),+
- : de�ned over �/.10 , thenumberof elementsin theset.

�'2�)�3 : de�ned over �
.54

0 , thesumof thenumbersin theset;0 in caseof theemptyset.

�6-�783:912 : over �
.54

0 , the productof the numbersin the set;1 for the emptyset. �'3:78+ ,
�'3:;=< : de�ned over �

.
0�>

�?��� , the minimum/maximumelementin the set; if the set
containsalsostrings,thelexicographicorderingis considered.2

If the argumentof an aggregatefunction doesnot belongto its domain,the aggregate
evaluatesto false(denotedas @ ) andour implementationissuesawarning.

2
•„ƒ�•2V and •„ƒo…E† over stringsarenot yet supportedin thecurrentimplementation.
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A substitutionis a mappingfrom a setof variablesto theset � � of theconstantsin � .
A substitutionfrom the setof global variablesof a rule I (to � � ) is a global substitution
for r; a substitutionfrom the setof local variablesof a symbolicset � (to � � ) is a local
substitutionfor � . Givena symbolicsetwithout global variables� �

�*������� 	 ��
��E�4� , the
instantiationof � is thefollowing groundsetof pairs

�

b��E�

���

%

: �o���

�

�������

%

	��

�

��
����

%

� ��� is
a local substitutionfor �

� .3

A groundinstanceof a rule I is obtainedin two steps:(1) a global substitution� for I is
appliedover I ; and(2) everysymbolicset � in �

�

I

%

is replacedby its instantiation
�

b��E�

���

%

.
Theinstantiation	 I�

��b��

�

�

%

of a program� is thesetof all possibleinstancesof therules
of � .

Example3. Considerthefollowing program�

� :
y


�� �

K

v




�

R

�

�

[ y




�

�

K

v




�

R

� �

[

�


xw � :- y


xw �

R}•@‹2Œ2ƒ

�

z

ˆ

v


xw

R~z

�

���

�

[

Theinstantiation	 I�

��b��

�

�

�

%

is thefollowing:
y


�� �

K

v




�

R

�

�

[ y




�

�

K

v




�

R

� �

[

�


�� � :- y


�� �

R •@‹2Œ�ƒ

���

�

ˆ

v


��

R

� ���

R

�

�

ˆ

v


��

R

�

���

���

�

[

�




�

� :- y




�

�

R •@‹2Œ�ƒ

���

�

ˆ

v




�

R

� ���

R

�

�

ˆ

v




�

R

�

���

���

�

[

Inter pretationsand models. An interpretationfor a DLP
�

program� is asetof standard
groundatoms�

"

s � . The truth valuation �

�

H

%

, where H is a standardgroundliteral or a
standardgroundconjunction,is de�ned in the usualway. Besidesassigningtruth valuesto
standardgroundliterals,an interpretationprovidesmeaningalsoto (ground)sets,aggregate
functionsandaggregateliterals;themeaningof aset,anaggregatefunction,andanaggregate
atomunderan interpretation,is a multiset,a value,anda truth value,respectively. Let

�

���

%

be a an aggregatefunction. The valuation �

���

%

of the set � w.r.t. � is the multisetof the
constantsappearingin the �rst positionof the �rst componentsof theelementsin � whose
conjunctionsaretruew.r.t. � . More precisely, let �����

�%� �

�0<Ep p p <

�’_4� ��� �

��<�p p p <

�’_1	 ��
������

=

���

��
��������� "!$#&%('

p

!

p

 

p

�4� , then �

���

%

is themultiset )0�

�

�4� �

��<�p p p <

�’_ �

=

�*�,+ . Thevaluation
�

�

�

���

% %

of anaggregatefunction
�

���

%

w.r.t. � is theresultof theapplicationof thefunction
�

on �

���

%

. If themultiset �

���

%

is not in thedomainof
�

, �

�

�

�;�

% %

�

@ .
An aggregateatom H

�

546‰7

�

�

���

%

7

�
9

6 is true w.r.t. � if: (i) �

�

�

�;�

% %.-

�

@ , and,
(ii) the relationships5�6d7

�

�

�

�

�;�

% %

and �

�

�

�;�

% %

7

�
9

6 hold whenever they arepresent;
otherwise,H is false.

A modelfor � is aninterpretation/ for � suchthatevery rule I

=

	 I


��b��

�

�

%

is true
w.r.t. / . A model / for � is (subset)minimal if no model 0 for � existssuchthat 0 is a
propersubsetof / .

Using the above notion of truth valuationfor aggregateatoms,the truth valuationsof
aggregateliteralsandrules,aswell asthenotionof modelandminimalmodelfor DLP

�

are
animmediateextensionof thecorrespondingnotionsin DLP [GL91].

Example4. Considerthe aggregateatom H

�

� /0"#'
�%�

k

	 �

�8�

<

k

%

�

<

�

�

	 �

� �

<

�

%

�S�

C

k

from
Example3.Let � bethegroundsetappearingin H . For theinterpretation�

�

�?�

�8�

%

<

�

�8�

<

�

%

<

�

�8�

%

� ,
3 Given a substitution1 anda DLP

�

object 2 (rule, conjunction,set,etc.), with a little abuseof
notation,we denoteby 1




2

� theobjectobtainedby replacingeachvariablew in 2 by 1


xw � .
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�

�;�

%

�

)

��+ , theapplicationof � /0"#' over )

��+ yields � , and H is thereforetruew.r.t. � , since
�

C

k

. � is a minimalmodelof theprogramof Example3.

Answer Sets. Firstwede�ne theanswersetsof positiveprogramswithoutaggregates,then
wegiveareductionof disjunctivedatalogprogramscontainingnegationasfailureandaggre-
gatesto positive programswithout aggregatesandusethatto de�ne answersetsof arbitrary
disjunctivedatalogprograms(possiblycontainingnegationasfailureandaggregates).

An interpretation�

"

s!� is calledclosedundera positive disjunctivedatalogprogram
without aggregates� , if, for every I

=

	 I�

��b��

�

�

%

, r

�

I

%��

�

-

�

� whenever s

�

I

%

"

� .
An interpretation�

"

s � is ananswersetfor apositiveDLP
�

programwithoutaggregates
� , if it is minimal (undersetinclusion)amongall interpretationsthatareclosedunder� .4

Example5. Thepositive program�

�

�

�0]

l

`

l���p

� hastheanswersets�0]�� , ��`+� , and �

�

� .
Its extension�

�

�

�+]

l

`

l���pE< :- ]�� hastheanswersets ��`+� and �

�

� . Finally, thepositive
program���

�

�0]

l

`

l���p�< :- ]

p�<

` :- ��pE<�� :- `

p

� hasthesingleanswerset ��`

<	�

� .

Thereductor Gelfond-Lifschitz transformof a groundprogram� w.r.t. a set �

"

s � is
thepositivegroundprogram�

%

obtainedfrom � by

– deletingall rules I

=

� for which a negative literal in s

�

I

%

is falsew.r.t. � or an
aggregateliteral is falsew.r.t. � ; and

– deletingtheaggregateliteralsandthenegative literalsfrom theremainingrules.

An answersetof aprogram� is aset�

"

s
� suchthat � is ananswersetof 	 I�

��b��

�

�

%

%

.

Example6. Giventhefollowing programwith negationandstrati�ed aggregates��


�

�
�


�� �

[

R

J

K

Q :- �E[

R

Q :- V�WEX

J

R{V#W�X

�

R’•��+W�Œ0V0X

�

z

ˆ��




z

�

� ����[

R

J

K

� :- V#W�X

Q

R’•@‹2Œ�ƒ

�

z

ˆ��




z

�

���

�

[ �

and �

�

�0`

<

�

�

k

%

� , the reduct �

�




is � �

�

k

%

p�<

]

l

` :- ��p�<

`

p

� . It is easyto seethat � is an
answersetof �

�




, andfor this reasonit is alsoananswersetof �

 .

Now consider�

�

�+]

<

�

�

k

%

� . Thereduct ���




is �
�

�

k

%

p�<

]

l

` :- ��p

� andit canbeeasily
veri�ed that � is ananswersetof ���




, soit is alsoananswersetof �

 .

For �

�

�

��<

�

�

k

%

� , on the otherhand,the reduct ���




is equalto ���




, but � is not an
answersetof ���




: for therule Ih	%]

l

` :- � , s

�

I

%

"

� holds,but r

�

I

%��

�

-

�

� doesnot.
Indeed,it canbeveri�ed that � and � aretheonly answersetsof �


 .

Example7. Giventhefollowing programwith unstrati�edaggregates
���

�

�

v


�� � :- •��EW�Œ0V�X

�

w

ˆ

v


xw �

�

•

��[

R

v




�

�

K

y




�

�

[ �

and �

�

� �

�

k

%

<

�

� �

%

� , the reduct �

�

� is ���

� �

%

l

�

�8�

%

p

� . It is easyto seethat � is a model
but not a minimal model of �

�

� and thus not an answerset of �

�

� nor �

� . Now consider
�

�

� �

�

k

%

<

�

� �

%

� . Thereduct ���

� is ���

�

k

%

pE<

�

�8�

%

l

�

�8�

%

p

� andit canbeeasilyveri�ed that
� is an answersetof ���

� , so it is alsoan answersetof �

� . If, on the otherhand,we take
�

�

���

� �

%

� , the reduct ���

� is equalto ���

� , but � is not a modelof ���

� as for the rule
Id	 �

�

k

%

p We seethat s

�

I

%

"

� trivially holds,but r

�

I

%��

�

-

�

� obviously doesnot.
Indeed,it canbeveri�ed that � is theonly answersetsof �

� .
4 Note thatwe only considerconsistentanswersets, while in [GL91] alsothe inconsistentsetof all

possibleliteralscanbea valid answerset.
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3 KnowledgeRepresentationin DLP
�

In this section,we show how aggregatefunctionscan be usedto encodeseveral relevant
problems:TeamBuilding, Seating,andProductsControl.

Team Building. A project teamhasto be built from a setof employeesaccordingto the
following speci�cations:

�

�

�

%

Theteamconsistsof acertainnumberof employees.
�

�

�

%

At leastagivennumberof differentskills mustbepresentin theteam.
�

� �

%

Thesumof thesalariesof theemployeesworkingin theteammustnotexceed
thegivenbudget.

�

� 


%

Thesalaryof eachindividualemployeeis within aspeci�edlimit.
�

�

�

%

Thenumberof womenworking in theteamhasto reachat leastagivennum-
ber.

Suppose that our employees are provided by a number of facts of the form
�

e'�

���

e � � �

<

�

���

<

�

f

�����

<

�

]

�

]oI	�

%

; thesizeof the team,theminimum numberof different
skills, thebudget,themaximumsalary, andtheminimumnumberof womenarespeci�edby
the facts b

�

e �

�

0

%

, b

�

f

�����

�

0

%

, ` � ��


�

�

�

s

%

, e€]

�

�

]

�

�

/

%

, and � 
0e

�

b

��


%

. We thenen-
codeeachproperty��� aboveby anaggregateatom H�� , andenforceit by anintegrity constraint
containing$4!t&@H�� .

���


�� �

K����

�


�� � :- ���

v


��

R’• ��R~•"! R •

J

�

[

:-
�$#

�

v


�% �

R{V#W�X •��+W2Œ0V�X

�

�

ˆ

���


�� �

�

�&%

[

:-
�

•"!

��'('


�) �

R~V#WEX •��EW�Œ0V�X

�

•*!

ˆ

�+�

v


��

R{• ��R}•"!�R}•

J

�

R

���


�� �

�-,

)

[

:- Q

�

�	.

�

�


�/ �

R V#WEX •@‹SŒ�ƒ

�

•

J

R

�

ˆ

�+�

v


��

R~• ��R’•*!�R •

J

�

R

���


�� �

� 	

/

[

:- �

J

� •

J

'


�) �

R�V#WEX„•„ƒ%…E†

�

•

J

ˆ

�+�

v


��

R’• ��R~•*!�R •

J

�

R

���


�� �

� 	

)

[

:- 0

�

�1�

�


�2 �

R;V�WEX •��EW�Œ0V�X

�

�

ˆ

�+�

v


��

R�3%R’•*!�R}•

J

�

R

���


�� �

�-,

2

[

Intuitively, thedisjunctiverule “guesses”whetheranemployeeis includedin theteamor
not,while the� ve constraintscorrespondone-to-oneto the� ve requirements�

� -�

� . Thanks
to the aggregatesthe translationof the speci�cationsis surprisinglystraightforward. The
examplehighlightsthe usefulnessof representingboth setsandmultisetsin our language;
the latter canbe obtainedby specifyingmorethanonevariablein ������� of a symbolicset

�*�������(	 ��
������ ). For instance,theencodingof �

� requiresaset, aswewantto countdifferent
skills; two employeesin theteamhaving thesameskill, shouldcountoncew.r.t. �

� . On the
contrary, �

� requiresto sumtheelementsof amultiset; if two employeeshavethesamesalary,
bothsalariesshouldbesummedup for �

� . This is obtainedby addingthevariable � , which
uniquelyidenti�es everyemployee,to ������� . Thevaluationof �

�

]

<

�:	

�

e'�

�

�

<

�

�

<

�

f
<

�

]

%

<

�

b

�

�

%

�

yieldstheset � �

�o�

�

]

<

�%�„	

�

]�4 ��5�687(���:9 ���+; 
=<>7�?-@�9 
:;�7A7 �14x�B5�6C7�5�7T�D? � . Thesumfunc-
tion is thenappliedon themultisetof the�rst components�

] of thetuples �

�

]

<

�%� in � (see
Section2.2).

Seating. We have to generatea sitting arrangementfor a numberof guests,with e tables
and b chairsper table.Guestswho like eachothershouldsit at thesametable;guestswho
dislikeeachothershouldnot sit at thesametable.

Supposethatthenumberof chairspertableisspeci�edby bFEHG�]

�

I��

���

%

andthat�

�

I � 
0b

��I

%

and �’]�`

�

�

�

‘

%

representtheguestsandtheavailabletables,respectively. Then,we cangener-
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ateaseatingarrangementby thefollowing program:

% GuesswhetherpersonPsitsat tableT or not.
J

�


��

R�Ž

�

K

�

�

�

J

�


��

R{Ž

� :- v

�

Š��

�

�


�� �

R

�

J

Q

'

�




Ž

�

[

% Thepersonssitting at a tablecannotexceedthechairs.
:-

�

J

Q

'

�




Ž

�

R

�����

J

�

Š��




�

�

R~V#WEX • �+W�Œ0V�X

�

�

ˆ

J

�


��

R{Ž

�

� 	

�

[

% A personis seatedat preciselyonetable;this is equivalent
% to:- v

�

Š��

�

�


�� �

R

J

�


��

R�Ž

�

R

J

�


��

R	�

�

R{Ž‰•

�

�

[

:- v

�

Š
�

�

�


�� �

R�V#WEX„•��+W�Œ0V0X

�

Ž

ˆ

J

�


��

R{Ž

�

�

� �

[

% Peoplewho like eachothershouldsit at thesametable...
:-

' �

!

�


�� �

R

�

�

�

R

J

�


�� �

R{Ž

�

R;V#W�X

J

�


��

�

R�Ž

�

[

% ...whilepeoplewhodislike eachothershouldnot.
:-

�

�

�

' �

!

�


�� �

R

�

�

�

R

J

�


�� �

R;Ž

�

R

J

�


��

�

R;Ž

�

[

ProductsControl. Givenasetof desiredproducts,asetof companiesanda�x edbudget,the
problemconsistsof buying �nancial sharesin thissetof companies,within thegivenbudget,
suchthat the controlledcompaniesproduceall the desiredproducts.The speci�cationsare
thefollowing:

�

�

�

%

A productA is producedby us if it is producedby a company underour
control.

�

�

�

%

A company C is underour directcontrol,if we boughtmorethan50%of its
shares.

�

�
�

%

A company C is underour (indirect)control,if companiesunderour control
(together)own morethan50%of C.

�

� 


%

Themajority of thesharesof C canbereachedby summingup theC shares
weboughtdirectlywith thesharesownedby thecompaniesunderourcontrol.

�

�

�

%

Eachdesiredproducthasto beproduced.
�

���

%

Thebudgetmustnotbeexceeded.

Supposethat desiredproductsandcompaniesareprovidedby a numberof factsof the
form �

�

�

�

I

�

�

��I

%

and �


0e'��]ob"�

�

E

%

, respectively, andsupposethat the budgetis speci�ed
by the fact ` � ��


�

�

�

s

%

. Furthermore,let the relationsbetweenproducts I and producing
companiesE begivenby facts��I�
����

�

�

�ts �

��I

<

E

%

andthefactthat 0 % sharesof company
E are for saleat price I by

�


0I

�

]

�

�

�

E

<

0

<

I

%

. (For simplicity we assumethat only one
packageof a �x edamountof sharesis for saleper company.) Finally if company E

� owns
0 % sharesof company E

� , let a fact �	G4]oI

�

�

�

E

��<

E

��<

0

%

bede�ned.
Given this information,we encodethe problemspeci�ed by properties�

� to �
� in the

following way:

Q

���

.

�

�




�

R

% �

K

�

�

�

/

� �

.

�

�




�

R

% � :- �

�

�

v%J

�
�




�

�

R�3 �

Š

•

J

'

�




�

R

%

R

�

Š

�

�A�

�

[

v

Š

�

�

�

�A�

�


�� � :- v

Š

�

�

�

�A�

�

/

�


��

R

�

�

R

�

�

�

�

Š

�

'('

�

�




�

�

[

�

�

�

�

Š

�

'('

�

�




�

� :- Q

� �

.

�

�




�

R

% �

R

%

��� ��[

�

�

�

�

Š

�

'('

�

�




�

� :- �

�

�

voJ

���




�

�

R}•@‹SŒ�ƒ

�

%

R

�

�

ˆ
�

�

J

Š

�

�




�

R

�

�

R

% �

R

�

�

�

�

Š

�

' '

�

�




�

� �

� ��� �#[

�

�

�

�

Š

�

'('

�

�




�

� :- Q

� �

.

�

�




�

R

% �

R

%

	�� �

R

•@‹2Œ2ƒ

�

%

R

�

�

ˆ
�

�

J

Š

�

�




�

R

�

�

R

% �

R

�

�

�

�

Š

�

'('

�

�




�

� �

� ���

R

� �

�

���

%

[

:-
�

�

�

�

Š

�

�


�� �

R;V#W�X

v

Š

�

�

�

�A�

�


�� �

[

:- Q

�

�	.

�

�


�/ �

R~•@‹2Œ�ƒ

�

�

Š

�

� �

R

�

ˆ

3 �

Š

•

J

'

�




�

R

%

R

�

Š

�

� �

�

R

Q

� �

.

�

�




�

R

% �

���

/

[

Intuitively, thedisjunctiverule“guesses”whetheragivennumberof sharesof acompany
C hasbeenboughtor not. Theotherrulesde�ne whena productis producedby usandthe
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differentconditionstocontrolacompany.Thelasttwoconstraintscorrespondto requirements
�

� and� � . Notethat in all aggregatesin this programthesumsarecomputedovermultisets,
asdifferentcompaniesmayholdequalpercentagesof sharesanddifferentsharesfor salemay
costequallymuch.

4 Computational Complexity of DLP
�

As for the classicalnonmonotonicformalisms[MT91], two importantdecisionproblems,
correspondingto two differentreasoningtasks,arisein DLP

�

:

Brave Reasoning:Givena DLP
�

program� anda groundliteral G , is G truein some
answersetof � ?
Cautious Reasoning:Givena DLP

�

program� anda groundliteral G , is G truein all
answersetsof � ?

Thefollowing theoremsreporton thecomplexity of theabovereasoningtasksfor propo-
sitional (i.e., variable-free)DLP

�

programsthat respectthe safetyrestrictionsimposedin
Section2. Importantly, it turnsout that reasoningin DLP

�

doesnot bring an increasein
computationalcomplexity, which remainsexactly thesameasfor standardDLP.

Lemma 1. Decidingwhetheran interpretation / is ananswersetfor a groundprogram �

is in co-NP.

Proof. We checkin NP that / is not an answersetof � as follows. Guessa subset� of
/ , andverify that: (1) / is not a model for � , or (2) ��� / and � is a model of the
Gelfond-Lifschitztransformof � w.r.t. / .

Theonly differencew.r.t. thecorrespondingtasksof (1) and(2) in standardDLP, is the
computationof thetruth valuationsof theaggregateatoms,which in turn requireto compute
the valuationsof aggregatefunctionsandsets.Computingthe valuationof a groundset ‘

requiresscanningeachelement� �

�
<�p p p <

�
_

	B��
������ of ‘ andadding �

� to the resultmultiset
if ��
���� is true w.r.t. � . This is evidently polynomial,asis the applicationof the aggregate
operators( � �#!�"%$�& , �(' )+$ , �('-,#. , � /0"#' , �1&�)2'-34/ ) on a multiset; the comparisonof the
guardswith its result,�nally , is straightforward.

Therefore,thetasks(1) and(2) aretractableasin standardDLP. Decidingwhether/ is
notananswersetfor � thusis in NP;consequently, decidingwhether/ is ananswersetfor

� is in co-NP. �

Basedon this lemma,wecanidentify thecomputationalcomplexity of themaindecision
problems,braveandcautiousreasoning.

Theorem1. BraveReasoningongroundDLP
�

programsis � �

� -complete.

Proof. We verify that a groundliteral G is a brave consequenceof a DLP
�

program� as
follows: Guessa set /

"

s � of groundliterals,checkthat (1) / is an answersetfor � ,
and(2) G is truew.r.t. / . Task(2) is clearlypolynomial;while (1) is in co-NPby virtue of
Lemma1. Theproblemthereforelies in � �

� .
� �

� -hardnessfollowsfrom the � �

� -hardnessof DLP[EGM97], sinceDLP
�

is asuperset
of DLP. �
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Thecomplexity of cautiousreasoningfollowsby similarargumentsasabove.

Theorem2. CautiousReasoningongroundDLP
�

programsis � �

� -complete.

Proof. We verify thata groundliteral G is not a cautiousconsequenceof a DLP
�

program
� asfollows:Guessa set /

"

s � of groundliterals,checkthat(1) / is ananswersetfor
� , and(2) G is not true w.r.t. / . Task(2) is clearly polynomial;while (1) is in co-NP, by
virtue of Lemma1. Therefore,thecomplementof cautiousreasoningis in ���

� , andcautious
reasoningis in � �

� .
� �

� -hardnessagainfollows from [EG95], sinceDLP
�

is a supersetof DLP. �

5 Implementation Issues

Theimplementationof DLP
�

requiredchangesto all modulesof DLV. Apart from aprelim-
inary standardizationphase,mostof theeffort concentratedon the InstantiationandModel
Generatormodules.

Standardization. After parsing,eachaggregateH is transformedsuchthatbothguardsare
presentandboth 7

� and 7

� areset to A . The conjunction ��
��E� of the symbolicsetof H

is replacedby a single,new atom H��

� anda rule H �

� :- ��
���� is addedto theprogram(the
argumentsof H��

� beingthedistinctvariablesof ��
���� ).

Instantiation. Thegoalof theinstantiatoris to generateagroundprogramthathasprecisely
thesameanswersetsasthetheoreticalinstantiation	 I�

��b��

�

�

%

, but is sensiblysmaller. The
instantiationproceedsbottom-upfollowing the dependenciesinducedby the rules,and,in
particular, respectingtheorderingimposedby aggregate-strati�cationwhereapplicable.

For aggregate-strati�edcomponentsof the input programwe proceedas follows. Let
“ r :- s

<

]�
 
%I

p ” be a rule I , where r is the headof the rule, s is the conjunctionof the
standardbodyliteralsin I , and ] 
 
%I is anaggregateliteral overa symbolicset �*�������2	 H �

�

� .
First we computean instantiation s for the literals in s ; this also binds the global vari-
ablesappearingin H��

� . The (partially bound)atom H �

� is then matchedagainstits ex-
tension(which is alreadyavailable for aggregate-strati�edrules since the bottom-upin-
stantiationrespectsthe strati�cation), all matchingfactsare computed,and a set of pairs

�o���

�

�

�������

%

	��

�

�

H��

�

%

�

< ...,���
_

�

�������

%

	��
_

�

H��

�

%

�S� is generated,where �:� is a substitution
for the local variablesin H��

� suchthat �D�

�

H �

�

%

is an admissibleinstanceof H��

� . (Recall
that DLV's instantiatorproducesonly thoseinstancesof a predicatewhich canpotentially
becometrue [FLMP99,LPS01], wherea groundatom H canpotentiallybecometrue only
if we have generateda groundinstanceof a rule with H in the head.)Also, we only store
thoseelementsof thesymbolicsetwhosetruth valuecannotbedeterminedyet andprocess
theothersdynamically, (partially) evaluatingtheaggregatealreadyduring instantiation.For
instance,if H��

� is de�nedby adisjunction-freestrati�ed subprogram(wherethetruthvalues
of all atomsarealreadydeterminedduringgrounding),theaggregateis completelyevaluated
duringtheinstantiation,its truth valuationis determined,andit is removedfrom thebodyof
therule instance.Thesameprocessis thenrepeatedfor all furtherinstantiationsof theliterals
in s .
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Example8. Considertherule I : �

���

%

:- �

���

%

<

k

>

� ��!#"%$�& ��� 	�]

���

<

�

%

<

$ !t&�`

�

�

%

�

p The
standardizationrewrites I to:

v


xw � :- y


xw �

R

�!	

•��+W�Œ+V�X

�

z

ˆ

J

� �


xw

R~z

�

�
	��8[

J

� �


xw

R{z

� :- J


xw

R;z

�

R;V#WEX

Q




z

�

[

Supposethattheinstantiationof therule for ] �

� generates3 potentiallytruefacts] �

�

�

k

<

]

%

,
] �

�

�

k

<

`

%

, and ] �

�

�8�

<	�

%

. If thepotentiallytrue factsfor � are �

�

k

%

and �

�8�

%

, the following
groundinstancesaregenerated:

v


�� � :- y


�� �

R

�
	

•��EW�Œ0V�X

���

J

ˆ

J

� �


��

R

J

���

R

�

Q

ˆ

J

� �


��

R

Q

���

�
	�� [

v




�

� :- y




�

�

R

�!	

•��EW�Œ0V�X

���

�

ˆ

J

� �




�

R

�

���

�
	��8[

Notethata groundsetcontainsonly those] �

� atomswhicharepotentiallytrue.

For a rule I with unstrati�ed aggregates,we proceedsimilarly to thestrati�ed case,but
do not instantiatethesymbolicset ���������2	 H �

�

� yet,aswe arenot guaranteedthattheentire
extensionof H �

� is alreadyavailable(since H��

� is recursive with the head,its extension
is beinggeneratedduring the evaluationof the componentat hand,andnew factsfor H��

�

could still be produced).Thus,as in the strati�ed casewe computean instantiations for
the literals in s , but we do not instantiatethe symbolic set in I . We only “prepare” the
groundinstanceof I , storinga“container”for thesetappearingin theaggregatefunctionin a
temporarymemorylocation.Then,oncetheinstantiationof thecurrentcomponenthasbeen
completedandwearesurethatno furtherinstancefor H��

� will begenerated,weresumethe
instantiationprocessfor I , computeall factsmatchingH �

� , andcompletethegenerationof
theset.

Duplicate SetsRecognition. To optimizetheevaluationduringinstantiationandespecially
afterwards,we have designeda hashingtechniquewhich recognizesmultiple occurrencesof
the sameset in the program,even in differentrules,andstoresthemonly once.This saves
memory(setsmaybevery large),andalsoimpliesasigni�cant performancegain,especially
in themodelgenerationwheresetsarefrequentlymanipulatedduring thebacktrackingpro-
cess.

Example9. Considerthefollowing two constraints:
�

�

ˆ

:- �

� 	

•„ƒ%…�†

�

|

ˆ �




| R

w �

�0[

�

�

ˆ

:- •„ƒ�•2V

�

z

ˆ��




z�R

‡

�

�
	 ��[

Our techniquerecognizesthatthetwo setsareequal,andgeneratesonly oneinstancewhich
is sharedby �

� and �
� .

Now assumethatbothconstraintsadditionallycontainastandardliteral �

�

‘

%

. In thiscase,
�

� and �
� have b instanceseach,where b is thenumberof factsfor �

�

‘

%

. By meansof our
technique,eachpair of instancesof �

� and �
� sharesa commonset,reducingthenumberof

instantiatedsetsby half.

Note that alsotheprogramfor theexampleProductsControl in Section3 containstwo
equal symbolic sets(appearingin the bodiesof the secondand the third rule with con-
trolled(C) in the head),which would generate,oncethey are instantiated,several pairs of
identical(ground)sets(onefor eachcompany E ). Thanksto our hashing-basedtechnique,
thegenerationof theseduplicatesis preventedwith a relevantef�ciency gain.
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Model Generation. We have designedan extensionof the DeterministicConsequences
operatorof the DLV system[FLP99] for DLP

�

programs.The new operatormakesboth
forwardandbackwardinferencesonaggregateatoms,resultingin aneffectivepruningof the
searchspace.We have thenextendedtheDowling andGallier algorithm[DG84] to compute
a �xpoint of thisoperatorin lineartimeusingamulti-linkeddatastructureof pointers.Given
a groundset ‘ , say, �o� �

�

�

<�p p p <

�

�

_

	 H �

�

�

�

<Ep p p <

� �

a

�

<�p p p <

�

a

_

	™H �

�

a

��� , this structureallows to
access‘ in �

�

k

%

wheneversomeH��

�

� changesits truthvalue(supportingfastforwardprop-
agation);on theotherhand,it providesdirectaccessfrom ‘ to eachH��

�

� atom(supporting
fastbackwardpropagation).

6 Experimentsand Benchmarks

To assesstheusefulnessof theproposedDLP extensionandevaluateits implementation,we
comparethefollowing two methodsfor solvingagivenproblem:

DLV
�

Encodetheproblemin DLP
�

andsolve it by usingour extensionof DLV
with aggregates.

DLV Encodetheproblemin standardDLP andsolve it by usingstandardDLV.
To generateDLP encodingsfrom DLP

�

encodings,suitablelogic de�-
nitions of the aggregatefunctionsareemployed (which are recursive for

� �#!#"%$%& , � /0"�' , and �1&-)S'-34/ ).

We comparethesemethodson two benchmarkproblems:Time Tabling is a classical
planningproblem.In particular, weconsidertheproblemof planningthetimetableof lectures
which somegroupsof studentshave to take. We considera numberof real-world instances
Universityof Calabriawhereinstancef dealswith f groups.

Seatingis theproblemdescribedin Section3. We consider4 (for small instances)or 5
(for larger instances)seatsper table,with increasingnumbersof tablesandpersons(with

��� ?�� 7����2
�� �

�

��� ?��"7��:5��	� ��� ?�
4�
��9 72� ). For eachproblemsize(i.e., seats/tablescon�gu-
ration),we considerclasseswith differentnumbersof like anddislike constraints,wherethe
percentagesarerelative to themaximumnumbersof like anddislike constraints,resp. such
thattheproblemis notover-constrained.5

In particular, we considerthe following classes:(-) no like/dislike constraintsat all; (-)
25% like constraints;(-) 25% like and25% dislike constraints;(-) 50% like constraints;(-
) 50% like and50% dislike constraints.For eachproblemsize,we randomlygenerated10
instancesfor eachof theseclasses.

For Seatingwe usetheDLP
�

encodingreportedin Section3; all encodingsandbench-
markdataareavailableathttp://www.dlvsystem.com/examples/ij cai03 .zip .

We ran the benchmarkson AMD Athlon 1.2 machineswith 512MB of memory, using
FreeBSD4.7 and GCC 2.95. We allowed a maximumrunning time of 1800 secondsper
instanceanda maximummemoryusageof 256MB. Cumulatedresultsareprovidedin Fig-
ure1. In particular, for Timetablingwe reporttheexecutiontime andthesizeof theresidual
groundinstantiation(thetotalnumberof atomsoccurringin theinstantiation,wheremultiple
occurrencesof thesameatomarecounted).6 For Seating,theexecutiontime is theaverage

5 Beyondthesemaximathereis trivially nosolution.
6 Notethatalsoatomsoccurringin thesetsof theaggregatesarecountedfor theinstantiationsize.
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Numberof Exec.Time InstantiationSize

Groups DLV DLV � DLV DLV �

1 10.95 0.55 91217 6972
2 36.79 2.05178533 13986
3 79.84 4.68264938 20888
4 147.53 7.86367014 29029
5 224.46 12.30436544 36043
6 321.85 17.18518950 42767
7 437.94 25.36606361 49993
8 618.23 37.78761429 61916
9 - 57.00 - 74027

Numberof Exec.Time InstantiationSize
Persons DLV DLV � DLV DLV �

8 0.010 0.010 320 101
12 0.034 0.010 996 248
16 26.872 0.011 2272 490
25 - 0.024 6643 1346
50 - 0.307 50029 7559
75 - 1.883 165442 22049
100 - 7.082 387886 47946
125 - 64.293 752769 88781
150 - 152.4501294977147567

Fig.1. ExperimentalResultsfor TimetablingandSeating

runningtimeovertheinstancesof thesamesize.A “-” symbolin thetablesindicatesthatthe
correspondinginstance(someof theinstancesof thatsize,for Seating)wasnotsolvedwithin
theallowedtimeandmemorylimits.

Onbothproblems,DLV
�

clearlyoutperformsDLV. OnTimetabling,theexecutiontime
of DLV

�

is oneorderof magnitudelower thanthatof DLV on all probleminstances,and
DLV couldnotsolve thelastinstanceswithin theallowedmemoryandtime limits. OnSeat-
ing, the differencebecomeseven moresigni�cant. DLV could solve only the instancesof
smallsize(up to 16persons- 4 tables,4 seats),while DLV

�

couldsolvesigni�cantly larger
instancesin a reasonabletime.Theinformationabouttheinstantiationsizesprovidesanex-
planationfor sucha big differencebetweentheexecutiontimesof DLV andDLV

�

. Thanks
to theaggregates,theDLP

�

encodingsaremoresuccinctthanthecorrespondingencodings
in standardDLP. This succinctnessis alsore�ected in thegroundinstantiationsof thepro-
grams.Sincetheevaluationalgorithmsarethenexponentialin thesizeof theinstantiation(in
theworstcase),theexecutiontimesof DLV

�

turnoutto bemuchshorterthanthoseof DLV.

7 RelatedWorks

Aggregatefunctionsin logic programminglanguagesappearedalreadyin the 1980s,when
their needemergedin deductive databaseslike LDL [CGK

�

90] andwerestudiedin detail,
cf. [RS97,KR98]. However, the �rst implementationin Answer Set Programming,in the
Smodelssystem,is recent[SNS02].

ComparingDLP
�

to the languageof Smodels,we observe a strongsimilarity between
cardinalityconstraintsthereand � �#!#"%$�& . Also � /0"#' andtheweightconstraintsof Smodels
aresimilar in spirit. Indeed,the DLP

�

encodingsof both TeamBuilding andSeatingcan
beeasilytranslatedto Smodels'language.However, therearesomerelevantdifferences.For
instance,in DLP

�

aggregateatomscanbenegated,while cardinalityandweightconstraint
literalsin Smodelscannot.

Negatedaggregatesare useful for a more direct knowledgerepresentation,and allow
to express,for instance,that somevalueshouldbe externalto a given range.For example,

$4!#&��

A

� �#!#"%$�& �

�

	 �

���

%

�

A�� is trueif thenumberof truefactsfor � is in )

c <

� ) �

+

�%<��

) ;
for expressingthesamepropertyin Smodelsoneneedsto usetwo cardinalityconstraints.

Smodels,on the otherhand,allows for weight constraintsin the headsof rules,while
DLP

�

aggregatescannotoccurin heads.(Thepresenceof weight constraintsin headsis a
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powerful KR feature,whichallows,for instance,to “guess”anarbitrarysubsetof agivenset;
however, it causesthelossof somesemanticpropertyof nonmonotoniclanguages[MR02].)

DLP
�

aggregateslike �('*)E$ , �('-,t. , and �1&-)S'-34/ donothaveacounterpartin Smodels.
Moreover, DLP

�

providesa generalframework wherefurther aggregatescanbe easilyac-
commodated(e.g., � ,�$�� and � ,���� arealreadyunderdevelopment).Furthermore,notethat
symbolicsetsof DLP

�

directly representpure(mathematical)sets,andcanalsorepresent
multisetsrathernaturally(seethediscussiononTeamBuilding in Section3).Smodelsweight
constraints,on theotherhand,work on multisets,andadditionalrulesareneededto encode
puresets;for instance,Condition �

� of TeamBuilding cannotbedirectly encodedin a con-
straint,but needsthede�nition of anextrapredicate.Thanksto strictersafetyconditions(all
variablesareto berestrictedby domainpredicates), like DLP

�

, Smodelsis ableto dealwith
recursionthroughaggregateseventhoughits instantiatoris lesssophisticated.

Finally, notethatDLP
�

dealswith setsof terms,while Smodelsdealswith setsof atoms.
As far asthe implementationis concerned,Smodels,too, is endowed with advancedprun-
ing operatorsfor weight constraints,which areef�ciently implemented.We arenot aware,
though,of techniquesfor theautomaticrecognitionof duplicatesetsin Smodels.

DLP
�

alsoseemsto be very similar to a specialcaseof the semanticsfor aggregates
discussedin [Gel02], whichwearecurrentlyinvestigating.

Anotherinterestingresearchline uses4-valuedlogicsandapproximatingoperatorsto de-
�ne thesemanticsof aggregatefunctionsin logic-basedlanguages[DPB01,DMT02,Pel02].
Theseapproachesarefoundedonverysolid theoreticalgrounds,andappearverypromising,
asthey couldprovidea cleanformalizationof a very generalframework for arbitraryaggre-
gatesin logic programmingandnonmonotonicreasoning,whereaggregateatomscanalso
“produce”new values(currently, bothDLP

�

andSmodelsrequiretheguardsof aggregates
to beboundto somevalue).Theseapproachessometimesamountto a highercomputational
complexity [Pel02] andhavenotbeenimplementedsofar. However,onthecommonfragment
we believeour languageandsemanticsto bein syncwith thosede�ned in [Pel02].

8 Conclusion

We have proposedDLP
�

, an extensionof DLP by aggregatefunctions,and have imple-
mentedit in the DLV system.On the onehand,we have demonstratedthat the aggregate
functionsincreasethe knowledgemodelingpower of DLP, supportinga morenaturaland
conciseknowledgerepresentation.On the otherhand,we have shown that aggregatefunc-
tions do not increasethe complexity of the main reasoningtasks.Moreover, experiments
have con�rmed that the succinctnessof the encodingsemploying aggregateshasa strong
positive impacton theef�ciency of thecomputation.

Futurework will concernthe introductionof furtheraggregateoperatorslike � ,�$�� (“Is
thereany matchingelementin theset?”)and � ,���� , aswell asthedesignof furtheroptimiza-
tion techniquesandheuristicsto improvetheef�ciency of thecomputation.
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