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Abstract. Default logic is used to describe regular behavior and normal proper-
ties. We suggest to exploit the framework of default logic for detecting outliers
- individuals who behave in an unexpected way or feature abnormal properties.
The ability to locate outliers can help to maintain knowledgebase integrity and
to single out irregular individuals. We first formally define the notion of an out-
lier and an outlier witness. We then show that finding outliers is quite complex.
Indeed, we show that several versions of the outlier detection problem lie over
the second level of the polynomial hierarchy. For example, the question of es-
tablishing if at least one outlier can be detected in a given propositional default
theory is X3 -complete. Although outlier detection involves heavy computation,
the queries involved can frequently be executed off-line, thus somewhat alleviat-
ing the difficulty of the problem. In addition, we show that outlier detection can
be done in polynomial time for both the class of acyclic normal unary defaults
and the class of acyclic dual normal unary defaults.

1 Intr oduction

Defaultlogics weredevelopedasatool for reasoningvith incompleteknowledge.By
usingdefault rules,we candescribehow thingswork in generalandthenmake some
assumptionsiboutindividualsanddraw conclusionsabouttheir propertiesandbeha-
ior.

In this paper we suggest somevhat differentusageof default logics. The basic
ideais asfollows. Sincedefault rulesareusedfor describingregularbbehaior, we can
exploit themfor detectingndividualsor elementsvho do notbehae normallyaccord-
ing to the defaulttheoryat hand.We call suchentitiesoutliers. An outlieris anelement
thatshavs somepropertieghatarecontraryto thosethatcanbelogically justi ed.
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Ouitlier detectioncan be usefulin several applicationcontexts, e.g.,to single out
exceptionabehaing individualsor systemcomponentsiNotethataccordingo our ap-
proachgexceptionsarenotexplicitly listedin thetheoryas“abnormals) asis oftendone
in logical-basedbduction12,2, 3]. Rather their “abnormality” is singledout exactly
becausesomeof the propertiescharacterizinghemdo not have a justi cation within
the theory at hand.For example,supposehat it usually takes abouttwo secondgo
downloadaone-m@abytele from somesener. Then,oneday, the systemis slower -
insteadfour secondsareneededo performthe sametask.While four secondsnayin-
dicateagoodperformancaét is helpfulto nd thesourceof thedelay Anotherexample
might bethatsomeones carbrakesaremakinga strangenoise.Althoughthey seemto
be functioningproperly this is not normalbehaior andthe car shouldbe serviced.In
this casethe carbralkesareoutliersandthenoiseis their witness.

Outlier detectioncanalsobe usedfor examiningdatabaséntegrity. If anabnormal
propertyis discoveredin a databasethe sourcewho reportedthis obsenation would
have to bedouble-checkd.

Detectingabnormabropertiesthatis, detectingoutliers,canalsoleadto anupdate
of default rules. Supposewne have the rule that birds y , andwe obsenre a bird, say
Tweety that doesnot y . We reportthis occurenceof an outlier in the theoryto the
knowledgeengineerThe engineerinvestigateshe case, nds out that Tweetyis, for
example,a penguin,andupdateghe knowledgebase&vith the default “penguinsdo not

y’”

In this paper we formally statetheideasbrie y sketchedabove within the context
of Reiters default logic. For simplicity, we concentrateon the propositionafragment
of default logic althoughthe generalizatiorof suchideasto the realm of rst-order
defaultsalsoworth exploring. So, whenerer we usea default theorywith variables as
in someof the following exampleswe relateto it asan abbreviation of its grounded
version.

The restof the paperis organizedas follows. In Section2, we give preliminary
de nitions aswell asa formal de nition of the conceptof anoutlier. In Section3, we
describeghe compleity of nding outliersin propositionadefaultlogic. Sectior4 ana-
lyzesthe compleity of detectingoutliersin disjunction-fregpropositionaldefaultlog-
ics, andsection5 describesometractablecasesRelatedwork is discussedn Section
6. Conclusionsaregivenin Section?.

Becaus@f spacdimitations,throughouthe papemroofsof resultsaresketchedor
omitted.Full proofscanbefoundin [1].

2 De nitions

In thissectionwe provide preliminaryde nitions for conceptsvewill beusingthrough-
outthepaper

2.1 Preliminaries

The following de nitions will be assumedLet T' be a propositionaltheory ThenT™*
denotests logical closureIf S is asetof literals,then—S denoteghesetof all literals
thatarethe negationof someliteral in S.
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Default logic wasintroducedby Reiter[13]. A propositionaldefaulttheory A is
apair (D, W) consistingof a setW of propositionafformulasanda setD of default
rules.A defaultrule § hasthe form 2% (or, equivalently, ¢ : ¥/x), whereg, 1 and
x arepropositionalformulas,called,respectiely, prerequisite justi cation, and con-
sequenf §. The prerequisitecould be omitted, thoughjusti cation and consequent
arerequired.If ¢ = x, thedefault rule is callednormal The informal meaningof a
defaultrule § is the following: if ¢ is known, andif it is consistento assumey, then
we concludey. An extensionis a maximalsetof conclusionghatcanbe dravn from a
theory An extensionE of a propositionaldefaulttheory A = (D, W) canbe nitely
characterizedhroughthe set D of geneiting defaultsfor E w.r.t. A, i.e., the set
Dp={¢:¢/x€eD|pe ENp ¢ E}.IndeedE = (WU{x|¢:9/x € Dp})*.

Let A be a default theoryand! aliteral. Then A = | meansthat! belongsto
every extensionof A. Similarly, for asetof literals S, A = S meanghateveryliteral
[ € S belonggo every extensionof A. A defaulttheoryis coheentif it hasatleastone
extension.

We review somebasicde nitions aboutcompleity theory particularly the poly-
nomial hierarchy The readeris referredto [6] for more on compleity theory The
classestf{ and II{ arede ned asfollows: £ = IIF = Pandforall k& > 1,
$P = NP”-1, and TP = co-£P. £F modelscomputabilityby a nondeterministic
polynomial-timealgorithmwhich may usean oracle,loosely speakinga subprogram
thatcanbe run with no computationatost,for solvinga problemin X" . Theclass
DP, k > 1, is de ned asthe classof problemsthat consistsof the conjunctionof
two independenproblemsfrom XF and II{, respectiely. Note thatfor all k& > 1,
xf ¢ Df € 2., A problemA is completefor theclassC iff A belongsto C andev-
ery problemin C is reducibleto A by polynomial-timetransformationsA well known
X P-completeproblemis to decidethevalidity of aformula@ BEy, s, thatis, aformula
of theform 3X VX, ... QX f(X4,...,X), where@ is 3 if k isoddandisV if k
iseven, Xy, ..., X} aredisjointsetof variablesand f (X, .. ., Xj) is a propositional
formulain X1, ..., X;. Analogously the validity of a formula@BE} v, thatis a for-
mulaof theformVX,3X, ... QX f(X4,..., X), whereQ isV if k is oddandis 3 if
k is even,is completefor I7F. Decidingthe conjunctiond A ¥, whered is a Q BEy, 3
formulaand¥ is aQ BE}, v formula,is completefor D,f.

2.2 Defining outliers

Next we formalize the notion of an outlier in default logic. In orderto motivatethe
de nition andmaleit easyto understandwe rst look atanexample.

Examplel. Consideithefollowing defaulttheorywhichrepresenttheknowledgethat
birds y andpenguinsarebirdsthatdo not y , andthe obsenationsthat Tweetyand
Pini arebirdsandTweetydoesnot vy .

D— Bird(z) : Fly(z) Penguin(z): Bird(z) Penguin(z): —Fly(x)
B Fly(x) ’ Bird(z) ’ —Fly(z)
W = {Bird(Tweety), Penguin(Pini), ~Fly(Tweety)}
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Thistheoryhastwo extensionsOneextensioris thelogical closureof WU { Bird(Pini),
- Fly(Pini)} andtheotheris thelogical closureof WU {Bird(Pins), Fly(Pini)}.

If we look carefully at the extensionswe notethat Tweetynot ying is quite strange,
sincewe know thatbirds y andTweetyis a bird. Therefore thereis no apparenjus-
ti cation for the factthat Tweetydoesnot y (otherthanthefact—Fly(Tweety) be-
longingto W). Had we beentold that Tweetyis a penguin,we could have explained
why Tweetydoesnot y . But, asthetheorystandsnow, we arenot ableto explain why
Tweetydoesnot y, and,thus, Tweetyis an exception.Moreover, if we aretrying to
nail down what makes Tweetyan exception,we noticethatif we would have dropped
theobsenration—Fly(Tweety) from W, we would have concludedhe exactopposite,
namely that Tweety does y . Thus, ~Fly(Tweety) “induces” suchan exceptional-
ity (we will call witnessa literal like —=Fly(Tweety)). Furthermorejf we drop from
W both —Fly(Tweety) and Bird(Tweety), we areno longerableto concludethat
Tweety ies. Thisimpliesthat Fly(Tweety) is a consequencef the factthat Tweety
is abird, andthus Bird(Tweety) is the propertyof Tweetythatbehaesexceptionally
(or theoutlier).

From the above example,one could be inducedto de ne an outlier asan individual,
i.e., a constant,in our caseTweety that possessean exceptionalproperty denoted
by aliteral having the individual asoneof its algumentsjn our caseBird(Tweety).
However, for a conceptuaViewpoint, it is muchmoregenerabnd e xible to singleout
apropertyof anindividualwhichis exceptional ratherthansimply theindividual. That
assumedyve alsonotethat within the propositionalcontext we dealwith here,we do
not explicitly have individualsdistinctfrom their propertiesand, therefore the choice
isimmaterial.

Basedon the exampleandconsiderationsnentionedabore, we cande ne thecon-
ceptof anoutlier asfollows.

Definition 1. Let A = (D, W) bea propositionaldefault theorysuchthat W is con-
sistentand! € W is aliteral. If thereexistsasetof literals.S C W suchthat:

1. (D,Wg) = —S,and
2. (D,Wg,) £ —S.

whereWg = W \ S andWgs,; = W \ {l}, thenwe saythat! is anoutlierin A andS
is anoutlier witnesssetfor [ in A.

Accordingto thisde nition, aliteral [ is anoutlierif andonly if thereis anexceptional
property denotedby asetof literals S, holdingin everyextensionof thetheory

The exceptionalpropertyis the outlier withessfor I. Thus,accordingto this de ni-
tion, in the defaulttheoryof Examplel above we shouldconcludethat Bird(Tweety)
denotesan outlier and {-F'ly(Tweety)} is its witness.Note thatwe have de ned an
outlier witnessto be a set, not necessarilya singleliteral sincein sometheoriestak-
ing a singleliteral doesnot sufce to form a witnessfor a given outlier beingthatall
witnesse®f suchanoutlier have a cardinalitystrictly largerthanone.

Example2. ConsidetthedefaulttheoryA = (D, W), wherethesetof defaultrules D
conveysthefollowing informationaboutweatherandtraf ¢ in asmalltown in southern
California:
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JulynWeekend:—~Traf fic.JamA—-Rain _ ; .
1. ~Traf fic_JamiaRain thatis, normallyduringa July weelendthere

arenotrafc jamsnorary rain.
2. January:Rain January:~Raein _jn januaryit sometimesrains and sometimesit

Rain = —Rain
doesnt rain.
3. WeekendATraffic-Jam:AccidentVRain _|f therejs atrafc jamin theweelendthen

. AccidentV Rain .
normallyit mustberainingor therewould have beenanaccident.

SupposealsothatW = {July, Weekend, Traf fic_Jam, Rain}. Then,thesetS =
{Traf fic.Jam, Rain} is anoutlier witnessfor both W eekend and July. Moreover,

S is aminimal outlier witnesssetfor eitherWeekend or July, sincedeletingone of
thememberdrom S will renderS notbeinga witnessset.

Hereis anotherexample.

Example3. Considerthefollowing defaulttheory A:

D= Income(z)ANAdult(z):Works(z)
- Works(z) ’
FlyingS(z):InterestTakeOf f(z)
InterestTakeOf f(z) ’
FlyingS(z):Interest Navigate(z)
InterestNavigate(x)

W = {Income(Johnny), Adult(Johnny),
—-Works(Johnny), FlyingS(Johnny),
—InterestTakeOf f(Johnny)}

Thistheoryclaimsthatnormallyadultswho have a monthlyincomework, andstudents
whotake ying lessonsareinterestedn learninghow to take off andnavigate.Theob-
senationsarethatJohnry is anadultwho hasa monthlyincome,but hedoesnotwork.
Heis alsoa studentin a ying schoolbut heis notinterestedn learninghow to take-
off. Basedon the eventsof Septembefl1,2001,we'd like our systemto concludethat
Johnty is the argumentof two outliers.Indeed thereadercanverify thatthe following
factsaretrue:

1. (D7 WﬁWorks(Johnny)) '=
Works(Johnny),

2. (Da W—JnterestTakeOff(Johnny) ) ':
InterestTakeOf f(Johnny),

3. (DaWﬁWorks(Johnny),Adult(Johnny)) l#
Works(Johnny), and

4. (Da WﬁInterestTakeOff(Johnny) ,FlyingS(Johnny) ) bé
InterestTakeO f f(Johnny)

Hence,both -Works(Johnny) and —InterestTakeO f f(Johnny) are outlier wit-
nesseswhile Adult(Johnny) andFlyingS(Johnny) areoutliers.Notethat/ncome(Johnny)
is alsoanoutlier, with thewitness—Works(Johnny).
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2.3 Defining outlier detection problems

In orderto statethe computationatompleity of detectingoutliers,in the restof the
work we refer to the following problems(alsoreferredto as queried de ned for an
inputdefaulttheoryA = (D, W):

Q0: Given A, doesthereexistanoutlierin A ?

Q1: GivenA andaliterall € W, is thereary outlierwitnessfor 7 in A ?

@2: GivenA andasetof literalsS C W, is S awitnessfor ary outlier/ in A ?

@3: GivenA, asetof literals S C W, andaliterall € W, is S awitnessforlin A ?

3 Generalcomplexity results

In this sectionwe analyzethe compleity associatedvith detectingoutliers.First, we
give somepreliminaryde nitions involving notation.

Let L beasetof literalssuchthat? € L impliesthat—¢ ¢ L. Thenwe denoteby
T, thetruth assignmenbn the setof lettersoccurringin L suchthat,for eachpositive
literal p € L, T1,(p) = true, andfor eachnegativeliteral —p € L, T1.(p) = false.

Let T be a truth assignmenbn the setz, .. ., z, of letters.Thenwe denoteby
Lit(T) thesetof literals {¢1, .. ., £, }, suchthat; is z; if T'(x;) = true andis —z; if
T(z;) = false, fori =1,...,n.

Theorem 1. Q0 is X -complete

Proof. (Membership)GivenaatheoryA = (D, W), we mustshov thatthereexists
aliteral [ in W anda subsetS = {si,...,s,} of W suchthat (D, Wg) = —s1 A

A =8y, (queryq') and (D, Ws;) £ —s1 A ... A s, (Queryg”). Queryq' is ITL-
complete,while queryq” is XF-complete[8, 14]. Thus,we canbuild a polynomial-
time nondeterministid@uring machinewith a X¥ oracle,solvingquery@0 asfollows:
the machineguesse$oththeliteral [ andthe setS andthensolvesqueriesg’ andg”
usingtwo callsto the oracle.

(Hardness)et® = AXVY3Z f(X,Y, Z) beaquanti ed booleanformula, where
X=xz1,...,2,,Y = y1,---,ym,andZ aredisjointsetof variablesWe associatsvith
¢ thedefaulttheoryA(®) = (D(P), W (®)), whereW () istheset{l, s1,31, ..., 5n,3n}
consistingof new lettersdistinct from thoseoccurringin ¢, and D($) = D; U Dy U
DsU Dy U Ds:

ims; AxiNe;
xTiNe; )

D,

>,

S

s
I

o5 ATTiAes
—x;A\e;

i=1,...,n}

ﬁsw+'/\ﬁaf\ﬂ|i:1,...,n}u
_ B«
52—7}

b= L, 00y =0 | j=1,...,m]
b4 _ leiA.Aen:f(X, YZ)/\g}
05,;

e Sl
S
Il

g

g:78i 5 _ g:8;
—8; 5,% —8;
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wherealsoa, 3, g, e1,...,e, arenew variablesdistinct from thoseoccurringin &.
Clearly, W (&) is consistenand A(®) canbebuilt in polynomialtime. We next shav
that is valid iff thereexistsanoutlierin A(®).

In therestof theproofwe denoteby o (s;) (o(x;) resp.)theliteral z; (s; resp.)and
by o(3;) (0(—z;) resp.theliteral —z; (3; resp.)fori = 1,...,n. Letting S beasubset
of {s1,51,---,5n,8n} {Z1, 71, . .., Tpn, T, } resp.)wedenoteby o (S) ((S) resp.)
theset{c(s) | s € S} ({c(s) | s € S} resp.).

(=) Supposéhat @ is valid. Thenwe canshaow that! is anoutlierin A(®). As
is valid, thenthereexistsatruth assignmenf’x onthesetX of variablessuchthatT'x
satisesVY3Zf(X,Y, Z). LetS = o(Lit(Tx)). It canbeshavn thatwe canassociate
to eachtruth assignmenfly on the setY of variables,one and only one extension
Ey of (D(®),W(®)s). In particular Ey D Lit(Tx) U Lit(Ty). As @ is valid, then
-f(X,Y,Z) ¢ Eyv andEy = —S. Furthermoresincethereis no otherextensionof
(D(#), W (®)s), then(D (&), W (#)s) = 5.

Considemow thetheory(D(®), W (&) s, ). We notethattheliteral [ appearsn the
preconditionof rule é4, whoseconclusiong representsn turn, the preconditionof the
rulesin the set Dy, rulesthatallow to conclude—S, andthat/ doesnot appeaiin the
conclusiorof ary rule of D(®). Thus(D(®), W (®)s,) = —S. Hencel is anoutlierin
A(D).

(<) Supposdhatthereexists anoutlierin A(®). It canbe showvn thatthe outlier
is I. Hence thereexistsa nonemptysetof literals S C W (®) — {l} suchthatS is an
outlier witnessfor [ in A(®). It canthenbeshavn thatS = {si,...,s!,}, wheres} is
eithers; ors;, fori = 1,...,n. Now we showv that 7, (g satis esVY3Zf(X,Y, Z),
i.e.that® is valid. For eachsetL = {¢1,...,¢y,}, where/; is eithery; or —y;, for
j =1,...,m,thereexistsoneextensionEy, of (D(®), W (®) — S) suchthatEy, D L.
We notealsothat E, O o(S). Thus,in orderfor [ to beanoutlierin A(®$), it mustbe
thecasethatfor eachsetL, ~f(X,Y, Z) ¢ Ey i.e. thatT,s)u. satis es f(X,Y, Z).
Hence we canconcludethat® is valid.

Theorem 2. Q1 is ¥¥-complete
Proof. Theproofis analogougo thatusedin Theoreml.
Theorem 3. Q2 is D¥-complete

Proof. (Membership)GivenatheoryA = (D, W) andasubsetS = {s1,...,s,} C

W, we shouldverify that (D, Ws) |= —s1 A ... A -, (Statement’) andthereexists

aliterall € W suchthat (D, Ws;) £ —s1 A ... A —sy, (Statemeny”). Solving ¢’ is

in IT¥. As for statemeny”, it canbe decidedby a polynomialtime nondeterministic
Turing machine with anoraclein NP, that(a) guessedoththeliteral I € W andthe

setDg C D of generatingdefaults of an extensionE of (D, Wg,) togetherwith an

orderof thesedefaults;(b) checkghenecessargndsufcient conditionsthat D g must
satisfyto beasetof generatinglefaultsfor £ (seg[15] for adetaileddescriptiorof these
conditions) by multiple callsto theoracle;and(c) veri es that—s; A... A s, € E by

othercallsto the oracle.It canbe shavn thatthe total numberof callsto the oracleis

polynomially boundedThus,Q?2 is the conjunctionof two independenproblemsone

in ITF (¢') andtheotherin £F (¢"),i.e.itisin DF.
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(Hardness)et Ay = (D1, W;) and A, = (D2, Wa) betwo propositionadefault
theoriessuchthatW; andW, areconsistent|et sq, so betwo letters,andlet ¢ bethe
statemen{A; = s1 A Ay [~ s2). W.lo.g, we canassumehat A, and A, contain
differentletters,theletter s; occursin D; but notin W; (and,from the previous con-
dition, notin A,), andtheletter s, occursin D, but notin W, (andhencenotin Ay).
We associatavith ¢ the defaulttheory A(q) = (D(q), W(q)) de ned asfollows. Let
D, = {0‘7—5 i=1,...,n}andlet L; = {{,...,¢,} C W, beall theliterals
belongingto W7y, thenD(q) = {W i=1,...,n}U{§; = DhAwv | §
1,...,m}U{d = %} U Dy, andW (q) = Wy U W, U {—s1, s2}, wherev andy are
new lettersdistinctfrom thoseoccurringin A; and A,, andfrom s; andss. It canbe
shavn thatgq is trueiff {—s; } is awitnessfor someoutlierin A(g). We notethatg is
the conjunctionof a I7¥-hardanda X¥ -hardindependenproblems thusthis proves
thehardnespart.

Theorem 4. @3 is D¥-complete

4 Disjunction-fr eetheories

Disjunction-freetheoriesform a signi cant subsebf propositionaldefault theoriesbe-
causehey areequivalentto extendedogic programaunderstablemodelsemanticg7].
A nite propositionaltheory A = (D, W) is disjunction-fee(DF in short),if W is a
setof literals,andthe preconditionjusti cation andconsequencef eachdefaultin D
is a conjunctionof literals. As we seebelow, outlier detectionfor DF theoriesis still
quitecomplex.

Theorem 5. QO restrictedto disjunction-feetheoriesis £¥-complete

Proof. (Membership)The membershigproof is analogoudo that of Theoreml. We
notethatwhendisjunction-freetheoriesareconsideredg’ andq” areco-NP-complete
andNP-completerespectiely.

(Hardness) et ® = 3XVY f(X,Y) beaquanti ed booleanformula, where X =
Z1,...,Z, aNAY = y1,...,y,, aredisjoint setof variables,and f(X,Y) = C1 A

o ANCr,With O =t V..o Vg, andeachty 1, ..., 1y, IS aliteral, for k =
1,...,r. We associatego ¢ the default theory A(®) = (D(®), W (D)), with W (D)
the set{l, s1,51,...,5n,3n} Of Nnew lettersdistinct from thoseoccurringin @, and

D(®) = D1 UD2 U D3 U Dy U Dy U D), whereD1, Dy, D3 and D5 arethe setsof
defaultsasin Theoreml andD} and D), arethefollowing setsof defaults:

1 ) tehiCk _ . —
‘Dl_ le‘—l,...,’r,h—l,...,Uk}

D! = lAelA...AenAclA...Ac,:g}
2~ 9

wherealsoq, 3, g, €1, - - -, €, €1, - - . , ¢ arenew variabledistinctfrom thoseoccurring
in . Clearly, W (&) is consistenfand A(®) canbe built in polynomialtime. The rest
of theproofis similarto thatof Theoreml.

Theorem 6. @1 restrictedto disjunction-feetheoriesis £¥-complete

Theorem 7. @2 and @3 restrictedto disjunction-feetheoriesare D¥'-complete



Outlier Detection Using Default Logic 11

5 Tractable Cases

In this section,we look for someclasse®f defaulttheoriesfor which outlier detection
is computationallytractable.

Definition 2. A defaulttheoryis normalmixedunary (NMU in short)iff W is a setof
literalsand D is a setof defaultsof theform £* wherey is eithermissingor alliteral
andz is aliteral.

Definition 3. An NMU defaulttheoryis normalunary(NU in short)iff theprerequisite
of eachdefault is either missingor positve. An NMU default theoryis dual normal
unary(DNU in short)iff the prerequisiteof eachdefaultis eithermissingor negative.

Thus,NMU, NU, and DNU theorieshave a quite simple structure.In spite of that,
the compleity of detectingoutliers from thesetheoriesremain often quite high, as
demonstratedy thefollowing results(proofsareomittedfor the sale of brevity).

Theorem 8. Thefollowing hold over NMU defaulttheories:

- Q0 andQ1 are X¥-complete
- Q2 andQ3 are DP-complete

Theorem 9. Thefollowing hold over NU and DNU defaulttheories:

— Q0 and@Q1 are NP-complete
- @2and@3 arein P.

Thus,restrictingour attentionto NMU, NU, or DNU theoriesdoesnot sufce to attain
tractability of the mostgeneralqueriesQ0 and@1. Somefurtherrestrictionis needed,
whichis considereaext.

Theorem 10 ([9] [16]). Suppose&] is a normal(dual normal)unarydefaulttheory We
candecidewhethera literal belongsto everyextensionof A in time O (n?), wheen is
thelengthof thetheory

Definition 4. Theatomicdependencgraphof anNMU defaulttheory A is adirected
graphwhosenodesare all atomsin the languageof A, andsuchthatthereis an arc
directedfrom p to ¢ iff thereis adefaultin A in which p or —p is a prerequisiteandq
or —q is aconsequence.

Definition 5. A normal(dualnormal)unarydefaulttheoryis acycliciff its atomicde-
pendenyg graphis agyclic.

Theorem 11. QueriesQ0, Q1, Q2 and @3, restrictedto the classof acyclic NU or
acyclicDNU defaulttheoriescan be solvedin polynomialtimein the sizeof the input
theory

Proof. It canbeshawn thatfor any agyclic NMU defaulttheoryA = (D, W) suchthat
W is consistenaindfor ary literal I in W, ary minimal outlier witnesssetfor / in A is
atmostlin size.Theorems statementhenfollows from TheoremlO.
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6 RelatedWork

Theresearcton logical-basedibduction12,2, 3] is relatedto outlier detectionln the
framework of logic-basedibductionthedomainknowledgeis describedisingalogical
theoryT'. A subsetX of hypothesess anabductionexplanationto a setof manifesta-
tions M if T|JX is a consistentheorythat entails M. Abductionresemblesutlier
detectionin thatit dealswith exceptionalsituations.

The work mostrelevantto our studyis perhapsthe paperby Eiter, Gottlob, and
Leoneonabductionfrom defaulttheorieq4]. There theauthorshave presenteé basic
model of abductionfrom default logic and analyzedthe compleity of the main ab-
ductive reasoningasks.They presentedwo modesof abductionspnebasedon brave
reasoningandthe otheron cautiousreasoning Accordingto theseauthors,a default
abductionproblem(DAP) is atuple (H, M, W, D) whereH is a setof groundliterals
calledhypothesesM is a setof groundliterals called observationsand (D, W) is a
default theory Their goal,in general,wasto explain someobsenationsfrom M by
usingvarioushypothese the context of thedefaulttheory(D, W). They suggesthe
following de nition for anexplanation:

Definition 6 ([4]). LetP = (H,M,D,W) beaDAPandlet E C H.Then,E isa
skepticalexplanation for P iff

1. (D,WE) = M,and
2. (D,WJE) hasa consistenextension.

Thereis acloserelationshipbetweeroutliersandskepticalexplanationsasthefollow-
ing theoremstates.The theoremalso holds for orderedsemi-normaldefault theories

[5].

Theorem 12. Let A = (D, W) be a normal defaulttheory whee W is consistent.
Let! € W andS C W. S is an outlier withesssetfor [ iff {I} is a minimal skeptical
explanationfor =S in theDAP P = ({i},—~S, D, Ws,)

Hencewe cansaythat S is anoutlierwitnessfor [ if I € W, [ is a skepticalexplanation
for S, but still =S holdsin every extensionof thetheory

Despitethecloserelationshipbetweeroutlier detectiorandabductiordemonstrated
by the above theorem(especiallyfor normaldefaults)we believe thatthereis a signif-
icantdifferencebetweerthe two conceptsin abductionwe have to singleout a setof
manifestationsnda setof potentialexplanationsOutlier detectionontheotherhand,
hasmuchmoreto dowith knowledgediscovery. Thetaskin outlier detectionis to learn
who the exceptionalgthe outliers),or the suspectsif you wish, are,andto justify the
suspicion(thatis, list the outlier withesses).

It alsoturnsout thatreducingoutlier detectionqueriesto abductionandvice versa
is not straightforvard, and therefore when analyzingthe computationacompleities
involvedin answeringoutlier detectionquerieswe have preferredto usethe classical
Booleanformulasatis ability problems.
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[ Theory\ Query T Q0 [Q1[ Q2] Q3]
Propositional || X% -c[x¥ -c[Df -c[Df ¢
DF, NMU P .c|ZF<c|DF-c|[DP-c
NU, DNU NP-c[NPc| P | P

Acy.NU,Acy.DNU|[ P [ P | P | P

Table 1. Complexity results for outlier detection

7 Conclusion

Supposeyou are walking down the streetand you seea blind personwalking in the
oppositedirection.You believe heis blind becausdeis feelinghis way with awalking
stick. Suddenlysomethingfalls out of his bag,andto your surprisehe nds it imme-
diately without probingaboutwith his ngers, asyouwould expectfor ablind person.
Thiskind of behavior renderghe “blind” persorsuspicious.

The purposeof this paperhasbeento formally mimic this type of reasoningising
defaultlogic. We have formally de ned the notion of an outlier andanoutlier witness,
andanalyzedhecompleitiesinvolved,pointingout somenon-trivial tractablesubsets.
The compleity resultsaresummarizedn Table 1, whereC-c standsfor C-complete.
As explainedin the introduction,outlier detectioncan also be usedfor maintaining
databaséntegrity andcompleteness.

This work canbe extendedin several ways. First, we candevelop the conceptof
outliersin otherframewnorksof default databasedik e Systemz [11] andCircumscrip-
tion [10]. Secondwe canlook for intelligent heuristicsthatwill enableusto perform
theinvolved heary computationataskmoreef ciently . Third, we canstudythe prob-
lem from the perspeciie of defaulttheoriesasa “semanticchecktoolkit” for relational
databases.
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