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Abstract. Default logic is used to describe regular behavior and normal proper-
ties. We suggest to exploit the framework of default logic for detecting outliers
- individuals who behave in an unexpected way or feature abnormal properties.
The ability to locate outliers can help to maintain knowledgebase integrity and
to single out irregular individuals. We first formally define the notion of an out-
lier and an outlier witness. We then show that finding outliers is quite complex.
Indeed, we show that several versions of the outlier detection problem lie over
the second level of the polynomial hierarchy. For example, the question of es-
tablishing if at least one outlier can be detected in a given propositional default
theory is

����
-complete. Although outlier detection involves heavy computation,

the queries involved can frequently be executed off-line, thus somewhat alleviat-
ing the difficulty of the problem. In addition, we show that outlier detection can
be done in polynomial time for both the class of acyclic normal unary defaults
and the class of acyclic dual normal unary defaults.

1 Intr oduction

Default logicsweredevelopedasa tool for reasoningwith incompleteknowledge.By
usingdefault rules,we candescribehow thingswork in generalandthenmake some
assumptionsaboutindividualsanddraw conclusionsabouttheir propertiesandbehav-
ior.

In this paper, we suggesta somewhat differentusageof default logics.The basic
ideais asfollows.Sincedefault rulesareusedfor describingregularbehavior, we can
exploit themfor detectingindividualsor elementswhodonotbehavenormallyaccord-
ing to thedefault theoryathand.Wecall suchentitiesoutliers. An outlier is anelement
thatshowssomepropertiesthatarecontraryto thosethatcanbelogically justi�ed.
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Outlier detectioncanbe useful in several applicationcontexts, e.g., to singleout
exceptionalbehaving individualsor systemcomponents.Notethataccordingto ourap-
proach,exceptionsarenotexplicitly listedin thetheoryas“abnormals,” asis oftendone
in logical-basedabduction[12,2,3]. Rather, their “abnormality” is singledout exactly
becausesomeof the propertiescharacterizingthemdo not have a justi�cation within
the theory at hand.For example,supposethat it usually takes abouttwo secondsto
downloada one-megabyte�le from someserver. Then,oneday, thesystemis slower -
insteadfour secondsareneededto performthesametask.While four secondsmayin-
dicateagoodperformanceit is helpful to �nd thesourceof thedelay. Anotherexample
might bethatsomeone'scarbrakesaremakinga strangenoise.Althoughthey seemto
befunctioningproperly, this is not normalbehavior andthecarshouldbeserviced.In
this case,thecarbrakesareoutliersandthenoiseis theirwitness.

Outlier detectioncanalsobeusedfor examiningdatabaseintegrity. If anabnormal
propertyis discoveredin a database,the sourcewho reportedthis observation would
have to bedouble-checked.

Detectingabnormalproperties,thatis, detectingoutliers,canalsoleadto anupdate
of default rules.Supposewe have the rule that birds �y , andwe observe a bird, say
Tweety, that doesnot �y . We report this occurenceof an outlier in the theory to the
knowledgeengineerThe engineerinvestigatesthe case,�nds out that Tweety is, for
example,a penguin,andupdatestheknowledgebasewith thedefault “penguinsdo not
�y .”

In this paper, we formally statethe ideasbrie�y sketchedabove within thecontext
of Reiter's default logic. For simplicity, we concentrateon thepropositionalfragment
of default logic althoughthe generalizationof suchideasto the realm of �rst-order
defaultsalsoworth exploring. So,whenever we usea default theorywith variables,as
in someof the following examples,we relateto it asan abbreviation of its grounded
version.

The rest of the paperis organizedas follows. In Section2, we give preliminary
de�nitions aswell asa formal de�nition of theconceptof anoutlier. In Section3, we
describethecomplexity of �nding outliersin propositionaldefault logic. Section4 ana-
lyzesthecomplexity of detectingoutliersin disjunction-freepropositionaldefault log-
ics,andsection5 describessometractablecases.Relatedwork is discussedin Section
6. Conclusionsaregivenin Section7.

Becauseof spacelimitations,throughoutthepaperproofsof resultsaresketchedor
omitted.Full proofscanbefoundin [1].

2 De�nitions

In thissectionweprovidepreliminaryde�nitions for conceptswewill beusingthrough-
out thepaper.

2.1 Preliminaries

The following de�nitions will be assumed.Let � be a propositionaltheory. Then ���
denotesits logicalclosure.If � is asetof literals,then ��� denotesthesetof all literals
thatarethenegationof someliteral in � .
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Default logic was introducedby Reiter [13]. A propositionaldefault theory � is
a pair �������	� consistingof a set � of propositionalformulasanda set � of default
rules.A default rule 
 hasthe form �
� �� (or, equivalently, ��������� ), where � , � and� arepropositionalformulas,called,respectively, prerequisite, justi�cation, andcon-
sequentof 
 . The prerequisitecould be omitted,thoughjusti�cation andconsequent
arerequired.If ����� , the default rule is callednormal. The informal meaningof a
default rule 
 is the following: if � is known, andif it is consistentto assume� , then
we conclude� . An extensionis a maximalsetof conclusionsthatcanbedrawn from a
theory. An extension� of a propositionaldefault theory ��������� �	� canbe �nitely
characterizedthroughthe set �"! of generating defaultsfor � w.r.t. � , i.e., the set�#!$�	%����
�&�'�)(��+*
��(,�.-��/�10(,�32 . Indeed,�1�4�5�768%9�:*
���
�����;(,�8!&2'� � .

Let � be a default theory and < a literal. Then �=* �>< meansthat < belongsto
every extensionof � . Similarly, for a setof literals � , ��* � � meansthatevery literal<?( � belongsto everyextensionof � . A default theoryis coherentif it hasat leastone
extension.

We review somebasicde�nitions aboutcomplexity theory, particularly, the poly-
nomial hierarchy. The readeris referredto [6] for more on complexity theory. The
classes@#AB and C�AB are de�ned as follows: @8AD �EC�AD � P and for all FHGJI ,@#AB � NPKMLN�OQP , and CRAB � co-@8AB . @#AB modelscomputabilityby a nondeterministic
polynomial-timealgorithmwhich may usean oracle,looselyspeakinga subprogram
thatcanberun with no computationalcost,for solvinga problemin @"ABTS � . Theclass�"AB , FUGVI , is de�ned as the classof problemsthat consistsof the conjunctionof
two independentproblemsfrom @ AB and C AB , respectively. Note that for all FWGXI ,@#ABZY �"AB:Y @#AB\[ � . A problem] is completefor theclasŝ if f ] belongsto ^ andev-
ery problemin ^ is reducibleto ] by polynomial-timetransformations.A well known@#AB -completeproblemis to decidethevalidity of a formula _a`b� B�c d , thatis, a formula
of the form egf �ih f �?j9jkj _lf B'm �nf � � jkjkj �of B � , where _ is e if F is odd andis h if F
is even, f � � jkj9j �of B aredisjoint setof variables,and m �nf � � j9jkj �if B � is a propositional
formula in f � � jkjkj �of B . Analogously, thevalidity of a formula _a`p� BTc q , that is a for-
mulaof theform h f � egf �Mj9jkj _lf B
m ��f � � j9jkj �if B � , where _ is h if F is oddandis e ifF is even,is completefor C AB . Decidingtheconjunctionr�-ts , where r is a _a`p� B�c d
formulaand s is a _a`p� BTc q formula,is completefor �tAB .

2.2 Defining outliers

Next we formalize the notion of an outlier in default logic. In order to motivate the
de�nition andmake it easyto understand,we �rst look atanexample.

Example1. Considerthefollowing default theorywhich representstheknowledgethat
birds �y andpenguinsarebirds that do not �y , andthe observationsthat Tweetyand
Pini arebirdsandTweetydoesnot �y .

�u� v `xwzy'{|�n}|�~���a<n����}|��a<n����}|� �Q�a�T���Q� w � �n}|����`pwzy�{|�n}��`xwzy'{|�n}|� �Q�a�T���Q� w � �n}|��� �?�a<����n}|�
�?�a<�����}|� ����W%�`xwzy'{�� �~� ���T� ���\� �a�T���g� w � � � w � w���� �?�a<n��� �~� ���T� ���\2
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Thistheoryhastwoextensions.Oneextensionis thelogicalclosureof �	6�%T`xwzy'{|� � w � w�� ,�?�a<n��� � w � w���2 andtheotheris thelogicalclosureof �	6)%T`pw y'{|� � w � w�� , �a<���� � w � w���2 .If we look carefullyat theextensions,we notethatTweetynot �ying is quitestrange,
sincewe know thatbirds �y andTweetyis a bird. Therefore,thereis no apparentjus-
ti�cation for the fact thatTweetydoesnot �y (otherthanthe fact �?�a<���� �~� ���T� ��� be-
longing to � ). Had we beentold that Tweetyis a penguin,we could have explained
why Tweetydoesnot �y . But, asthetheorystandsnow, wearenotableto explainwhy
Tweetydoesnot �y , and,thus,Tweetyis an exception.Moreover, if we aretrying to
nail down whatmakesTweetyanexception,we noticethat if we would have dropped
theobservation �?�a<���� �~� ���T� ��� from � , wewouldhaveconcludedtheexactopposite,
namely, that Tweety does�y . Thus, �?�a<n��� � � ���9� ��� “induces” suchan exceptional-
ity (we will call witnessa literal like �?�a<���� �~� ���T� ��� ). Furthermore,if we drop from� both �?�a<���� �~� ���T� ��� and `xwzy'{�� �~� ���T� ��� , we areno longerableto concludethat
Tweety�ies. This implies that �a<���� �~� ���T� ��� is a consequenceof thefact thatTweety
is a bird, andthus `xwzy'{|� �~� ���T� ��� is thepropertyof Tweetythatbehavesexceptionally
(or theoutlier).

From the above example,onecould be inducedto de�ne an outlier asan individual,
i.e., a constant,in our caseTweety, that possessesan exceptionalproperty, denoted
by a literal having the individual asoneof its arguments,in our casèpwzy�{|� � � ���9� ��� .However, for aconceptualviewpoint, it is muchmoregeneraland�e xible to singleout
apropertyof anindividualwhich is exceptional,ratherthansimply theindividual.That
assumed,we alsonotethatwithin thepropositionalcontext we dealwith here,we do
not explicitly have individualsdistinct from their propertiesand,therefore,thechoice
is immaterial.

Basedon theexampleandconsiderationsmentionedabove,we cande�ne thecon-
ceptof anoutlier asfollows.

Definition 1. Let �����5��� �	� bea propositionaldefault theorysuchthat � is con-
sistentand </(�� is a literal. If thereexistsasetof literals � Y � suchthat:

1. ������� � ��* � ��� , and
2. ������� � c � � 0* � ��� .

where � � ��� �
� and � � c � � � � � %T<�2 , thenwe saythat < is anoutlier in � and �

is anoutlier witnesssetfor < in � .

Accordingto this de�nition, a literal < is anoutlier if andonly if thereis anexceptional
property, denotedby asetof literals � , holdingin everyextensionof thetheory.

Theexceptionalpropertyis theoutlier witnessfor < . Thus,accordingto this de�ni-
tion, in thedefault theoryof Example1 aboveweshouldconcludethat `pw y'{|� �~� �T�T� ���denotesan outlier and % �?�a<���� �~� ���T� ����2 is its witness.Note that we have de�ned an
outlier witnessto be a set,not necessarilya single literal sincein sometheoriestak-
ing a singleliteral doesnot suf�ce to form a witnessfor a givenoutlier beingthatall
witnessesof suchanoutlier havea cardinalitystrictly largerthanone.

Example2. Considerthedefault theory ���1�5��� �	� , wherethesetof default rules �
conveysthefollowing informationaboutweatherandtraf�c in asmalltown in southern
California:
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1. � � �������	�
��B��
��� � ��������������� � ��� � ��� ��� ����!�������"�#� � ��� � ��� ��� � - thatis,normallyduringaJulyweekendthere
areno traf�c jamsnorany rain.

2. � � � � ��� � � � ��� �� ��� � � � � � � ��� � � ��� ��� ���� ��� � - in Januaryit sometimesrains and sometimesit
doesn't rain.

3.
�$�
��B��
�%��� ���&�����"��� � ��� � ' �
�(� ���
�*),+ � ��� �' �
�(� ���
�*),+ � ��� � - If thereis a traf�c jam in theweekendthen
normallyit mustberainingor therewouldhavebeenanaccident.

Supposealsothat �=�U%%- � <n� , � ��� F �T� { , �~y*. m�m w
/ - .10 , 23.Qw � 2 . Then,theset � �% �~y*. m�m w
/ - .10 , 24.Qw � 2 is anoutlier witnessfor both � �T� F �T� { and - � <�� . Moreover,
� is a minimal outlier witnesssetfor either � ��� F �T� { or - � <�� , sincedeletingoneof
themembersfrom � will render� notbeinga witnessset.

Hereis anotherexample.

Example3. Considerthefollowing default theory � :

� � 576 � �
89� ��:<;�=>� ' � � ��)(:<;�= � � 8?� B�@&:<;"=� 89� B�@&:<;"= �A ��� � �*B � :<;�= � 6 �*),� � �
@
) ��� B��
C ��� :<;"=6 �D),� � �?@() ��� B��
C ��� :<;"= �A ��� � �*B � :<;�= � 6 �*),� � �
@
)FE ��G�� B � ),�&:#;�=6 �D),� � �?@()FE ��G�� B � ),��:<;�= H� �	%"I � /�J�0 � �
- JDK ��� ���\� ] { � < � �
- JDK ��� ������M�LJ�y'FNM��
- JDK ��� ���\� �a<n�gw ��� �~�
- JDK ��� ������OI ����� y � M � �P.gF ��Q m�m �
- JDK ��� ����2
This theoryclaimsthatnormallyadultswhohaveamonthlyincomework,andstudents
who take �ying lessonsareinterestedin learninghow to takeoff andnavigate.Theob-
servationsarethatJohnny is anadultwhohasamonthlyincome,but hedoesnotwork.
He is alsoa studentin a �ying schoolbut he is not interestedin learninghow to take-
off. Basedon theeventsof September11,2001,we'd like our systemto concludethat
Johnny is theargumentof two outliers.Indeed,thereadercanverify thatthefollowing
factsaretrue:

1. ������� � � 8?� B�@&: � 89R �D�%��= ��* ��LJ�y'FNM��
- JDK ��� ��� ,
2. ������� � 6 �*),� � �
@
) ��� B��
C ��� : � 8&R �D�D��= ��* �I ����� y � M � �P.gF ��Q m�m �
- JDK ��� ��� ,
3. ������� � � 8?� B�@&: � 89R �D�%��=zc ' � � �S)(: � 89R �D�D��= � 0* ��LJ�y'FNM��
- JDK ��� ��� , and
4. ������� � 6 �*),� � �
@
) ��� B��
C ��� : � 8&R �D�D��= c A ��� � �*B � : � 8&R �D�D��= � 0* �I ����� y � M � �P.gF ��Q m�m �
- JDK ��� ���

Hence,both �M�LJ�y
F�MQ�
-TJDK ��� ��� and �OI ����� y � M � �U.�F �*Q m�m �
- JDK ��� ��� areoutlier wit-
nesses,while ] { � < � �
- JDK ��� ��� and �a<n�gw ��� ���
- JDK ��� ��� areoutliers.Notethat I � /�J�0 � �
- JDK ��� ���is alsoanoutlier, with thewitness�M�LJ�y
F�MQ�
- JDK ��� ��� .
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2.3 Defining outlier detection problems

In orderto statethe computationalcomplexity of detectingoutliers,in the restof the
work we refer to the following problems(also referredto asqueries) de�ned for an
inputdefault theory �U�4�������	� :_�� : Given � , doesthereexist anoutlier in � ?_3I : Given � anda literal <?(,� , is thereany outlierwitnessfor < in � ?_�� : Given � anda setof literals � Y � , is � awitnessfor any outlier < in � ?_�� : Given � , a setof literals � Y � , anda literal </(�� , is � a witnessfor < in � ?

3 General complexity results

In this sectionwe analyzethecomplexity associatedwith detectingoutliers.First, we
givesomepreliminaryde�nitions involving notation.

Let � bea setof literalssuchthat �3(�� implies that ��� 0(�� . Thenwe denoteby	�

thetruth assignmenton thesetof lettersoccurringin � suchthat,for eachpositive

literal ��(
� ,
	�
 ����� ��������� , andfor eachnegative literal ����(
� ,

	�
 ����� ������� ��� .
Let � be a truth assignmenton the set } � � jkj9j �i} � of letters.Thenwe denoteby

� w � � � � thesetof literals %!� � � j9jkj �"� � 2 , suchthat � � is } � if �p�n} � � �#�!�$��� andis �/} � if
�p�n} � �����%���&�'� , for w?�	I�� jkjkj � � .

Theorem 1. _(� is @8A� -complete.

Proof. (Membership)Given a a theory � ���������	� , we mustshow that thereexists
a literal < in � anda subset� � %*M � � j9jkj ��M � 2 of � suchthat ������� � ��* � � M � -jkjkj - � M � (query )$* ) and �5��� � � c � �R0* � � M � - jkj9j - M � (query )$* * ). Query )$* is C�A� -
complete,while query )+* * is @#A� -complete[8,14]. Thus,we canbuild a polynomial-
time nondeterministicTuring machinewith a @ A� oracle,solvingquery _(� asfollows:
themachineguessesboth the literal < andtheset � andthensolvesqueries),* and )$* *
usingtwo callsto theoracle.

(Hardness)Let rZ� egf h.- e�/ m �nf�� - �0/ � bea quanti�ed booleanformula,wheref+�Z} � � j9jkj �i} � , - � � � � jkj9j �i� � , and / aredisjointsetof variables.Weassociatewithr thedefaulttheory � ��r ���1�5����r ��� ����r �i� , where���5r � is theset %�<��&M � � M � � jkj9j ��M � � M � 2
consistingof new lettersdistinct from thoseoccurringin r , and �R��r �a� � � 6�� � 6� � 6 �21�6t�43 : � � � 5 
 � c � � � � @65,��;'5F� �65;�5,� �75 �
 � c � � � � @ 5 � � ; 5 � � 5� ;'5F� �65 *�w?�	I�� j9jkj � � H� � � 5 
 � c � ��� � @65,� � @65>� ��8 �:99 *�w?�	I�� jkjkj � � H 66 5 
 � � 9 � 88 H� � � 5 
 � c ; � � �=<�=< � 
 � c ; � � � �=<� �=< *!>b�1I�� j9jkj �90 H�21 � 5 
!1 � �<� � P �@?A?A? � �6B � � :DC c E�c F�=,�1BB H�43 � 5 
�3 c � � B � � @ 5� @ 5 � 
$3 c � � B � � @ 5� @ 5 *'w?�WI�� j9jkj � � H
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wherealso � ,
�

, � , � � � j9jkj � � � arenew variablesdistinct from thoseoccurringin r .
Clearly, ����r � is consistentand � ��r � canbebuilt in polynomialtime. We next show
that r is valid if f thereexistsanoutlier in � �5r � .

In therestof theproofwe denoteby �M�>M � � ( � �M�n} � � resp.)theliteral } � ( M � resp.)and
by �M� M � � ( � �M� �/} � � resp.)theliteral �/} � ( M � resp.),for w/�1I�� jkjkj � � . Letting � beasubset
of %�M � � M � � j9jkj ��M � � M � 2 ( %T} � � �/} � � j9jkj �i} � � �/} � 2 resp.),wedenoteby �M� � � ( � �M� ��� resp.)
theset %��M�>M��~*DMx( �&2 ( %���M�>M���*DMx( �&2 resp.).

( � ) Supposethat r is valid. Thenwe canshow that < is anoutlier in � ��r � . As r
is valid, thenthereexistsa truth assignment� C on theset f of variablessuchthat � C
satis�es h - e�/ m �nfR� - � / � . Let �;����M�&� w � � � C �i� . It canbeshown thatwecanassociate
to eachtruth assignment� E on the set - of variables,one and only one extension� E of �����5r �\������r � � � . In particular, � E	� � w � � � C ��6 � w � � � E � . As r is valid, then
� m �nf�� - �0/ �30($� E and � E * � ��� . Furthermore,sincethereis no otherextensionof�����5r �\� ���5r � � � , then �5����r ��� ���5r � � ��* � ��� .

Considernow thetheory �5����r ��� ����r � � c � � . We notethattheliteral < appearsin the
preconditionof rule 
�1 , whoseconclusion� represents,in turn, thepreconditionof the
rulesin theset � 3 , rulesthatallow to conclude��� , andthat < doesnot appearin the
conclusionof any ruleof ���5r � . Thus �5����r ��� ����r � � c � � 0* � ��� . Hence< is anoutlier in�t�5r � .

( 
 ) Supposethat thereexists an outlier in �t�5r � . It canbe shown that theoutlier
is < . Hence,thereexistsa nonemptysetof literals � Y ����r ��� %�< 2 suchthat � is an
outlier witnessfor < in � �5r � . It canthenbeshown that � � %*M$* � � j9jkj �&M'*� 2 , where M'*� is
either M � or M � , for w ��I�� j9jkj � � . Now we show that

	�
 : � = satis�es h - e�/ m �nf�� - �0/ � ,
i.e. that r is valid. For eachset ��� %!� � � j9jkj �"� � 2 , where � ; is either � ; or �/� ; , for
>b�1I�� j9jkj �90 , thereexistsoneextension� 


of �5����r ��� ���5r ��� � � suchthat � 
 � � .
We notealsothat � 
 � �M� � � . Thus,in orderfor < to beanoutlier in �t�5r � , it mustbe
thecasethatfor eachset � , � m ��f�� - � / �l0(�� E i.e., that

	�
 : � =�� 
 satis�es m �nf�� - �0/ � .
Hence,wecanconcludethat r is valid.

Theorem 2. _8I is @8A� -complete.

Proof. Theproof is analogousto thatusedin Theorem1.

Theorem 3. _�� is � A� -complete.

Proof. (Membership)Givena theory �+���������	� anda subset�Z��%*M � � jkjkj �&M � 2 Y� , we shouldverify that ����� � � �a* � � M � - j9jkj - � M � (statement)$* ) andthereexists
a literal <~( � suchthat �5��� � � c � �30* � � M � - j9jkj - � M � (statement)$* * ). Solving )$* is
in C�A� . As for statement)+* * , it canbe decidedby a polynomialtime nondeterministic
Turing machine,with anoraclein NP, that (a) guessesboth the literal < ( � andthe
set � ! Y � of generatingdefaultsof an extension � of �5��� � � c � � togetherwith an
orderof thesedefaults;(b) checksthenecessaryandsuf�cient conditionsthat � ! must
satisfytobeasetof generatingdefaultsfor � (see[15] for adetaileddescriptionof these
conditions),by multiplecallsto theoracle;and(c) veri�es that � M � - jkj9j -�� M � 0(,� by
othercalls to theoracle.It canbeshown that the total numberof calls to theoracleis
polynomiallybounded.Thus, _�� is theconjunctionof two independentproblems,one
in C�A� ( )$* ) andtheotherin @8A� ( )$* * ), i.e. it is in � A� .
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(Hardness)Let � � �H��� � ��� � � and � � �u�5� � � � � � betwo propositionaldefault
theoriessuchthat � � and � � areconsistent,let M � �&M � be two letters,andlet ) bethe
statement�5� � * � M � -;� � 0* � M � � . W.l.o.g, we canassumethat � � and � � contain
differentletters,the letter M � occursin � � but not in � � (and,from thepreviouscon-
dition, not in � � ), andtheletter M � occursin � � but not in � � (andhencenot in � � ).
We associatewith ) thedefault theory � �&)
�a� �5���&)
��� ��� )
�o� de�ned asfollows. Let� � � % 8 5 � 9 5� 5 *Mw3�>I�� j9jkj � � 2 and let � � � %!� � � jkjkj �7� � 2 Y � � be all the literals

belongingto � � , then ��� )
�x��% @��&� 8 5 � 9$5� 5 *|w � I�� j9jkj � � 2 6.%T
 ; � � ��� 5F� ��� ���� *�>R�I�� j9jkj �90R2�6�%T
 D � � � �� 2�6 � � , and ���&)
��� � � 6 � � 6�% � M � ��M � 2 , where 	 and 
 are
new lettersdistinct from thoseoccurringin � � and � � , andfrom M � and M � . It canbe
shown that ) is true if f % � M � 2 is a witnessfor someoutlier in � �&)
� . We notethat ) is
theconjunctionof a CRA� -hardanda @8A� -hardindependentproblems,thusthis proves
thehardnesspart.

Theorem 4. _(� is � A� -complete.

4 Disjunction-fr eetheories

Disjunction-freetheoriesform a signi�cant subsetof propositionaldefault theoriesbe-
causethey areequivalentto extendedlogic programsunderstablemodelsemantics[7].
A �nite propositionaltheory �+���5��� �	� is disjunction-free(DF in short),if � is a
setof literals,andtheprecondition,justi�cation andconsequenceof eachdefault in �
is a conjunctionof literals.As we seebelow, outlier detectionfor DF theoriesis still
quitecomplex.

Theorem 5. _(� restrictedto disjunction-freetheoriesis @3A� -complete.

Proof. (Membership)The membershipproof is analogousto that of Theorem1. We
notethatwhendisjunction-freetheoriesareconsidered,) * and )$* * areco-NP-complete
andNP-complete,respectively.

(Hardness)Let r � egf h - m �nfR� - � bea quanti�ed booleanformula,where f �} � � jkj9j �o} � and - � � � � jkj9j �o� � aredisjoint setof variables,and m �nf�� - � ��� � -jkjkj -
� � , with � B � � B�c ��� jkjkj�� � B�c � N , andeach � BTc � � jkj9j � � B�c � N is a literal, for F �I�� j9jkj �iy . We associateto r the default theory � ��r ���V���R��r �\������r �i� , with ���5r �
the set %�<���M � � M � � jkj9j �&M � � M � 2 of new lettersdistinct from thoseoccurring in r , and����r � �4� � 6�� � 6�� � 6��43&6�� *� 6R� *� , where � � , � � , � � and �43 arethesetsof
defaultsasin Theorem1 and � *� and � *� arethefollowing setsof defaults:� *� � 5 ) N�� � � � N� N *
F3�	I�� j9jkj �iy�� K �1I�� jkjkj � � B H� *� � 5 �#� � P �@?A?A? � � B � ��P �@?A?A? � ��� � BB H
wherealso� ,

�
, � , � � � j9jkj � � � , / � � jkj9j �9/ � arenew variablesdistinctfrom thoseoccurring

in r . Clearly, ����r � is consistentand � �5r � canbe built in polynomialtime. Therest
of theproof is similar to thatof Theorem1.

Theorem 6. _8I restrictedto disjunction-freetheoriesis @3A� -complete.

Theorem 7. _�� and _(� restrictedto disjunction-freetheoriesare � A -complete.
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5 Tractable Cases

In this section,we look for someclassesof default theoriesfor which outlier detection
is computationallytractable.

Definition 2. A default theoryis normalmixedunary(NMU in short)if f � is a setof
literalsand � is a setof defaultsof theform

� � ;; where � is eithermissingor a literal
and } is a literal.

Definition 3. An NMU default theoryis normalunary(NU in short)if f theprerequisite
of eachdefault is eithermissingor positive. An NMU default theory is dual normal
unary(DNU in short)if f theprerequisiteof eachdefault is eithermissingor negative.

Thus,NMU, NU, and DNU theorieshave a quite simple structure.In spite of that,
the complexity of detectingoutliers from thesetheoriesremainoften quite high, as
demonstratedby thefollowing results(proofsareomittedfor thesakeof brevity).

Theorem 8. Thefollowing holdoverNMU defaulttheories:

– _(� and _8I are @8A� -complete.
– _�� and _(� are � A -complete.

Theorem 9. Thefollowing holdoverNU andDNU defaulttheories:

– _(� and _8I are NP-complete.
– _�� and _(� are in P.

Thus,restrictingour attentionto NMU, NU, or DNU theoriesdoesnot suf�ce to attain
tractabilityof themostgeneralqueries_(� and _8I . Somefurtherrestrictionis needed,
which is considerednext.

Theorem 10 ([9] [16]). Suppose� is a normal(dualnormal)unarydefaulttheory. We
candecidewhethera literal belongsto everyextensionof � in time Q � � � � , where � is
thelengthof thetheory.

Definition 4. Theatomicdependencygraphof anNMU default theory � is a directed
graphwhosenodesareall atomsin the languageof � , andsuchthat thereis an arc
directedfrom � to ) if f thereis a default in � in which � or ��� is a prerequisiteand )
or � ) is a consequence.

Definition 5. A normal(dualnormal)unarydefault theoryis acyclic if f its atomicde-
pendency graphis acyclic.

Theorem 11. Queries _�� , _8I , _�� and _(� , restrictedto the classof acyclic NU or
acyclicDNU defaulttheoriescanbesolvedin polynomialtimein thesizeof the input
theory.

Proof. It canbeshown thatfor any acyclic NMU default theory �U�4�������	� suchthat� is consistentandfor any literal < in � , any minimal outlier witnesssetfor < in � is
at most1 in size.Theorem'sstatementthenfollowsfrom Theorem10.
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6 RelatedWork

Theresearchon logical-basedabduction[12,2,3] is relatedto outlier detection.In the
frameworkof logic-basedabduction,thedomainknowledgeis describedusingalogical
theory � . A subsetf of hypothesesis anabductionexplanationto a setof manifesta-
tions � if ���pf is a consistenttheory that entails � . Abduction resemblesoutlier
detectionin thatit dealswith exceptionalsituations.

The work most relevant to our study is perhapsthe paperby Eiter, Gottlob, and
Leoneonabductionfrom default theories[4]. There,theauthorshavepresentedabasic
model of abductionfrom default logic andanalyzedthe complexity of the main ab-
ductive reasoningtasks.They presentedtwo modesof abductions:onebasedon brave
reasoningandthe otheron cautiousreasoning.Accordingto theseauthors,a default
abductionproblem(DAP) is a tuple �����������.�i��� where � is a setof groundliterals
calledhypotheses, � is a setof groundliterals calledobservations, and �������	� is a
default theory. Their goal, in general,was to explain someobservationsfrom � by
usingvarioushypothesesin thecontext of thedefault theory ����� �	� . They suggestthe
following de�nition for anexplanation:

Definition 6 ([4]). Let � �	�
�������i��� ��� be a DAP and let � Y � . Then, � is a
skepticalexplanation for � iff

1. ������� � �p��* ��� , and
2. �������
�#�p� hasa consistentextension.

Thereis acloserelationshipbetweenoutliersandskepticalexplanations,asthefollow-
ing theoremstates.The theoremalsoholds for orderedsemi-normaldefault theories
[5].

Theorem 12. Let � � ����� �	� be a normal default theory, where � is consistent.
Let <~( � and � Y � . � is an outlier witnesssetfor < iff %�< 2 is a minimalskeptical
explanationfor ��� in theDAP � ��� %�< 2Q� ���?� ��� � � c � �

Hence,wecansaythat � is anoutlierwitnessfor < if <?(,� , < is askepticalexplanation
for � , but still ��� holdsin everyextensionof thetheory.

Despitethecloserelationshipbetweenoutlierdetectionandabductiondemonstrated
by theabove theorem(especiallyfor normaldefaults)we believe thatthereis a signif-
icantdifferencebetweenthetwo concepts.In abduction,we have to singleout a setof
manifestationsanda setof potentialexplanations.Outlier detection,on theotherhand,
hasmuchmoreto dowith knowledgediscovery. Thetaskin outlierdetectionis to learn
who theexceptionals(theoutliers),or thesuspects,if you wish, are,andto justify the
suspicion(thatis, list theoutlierwitnesses).

It alsoturnsout thatreducingoutlier detectionqueriesto abductionandvice versa
is not straightforward,andtherefore,whenanalyzingthe computationalcomplexities
involved in answeringoutlier detectionquerieswe have preferredto usethe classical
Booleanformulasatis�ability problems.
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Theory � Query ��� ��� ��� ���
Propositional

����
-c
����

-c 	 �� -c 	 �� -c
DF, NMU

���� -c
���� -c 	 � -c 	 � -c

NU, DNU NP-c NP-c P P
Acy. NU, Acy. DNU P P P P

Table 1. Complexity results for outlier detection

7 Conclusion

Supposeyou arewalking down the streetandyou seea blind personwalking in the
oppositedirection.Youbelieveheis blind becauseheis feelinghiswaywith awalking
stick. Suddenly, somethingfalls out of his bag,andto your surprise,he �nds it imme-
diatelywithout probingaboutwith his �ngers, asyou would expectfor a blind person.
Thiskind of behavior rendersthe“blind” personsuspicious.

Thepurposeof this paperhasbeento formally mimic this typeof reasoningusing
default logic. We have formally de�ned thenotionof anoutlier andanoutlier witness,
andanalyzedthecomplexitiesinvolved,pointingoutsomenon-trivial tractablesubsets.
The complexity resultsaresummarizedin Table1, where ^ -c standsfor ^ -complete.
As explainedin the introduction,outlier detectioncan also be usedfor maintaining
databaseintegrity andcompleteness.

This work canbe extendedin several ways.First, we candevelop the conceptof
outliersin otherframeworksof defaultdatabases,like SystemZ [11] andCircumscrip-
tion [10]. Second,we canlook for intelligentheuristicsthatwill enableus to perform
the involvedheavy computationaltaskmoreef�ciently . Third, we canstudytheprob-
lemfrom theperspectiveof default theoriesasa “semanticchecktoolkit” for relational
databases.

Acknowledgements.The authorsgratefully thank Michael Gelfond for somefruitful
discussionson thesubjectof thepaperandFrancescoScarcellofor providing insights
aboutsomeof thecomputationalcomplexity toolswehaveused.

References

1. Fabrizio Angiulli, Rachel Ben-Eliyahu-Zohary, and Luigi Palopoli. Outlier detection using
default logic, 2003. Full manuscript.
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