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Abstract. We de�ne a translationof aggregateprogramsto normal logic pro-
gramswhichpreservesthesetof partialstablemodels.Wethende�ne theclasses
of de�nite andstrati�ed aggregateprogramsandshow thatthetranslationof such
programsare,respectively, de�nite andstrati�ed logic programs.Consequently
thesetwo classesof programshave a singlepartial stablemodelwhich is two-
valuedandis alsothewell-foundedmodel.Ourde�nition of strati�cation is more
generalthantheexistingoneandcoversa strictly largerclassof programs.

1 Introduction

In therecentyearsthereis anincreasinginterestin extendingthesyntaxandsemantics
of answersetprogrammingsystemswith aggregateatoms[2,8,14]. Currentwork sup-
portsonly a limited numberof aggregatefunctions.For exampletheSMODELS system
supportsonly cardinalityandsummationaggregates.Thedlv systemsupports,in addi-
tion, MIN, MAX, andPROD aggregatesbut it doesnotsupportrecursionoveraggregates
[2].

In two papers[5,11] we de�ned partial stablesemanticsfor logic programswith
arbitraryaggregaterelations.Thesemanticsarebasedon ApproximationTheory[3,4]
whichprovidesasolidalgebraicframework for de�ning non-monotonicsemantics.The
ultimatewell-foundedandstablesemanticsof aggregateprograms[5] arethemostpre-
cisesemanticswhichcouldbede�ned within theframework of ApproximationTheory.
They areextensionsof theultimatesemanticsfor standardlogic programs[4] to logic
programswith aggregatesandare,in general,differentfrom thestandardwell-founded
andstablesemanticsfor logic programs.On theotherhand,thesemanticsof [11] are
extensionsof thepartialstablesemanticsof normallogic programs[12].

In this paperwe continuethe investigationof aggregatesby de�ning a translation
of aggregateprogramsto normallogic programs.This translationhasthepropertythat
partialstablemodelsof theaggregateprogram[11] coincidewith partialstablemodels
of its translation[12]. For someaggregatesour translationis equivalentto the trans-
lation of weight constraintsto nestedexpressionsby FerrarisandLiftshitz [6]. How-
ever, ourtranslationis de�nedfor arbitraryaggregaterelationsincludingnon-monotone
oneswhile weight constraintsareessentiallya combinationof a monotoneandanti-
monotoneaggregaterelations.

As anapplicationof thetranslationwepresentanovel de�nition of strati�cation of
aggregateprograms.Theexistingde�nitions [2,5,10] treataggregateatomsasnegative
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literals.So,all atomsde�ning thesetexpressionof anaggregateatomhave to beat a
strictly lowerstratumthantheatomin thehead.Thedifferenceof our de�nition is that
for monotoneaggregaterelations,thepositiveatomsof thesetexpressioncanbeat the
samestratumastheatomin thehead.Similarly, for anti-monotoneaggregaterelations,
thenegative atomsin thesetexpressioncanbeat thesamestratumastheatomin the
head.In this way we obtain a more generalde�nition which coversa strictly larger
classof programs.Underthesemanticsof [11] suchstrati�ed aggregateprogramshave
a two-valuedwell-foundedmodelwhich coincideswith the single two-valuedstable
model.

Thepaperis organizedasfollows.Westartby presentingthenecessarybackground
on ApproximationTheoryin Section2. In Section3 we recall thesyntaxof aggregate
programsand the partial stablesemanticsof [11]. The main resultsof the paperare
presentedin Section4 andtheproofsaregivenin Section5. Finally, wediscussrelated
work (Section6) andgivesomeconcludingremarks(Section7).

2 Preliminaries on Approximation Theory

We �rst presentthenecessarybackgroundon ApproximationTheoryfollowing [4] on
which thesemanticsof aggregateprogramsof [11] is based.Thebasicconceptis that
of an approximationof theelementsof a lattice ��������� by pairs 	�
���
�� . If 
���
 then
we call thepair 	�
���
�� consistentandif 
���
 thenwe call thepair exact. We denote
thesetof all consistentpairson � with ��� . We call theelementsin theset ��� partial
elements. For exampleif � is asetof interpretationsthentheelementsof ��� arecalled
partial interpretations.Thepartialorderrelation � on � canbeextendedin two ways
to partialorderson ��� :

truth order: 	�
���
�������	�
�� ��
!�"� if andonly if 
#�$
�� and 
%�$
!�
precisionorder: 	�
���
&����'(	�
 � ��
 � � if andonly if 
#�)
 � and 
 � �)


A consistentpair 	�
���
�� can be seenas an approximationof all elementsin the
interval * 
���
!+,�.-0/213�54&
$��/2�6
87 which is alwaysnon-empty. In this sense,the
precisionorder � ' correspondsto theprecisionof theapproximation,thatis 	�
���
&��� '
	�
9�:��
;�"� if andonly if * 
���
!+�<=* 
��:��
!�>+ . Exactpairs 	�
���
8� approximateasingleelement

 andrepresenttheembeddingof � in ��� .

Considerthe lattice ?A@CBD�E-0FG��HI7 of classicaltruth valuesorderedas F(JKH . We
denotethesetof consistentelements?L@�B � of ?L@�B with ?NMPOPQ�Q . Theexactpairs
	�FG��FR� and 	�HG��HR� aretheembeddingof theclassicaltruthvaluesF and H respectively and
aremaximal in the precisionorder. Only the pair 	�FI��H0� approximatesmorethanone
truth value,namelytheset -0FG��H:7 , andcorrespondsto thevalueof unde�ned, denoted
with S . The truth order � � is usedto de�ne conjunctionanddisjunctionin ?NMPOPQTQ
whichareinterpretedasgreatestlowerboundU � andleastupperboundV � respectively.
Negationin ?WM%OPQTQ is de�ned as X�	�
���
��Y�5	�XZ
9�[XZ
9� . In particular, X\FN�KH , XZHN�KF ,
and X\S��6S . This interpretationof theconnectives X , U , and V is thesameastheone
givenby Kleene'sstrongthree-valuedlogic.

We brie�y recall thede�nition of partialstableoperator, thede�nition of different
classesof stable�xpoints, andsomebasicproperties.
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De�nition 1 (Partial Approximating Operator). Let ���I��� � beanoperator ona
completelattice � . We saythat ��� ����� �Y� is a partialapproximatingoperatorof �
if thefollowing conditionsare satis�ed:

– � extends� , i.e. � 	�
���
9�Y� 	��(	�
8� �	�(	�
9��� for every 
21 � ;
– � is � ' -monotone.

Because� is a � ' -monotoneoperatoron a completesemilatticethenit hasa least
�xpoint. It is calledtheKripke-Kleene�xpoint of � anddenotedwith 
�
$	�� � .

We denotetheprojectionof an approximatingoperator�
������� �Y� on the �rst
andsecondcomponentswith � � and ��� , i.e. if �A	�
���
�� � 	��Z���&� then � � 	�
���
�� ��� and
���!	�
���
�� ��� . Fromthe ��' -monotonicityof � follows that � � is monotonein the�rst
argumentand � � is monotonein thesecondargument.Recallthat for a �x edelement� 1 � , theoperator� � 	�� � � � is de�nedonly onthedomain *��A� � + . However, it is possible
that for someelement 
.1 *��A� � + , � � 	�
�� � ���1 * �A� � + . Similarly, for a �x ed element� 1�� , theoperator���G	 � ��� � is de�ned on thedomain * � �! �+ but it is possiblethat for
someelement
316* � �! �+ , ���G	 � ��
��"�16* � �! �+ . Denecker et al. [4] showedthat if 	 � � � �
is a post-�xpoint of � , i.e. 	 � � � � � ' � 	 � � � � thentheoperators� � 	�� � � � and ���G	 � ��� �
are well-de�ned on the domains *��A� � + and * � �	 �+ respectively. Suchpairs 	 � � � � are
called � -reliable. Let �$# denotethesetof � -reliablepairs.Thepartial stableoperator% �G� # � � � is de�ned asfollows:

% 	 � � � �\� 	'&�(*)Z	�+ 
-,.� � 40/ 132 4�5 	�
�� � ���"�
&�(*)Z	�+ 
6,.� � 4�/ 782 9'5 	 � ��
���� �!,

The �xpoints of
%

are called partial stable�xpoints of � . The stableoperator
%

is
monotonein the precisionorder � ' andhasa least�xpoint, called the well-founded
�xpoint of � anddenotedwith :<; 	�� � . This �xpoint canbecomputedby trans�nite
iterationof

%
startingfrom the bottomelementin the ��' orderwhich is 	=�A�! N� . Of

specialinterestare elementsin the set
%3> 	�� �#� - 
D1E� 4W	�
���
9� is a �xpoint of% 7 which arecalledexactstable�xpoints of � . An importantpropertyof exactstable

�xpoints is thatthey areminimal �xpoints of � . For such�xpoints it is possibleto give
a simplercharacterization:
 is an exact stable�xpoint if andonly if �(	�
8� � 
 and
&�(*)�	�� � 	�� ��
8��� � 
 .

In logic programmingwe are interestedin approximatingthe immediateconse-
quenceoperator

>@?
. The standardpartial approximatingoperatorof

>A?
is Fitting's

three-valuedB ? operator[7]. TheKripke-Kleene�xpoint of B ? is equalto theKripke-
Kleenesemanticsof C [7]. Although partial stablemodels[12] arede�ned in a very
differentway they do coincidewith partial stable�xpoints of B ? [3]. Finally, exact
stable�xpoints of B ? are equalto the setof stablemodelsde�ned by Gelfondand
Lifschitz [9]. To seethis, let DW��	�CFEHG;� denotetheGelfond-Lifschitztransformationof
a programC with respectto an interpretationG . It is easyto show that B �? 	�G �:�HG � �L�>6IAJ6K ?AL MON�P 	�G � � . Thus &�(*)�	�B �? 	�� �HG;��� is equal to the leastmodel of DW��	�CFEHG;� . Conse-
quently, G is anexactstable�xpoint of B ? if andonly if G is astablemodelof C .
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3 Aggregate Programs

3.1 AggregateFunctions and Relations

An aggregateis typically understoodasa functionfrom a multisetto a singleelement.
A multiset(alsocalledabag) is similar to asetexceptthatanobjectcanoccurmultiple
times.Themostgeneralde�nition of a multiset � on a domain � is a mapping � �
� ��� ����� where � ����� is theclassof cardinalnumbers.For every element
�1	� ,
�E	�
8� givesthemultiplicity of 
 . In this work we consideronly �nite multisets.First,
we de�ne a multisetwith �nite multiplicity asa function � �
�
��� 
 where � 
 is the
setof naturalnumbers.A �nite multisetis a multisetwith �nite multiplicity suchthat
�E	�
8����� only for a �nite numberof elements.Wedenotethesetof all �nite multisets
on � with � 	��%� . Thesubsetrelationbetweenmultisetsis de�ned asfollows: �����
� � if andonly if �$� 	�
9� ��� � 	�
8� for all 
 1�� . Theadditiveunion � ���$����� �
of ��� and � � is de�ned as �E	�
9�P���$� 	�
8����� � 	�
8� for all 
=1�� . The multiset
difference � � �$��!"� � of ��� and � � is de�ned as �E	�
9�N�#���:	�
9�$!�� � 	�
8� if
��� 	�
8�&%�� � 	�
8� and �E	�
9����� otherwise.We denotetheemptymultisetwith ' . For
therestof thepaperby multisetwe meana �nite multiset.

In this work we treataggregatesasrelations— anaggregaterelationon � is any
relationR �(� 	��P���*)+� � . An aggregaterelationR representsanaggregatefunction
whenfor everymultiset � thereis exactlyoneelement� 1,� � suchthat 	-�=� � ��1 R.
Examplesof aggregaterelationsare CARD �.� 	��%�/)0� 
 for any set � de�ned as
	-�=� � � 1 CARD if andonly if � �214365678�E	�
8� and SUM �9� 	�� :��&);� : “return-
ing” the sumof the elementsin the input multiset, i.e. 	-�=� � � 1 SUM if andonly if� � 143<567 
-,=�E	�
9� . Becausewe consideronly �nite multisetsthenbothrelationsare
de�ned for all input multisetsandconsequentlythey arealsoaggregatefunctions.An
aggregaterelationR �>� 	-� � �?)8� � representsa partial aggregatefunctionwhenfor
every multiset � thereis at mostoneelement� 1@� � suchthat 	A�=� � �W1 R. For ex-
ampletakinganaverageof anemptymultisetis not de�ned. Sotheaggregaterelation
AVG �"� 	B� : �?)C� : is a partialaggregatefunction.

Anotheradvantageof representingaggregatesasrelationsis thatwecanobtainnew
aggregaterelationsby compositionof anexisting aggregatewith anotherrelation.Let
R �D� 	��P�"��)@� � be an aggregaterelationand CE�D� � )@�GF a binary relation.
The compositionof R and C is an aggregaterelationR

? �H� 	-� ���I),�JF de�ned as
follows: 	-�=� � � 1 R

?
if andonly if thereexists � 1�� � suchthat 	A�=� � � 1 R and

	 � � � ��1 C . Typically, thebinaryrelation C is somepartialorderrelationonthedomain
� . For exampletheSUM K aggregaterelationmeansthatthesumof theelementsin the
multisetis greaterthanor equalto thesecondargument.

Monotonicityof aggregaterelationsis de�ned asfollows.

De�nition 2. Let R beanaggregaterelationon � . We saythat R is:

– monotoneif 	-�$� � � ��1 R and �$�I�"� � implies 	-� � � � ��1 R;
– anti-monotoneif 	A� � � � ��1 R and �$�I�L� � implies 	A���R� � ��1 R.
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3.2 SetExpressions,AggregateAtoms, and Logic Programs

Aggregateprogramsarebuilt over a setof propositionalatoms��� anda domain � . A
literal is anatom � (positiveliteral) or thenegationof anatom ����� � (negativeliteral).
The complement� of a literal � is de�ned as � ������� � if � � � and � � � if
��������� � .

A weightliteral is anexpression���	� where� is aliteral and �C1 � is theweight
associatedwith � . A setexpressionis a �nite setof weight literals.Syntactically, we
denotea setexpressionas -0��� �
���:��,�, ,"����� �
�
�87 . Thesetof all setexpressionis
denotedwith � Q . It formsa latticeunderthesubsetorder. However, sincewe consider
only �nite set expressions,this lattice is not complete.For a set expression� , � 	��R�
denotesthemultisetconsistingof theweightsof all weightliteralsin � .

An aggregateatomhastheform R 	��G� � � whereR is anaggregaterelation, � is a set
expression,and � 1 � . An exampleof anaggregateatomis SUM KY	 - � ���G� � �	�;7!���G� .
It is truein aninterpretationG if theaggregaterelationis truefor themultisetconsisting
of theweightsof theliteralstruein G , i.e. if thesumof thoseweightsis greaterthanor
equalto 2.

A rulehastheform ����� � U ,�,�, U�� � where� isanatomcalledtheheadof therule
andevery ��� is a a literal or anaggregateatom.Theset � � -�� � ��,�, ,���� � 7 is called
thebodyof therule. It canbepartitionedin threesetsnamely, positive literals )����!	�� � ,
negative literals ���! �	�� � , andaggregateatoms �  " � 	��A� . An aggregateprogram is a
(possiblyin�nite) setof rules.A normal logic programis a setof ruleswhichdoesnot
containaggregateatoms.

De�nition 3. A monotoneaggregateatomis anaggregateatomR 	��G� � � such thateither
R is a monotoneaggregaterelation and � containsonly positiveweight literals, or R

is an anti-monotoneaggregate relation and � containsonly negativeweight literals.
A de�nite aggregateprogramis a program which containsonly positiveliterals and
monotoneaggregateatoms.

3.3 Semanticsof Aggregates

An interpretationfor anaggregateprogramis de�ned asthesetof atomswhichareas-
signedthevaluetrue.Thesetof all interpretationsisdenotedwith # . It formsacomplete
latticeunderthesubsetinclusionorder. Satis�ability of a literal � by aninterpretation
G is de�ned in theusualwayanddenotedby G 4 � � .

For a set expression� and an interpretationG we denotewith �
M

the subsetex-
pressionof � which containsonly the literals which aretrue in G that is �

M
� -R�5�

� 1��D4FG 4 � ��7 . We now de�ne an evaluation function for set expressionsas
* * ��+ + M �$�A	��

M
� that is the multiset of weightsof all literals in � which are true in

G . Satis�ability of an aggregateatom R 	%�G� � � is de�ned as follows: G.4� R 	��G� � � if
and only if 	�* * ��+ + M � � �31 R. For example, - � 7=4 � SUM KY	 - � �&�I� � �'�;7!���I� while
- � 7F�4 � SUM KY	 - � ���G� � �	�;7!���G� .

With every logic programwith aggregatesC wecanassociateanimmediateconse-
quenceoperator

> 7)(�( #? in anobviousway.

De�nition 4.
> 7)(�( #? 	�G;� �=- ��4 �����E1 C and G%4�	�P7
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For de�nite aggregateprogramsthis operatoris monotone.

Proposition1. If C is a de�nite aggregateprogramthenthe
> 7 ( ( #? is monotone.

Example1 (Party Invitation).A setof people
%

areinvited to a party. A person) 1 %
acceptstheinvitation if andonly if at least

� ' of his friendsalsoattendtheparty. With
every person) 1 %

we associateanatom ) denotingwhether) acceptsthe invitation.
Let ;T'A��-�� � � ,�, ,"��� ��� 7 � % bethesetof friendsof ) . For everyperson) we have the
following rule:

) � CARD K�	 -��R�����G��, ,�,"��� � � ���I7G� � ' � ,
WenotethatCARD K is amonotoneaggregaterelationandtherearenonegativeliterals
in theprogramandin thesetexpressionsotheprogramis ade�nite aggregateprogram.
Consequently, the

> 7 ( ( #? operatoris monotone.
Considertwo people� and

�
suchthat � will acceptthe invitation if andonly if

�
doesandvice versa.The preciseinput is

% � - � � � 7 , ; 7 � - � 7 and ; 4 � - � 7 , and� 7 � � 4 ��� . Theprogramis thefollowing:

� � CARD KY	 - � ���I7G�!�0�!,� � CARD KY	 - � � �:7!� �R�!,
Theleast�xpoint of the

> 7)(�( #? operatoris theinterpretationin whichall atomsarefalse.
Thatis neither� nor

�
will attendtheparty. �	

3.4 Partial StableModels

We now recallthede�nition of thepartialstablesemantics[11] of aggregateprograms.
It is de�ned usingApproximationTheorysowe have to de�ne a partialapproximating
operatorof

> 7 ( ( #?
. We do this by extendingFitting's B ? operatorfor standardlogic

programs[7] to aggregateprograms.As aconsequencethesemanticsis anextensionof
thepartialstablesemanticsof logic programs[12]. The B ? operatoris de�ned by eval-
uatingthebodiesof therulesin three-valuedlogic. Our goal is to extendthis function
to aggregateatoms.

First,weextendtheevaluationfunction * * ��+ + M of setexpressionsto partialinterpreta-
tionsasfollows:

* * ��+ + K M�
 2 MONHP �C	�� 	��
M�

� � � 	��

MON
���!,

The result of * * ��+ + K M 
 2 M N P is a partial multiset of the form 	A�$� � � � � , i.e. ��� and � �
are multisetssuchthat � � ��� � . For example,considerthe partial interpretation
	�G � �HG � �L� 	-'&��-H)����!7R� andthe setexpression� � -H)�� �I��� � �I7 . Then * * ��+ + K M�
 2 MON�P �
	-'&� �C� where � is a multiset containingtwo times � and no other elements,i.e.
�E	 �0�,� � and �E	�
8� � � for all 
 ���� .

In three-valuedlogic, aggregatesareinterpretedaspartialrelationswhich take par-
tial multisetsasinput.In [11] we introducedawholeframework for de�ning semantics
of aggregateprograms.Any interpretationof an aggregatesymbol satisfyingcertain
propertiesgivesriseto a differentsemantics.We alsoproposedthesemanticsobtained
by takingthemostpreciseapproximatingaggregate,calledultimateapproximatingag-
gregate.
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De�nition 5. Let R �2� 	��%�/)@� be an aggregaterelation. The ultimateapproxi-
mating aggregateof R is a function �R �$� 	-�%����)@� � ?NMPOPQ�Q . It is de�ned as
R 	�	-���:� � � � � � � � 	 �� � 	�	A���:� � � �"� � � ���R � 	�	A���R� � � �"� � ��� where �R � ���R � �&� 	��%� � )
� � ? @CB are the projectionsof �R on the �r st and secondcomponent,de�ned as
follows:

�R � 	�	-�$�R� � � � � � �Y��H if andonly if � � 1 * ��� � � � +-� 	A�=� � ��1 R

�R � 	�	-�$�R� � � � � � �Y��H if andonly if � � 1 * ��� � � � +-� 	A�=� � ��1 R

Thenext stepis to de�ne avaluationfunctionfor aggregateformulasin three-valued
logic. For convenience,we view a partialinterpretation	�G � � G � � asa function �G � ��� �
?NMPOPQTQ de�ned as �G 	 � �,��	�G �:	 � � �HG � 	 � ��� .
De�nition 6 (Partial valuation function).

M��M 	�� � �	�G8	�� � � for anatom �
M��M 	 R 	��G� � ���Y� �R 	�* * ��+ +
�M � � � � for anaggregateatomR 	��G� � �
M��M 	�X3;L� � X�M��M 	�;L�
M��M 	�; U DL�L��M��M 	�;L�TU � M��M 	�DL�
M��M 	�; V DL�L��M��M 	�;L�TV � M��M 	�DL�

Basedon M��M we de�ne a three-valuedimmediateconsequenceoperatorB 7)(�( #? for
aggregateprograms.

De�nition 7. B ? 	��G;� ���
 where �
 	�� �,� �
� -�M��

M 	�� ��4 � ���D1 C 7 .

For logic programswithout aggregatesthe B 7 ( ( #? operatorcoincideswith Fitting's
B ? operator[7] andthe �

?
operatorde�nedbyPrzymusinski[12]. Partialstablemodels

of programswith aggregatesarede�ned asthepartialstable�xpoints of B 7 ( ( #?
.

Example2. Reconsidertheprogramfrom Example1:

� � CARD K 	 - � ���I7G�!�0�!,� � CARD K 	 - � � �:7!� �R�!,
It hasa two-valuedwell-foundedmodelin which both � and

�
arefalse.This modelis

alsoequalto theleast�xpoint of
> 7 ( ( #? andto thesingleexactstablemodel. �	

4 Translation to Normal Logic Program

In this sectionwe presenta translationof anaggregateprogramto a normallogic pro-
gramwhichpreservesthesetof partialstablemodels.Thenwede�ne theclassof strat-
i�ed aggregateprogramsandshow thatthey havetwo-valuedwell-foundedmodels.

For two formulas ; and D we denotethat they areequivalentin two valuedlogic
with ; � D andthat they areequivalentin three-valuedlogic with ; �/F D , that is
M��M 	�;L� �EM��M 	�DL� for any partial interpretation �G . Becausetwo-valuedinterpretations
arealsopartial interpretationsequivalencein three-valuedlogic impliesequivalencein
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two-valuedlogic. Theoppositeis not true.This is becausethereareno tautologiesin
three-valuedlogic. For example,) U 	 ��V X �:� � ) but ) U 	 ��V X �:� �� F ) .

Thetranslation� � 	 R 	��G� � ��� of anaggregateatomR 	��G� � � is a propositionalformula
; in disjunctive normalform — � � 5 M ; � where G is anindex set.Every disjunct ;�� is
a conjunctionof literalsusingonly atomsfrom thesetexpression� and ; ��4 � R 	%�I� � � .
More precisely, thedisjuncts ;��K �


 2 �
N P of ; areindexedby pairs 	%� � � � � � of subsetex-

pressions� � and � � of � suchthat � � � � � . Thesetexpression� � containsthe literals
whichhaveto betrueand �*! � � containstheliteralswhichhaveto befalse:

; �K �

 2 �
NHP ����-R� 4 ��� �61 � � 7YU���- � 4 �����C1 	��*! � � �>7 ,

Thetranslationof anaggregateatomR 	%�I� � � is de�ned as

� � 	 R 	��G� � ���Y�
�

-8; �K �

 2 �
NHP 4�� � ��� � � � and ; �K �


 2 �
NHP 4 � R 	��G� � �>7

Proposition2. � � F � � 	�� � for everyaggregateatom � .

Becausesetexpressionsare�nite wecanobtainasimplertranslationif weconsider
only minimal (treatinga disjunctasa setof literals)disjuncts;��K �


 2 �
N P . Let � ��� denote

this translation:

� �	� 	 R 	��G� � ���Y�
�

-8; �K �

 2 �
N�P 4 ; �K �


 2 �
N�P

is a minimalsetof literalssuchthat

� � � � � ��� and ; �K �

 2 �
N P 4 � R 	��G� � �>7

Example3. ConsidertheprogramC consistingof thefollowing rule:

� � SUM KY	 - � � �I� � ���;7!���G�!,
Thetranslation� � 	�CL� of C is theprogram

� � � ,� � � U � ,� ������� � U � ,
Ontheotherhand,thetranslation� �	� 	�CL� is theprogram

� � � ,
�	

Proposition3. � � 	�� �Y� F � �	� 	�� � for everyaggregateatom � .

Thetranslationof aprogramC is obtainedby �rst translatingall aggregateatomsin
all rulesfrom C . Then,werewrite thebodyof everyruleto disjunctivenormalform and
replacetherulewith onerule for everydisjunct.Wedenotethetranslationof aprogram
C with � � 	�CL� or � �	� 	�CL� dependingon which translationwe usefor aggregateatoms.
Themainresultis anequivalenceof theassociatedoperatorsof thetwo programs.
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Theorem1. B 7 ( ( #? � B � #
K ?@P � B � #��

K ?@P
.

As a consequencethe original and the translatedprogramshave the sameset of
partialstablemodels.

We now look at thetranslationof de�nite aggregateprograms.

Proposition4. If C is a de�nite aggregateprogramthen � �	� 	�CL� is a de�nite normal
program.

De�nite logic programshave a two-valuedwell-foundedmodel which coincides
with thesingleexactstablemodel.Consequently, this propertyalsoholdsfor de�nite
aggregateprograms.

Proposition5. A de�nite aggregateprogram hasa leastmodelwhich is equalto the
singletwo-valuedpartial stablemodelandthewell-foundedmodel.

More generally, we cande�ne a strati�cation of a programwith aggregateswhich
correspondsto a strati�cation of its translation.

De�nition 8 (DependencyGraph). Thedependency graphof a program C is a signed
directedgraph.Its nodesare thesetof atomsof theprogram C . There is an edge from� to

�
if andonly if there is a rule in C with � in theheadand

�
in thebodyor in a set

expressionof anaggregateatom.Theedge is positive if all occurrencesof
�

in all rules
for � areeitherin a positiveliteral, in a positiveweightliteral of a monotoneaggregate
relation,or in a negativeweightliteral of an anti-monotoneaggregaterelation.In all
othercasestheedge is negative.

De�nition 9 (Strati�ed AggregateProgram). An aggregateprogram is strati�ed if
thedependencygraphdoesnothavea cyclecontaininga negativeedge.

For normallogic programs,thenotionsof dependency graphandstrati�cationcoin-
cidewith thestandardde�nitions [1]. Thepreviousde�nition of strati�cation of aggre-
gateprograms[10] (alsousedin [5]) is morerestrictive thanoursandcoversa smaller
classof aggregateprograms.The differenceis that they do not differentiatebetween
monotone,anti-monotone,andnon-monotoneaggregaterelations.

Proposition6. If anaggregateprogram C is strati�ed then � ��� 	�CL� is strati�ed.

For strati�ed logic programswithout aggregatesthe well-foundedmodel is two-
valuedandcoincideswith theperfectmodelandthesingleexactstablemodel.Conse-
quently, strati�ed aggregateprogramsalsohavea two-valuedwell-foundedmodel.

Example4. ConsidertheprogramC consistingof thetwo rules:

� � CARD KY	 - � � �:7!� �R�!,� � CARD �Y	 - � � �:7!� �!�!,
This programis strati�ed accordingto De�nition 9. but it is not strati�ed accordingto
[2,10]. Also, theassociated

> 7)(�( #? operatoris non-monotone.
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Thetranslations� � 	�CL� and � �	� 	�CL� arebothequalto

� � � ,� � ����� � ,
which is astrati�ed logic programwith a two-valuedwell-foundedmodel - � 7 . �	

We �nish thesectionwith a a remarkthatour de�nitions of de�nite andstrati�ed
aggregateprogramsdonotcovertheentireclassof aggregateprogramswhicharetrans-
latedto de�nite (resp.strati�ed) programs.

Example5. ConsidertheprogramC consistingof thesinglerule:

� � SUM K 	 -!����� � ��!��&� � ���&7!� �G� ,
Becausethe set expressionof the aggregatein the body containsboth positive and
negative numbers,the SUM K aggregateis non-monotone.So, the programis neither
de�nite norstrati�ed.However, thetranslationof theaggregateis � �	� 	 SUM KY	 -!����� � �
!��&� � ����7G� �G��� � � V � andof theprogramis � �	� 	�CL���

� � � ,� � � ,
which is a de�nite normalprogram.Usinganalgebraictransformationof SUM derived
aggregates[14] which is alsovalid underour semantics,theaggregateatomis equiva-
lent to SUM K 	 - � � ��� � ���&7!���G� andtheprogramC hasthesamesetof partialstable
modelsastheprogramC�� :

� � SUM KY	 - � ���&� � ���&7!���G�!,
which is now a de�nite aggregateprogram. �	

5 Proofs

To show that for de�nite aggregateprogramsthe
> 7 ( ( #?

is monotone(Proposition1)
we only needto show that monotoneaggregateatomsaremonotonewith respectto
interpretations.

Lemma 1. If R 	��G� � � is a monotoneaggregateatomand G and



are interpretations
such that G � 
 then G%4� R 	��G� � � implies


 4 � R 	��G� � � .
Proof. First, considerthencasewhen � containsonly positive weight literalsandR is
monotone.Then * * ��+ + M � * * ��+ +�� andconsequently	�* * ��+ + M � � �(1 R implies 	�* * ��+ +��9� � �(1 R.
Similarly, if � containsonly negative weight literals then * * ��+ + M < * * �"+ +�� . Consequently
	�* * �"+ + M � � ��1 R implies 	�* * �"+ +��9� � ��1 R becauseR is ananti-monotoneaggregaterelation

Beforeproving Proposition2 we give analternative characterizationof F � K �

 2 �
N P 4 �

R 	%�I� � � in termsof theultimateapproximatingaggregate �R of R.
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Lemma 2. F � K �

 2 �
N P 4 � R 	��G� � � if andonly if for all � 1 * � 	��:� � � �A	�� � � +A� 	A�=� � ��1 R if

andonly if 	�	 � 	%� � � � � 	�� � ��� � � ��1��R � .
Proposition2. � � F � � 	�� � for everyaggregateatom � .

Proof. We have to prove equivalencefor the two componentsM � and M"� of M and
for eachcomponentwe have to prove two directions.Let � be an aggregateatomof
the form R 	��G� � � . Fix a partial interpretation �G andlet 	%� � � � � �W� � �

M
and 	A� � � � � �N�

	 � 	%� � � � � 	�� � ��� . In theproofwe treat � � 	�� � asasetof formulas.
( M � , � ) Supposethat M � �M 	�� �)� H . This implies that 	 � 	%� � � � � 	�� � � � � � 1 �R �

and by Lemma2 ; �K �

 2 �
N P 4 � R 	��G� � � . So, ; �K �


 2 �
N�P 1 � � 	�� � . It is also the casethat

M � �M 	�; �K �

 2 �
N P �,�	� andconsequentlyM � �M 	�;L�,� H .

( M � , � ) Supposethat M � �M 	 � � 	�� ���Y� H . Thismeansthatthereis adisjunct ;��K � � 
 2 � �N
P 1

� � 	�� � suchthat M � �M 	�; �K � � 
 2 � �N
P �,� H . Thismeansthat 	�� � � � � �� ��� ' 	%� �R��� � � andso * � �R� � � + �

* � � � � � �� + . By de�nition of � � 	�� � , ;��K � � 
 2 � �N
P 1 � � 	�� � only if for all � 1=* � 	%� � � � � � 	�� �� � + ,	-�=� � �$1 R. Because* � � ��� � +�� * � � � � � �� + then also for all � 1 * � 	%� � � � � 	�� � � + �

* � � � � � + , 	-�=� � ��1 R andhenceM � �M 	�� � � H .
( M"� , � ) Assumethat M � �M 	 R 	%�G� � ���,� H . Thismeansthatthereexists � 1 * �)�R� � � +

suchthat 	A�=� � ��1 R. Let � � 1 * � �R� � � + bethesetexpressionsuchthat � 	%� � � �4� . This
meansthat ; �K � � 2 � �

P 1 � � 	�� � andit hastheform

; �K � � 2 � �
P � �J���� 5 �


 �2U �J���� 5 �	� �
N �2U �J���� 5 �

N
� �



K
�
P

wherethe sign of the literals in the third group dependon whether � � � 1 � � .
The importantthing is that all literals in the �rst andsecondgrouparetrue in �G and
all literals in the third groupareunde�ned in �G . So M"� �M 	�; �K � � 2 � �

P �%� H . Consequently
M � �M 	�� � 	�� ���Y� H .

( M"� , � ) Supposethat M � �M 	�� ����F . This meansthat theredoesnot exist a multiset
� 1 * �$�R� � � + suchthat 	-�=� � ��1 R which is equivalentto

� � 1 * �A	�� ���"� � 	%� � � +=, 	-�=� � � �1 R , (1)

Assumealsothat M � �M 	 � � 	�� ��� � H . This meansthat thereexists a disjunct ;��K � � 
 2 � �N
P 1

� � 	�� � suchthat M � �M 	�; �K � � 
 2 � �N
P �Y� H . By de�nition of � � 	�� � for this disjunctwe havethat

	 � 	%� � � � � � 	�� �� � � � � 1 �R � or � � � 1$* � 	�� � � � � �A	�� �� � +=,T	A� � � � � 1 R. Togetherwith (1) this
implies

* � � ��� � +�
 * � � � � � �� +9��' , (2)

Thenext stepis to show thefollowing:

X�	�� � � ��� � ��V X�	�� � � � �� � (3)

Assumetheopposite,i.e. � � � � � � and � � � � �� andlet � � ��� �
� � � � . Because�:� � � �
and � � � � � � thenalso � � ��� � . Similarly, � � ��� �� . Thus, � � 1�* �R� ��� � + and � � 1$* � � � ��� �� +
which is acontradictionwith (2).
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Finally, we do a caseanalysisof (3). Supposethat � � � �� � � . This meansthat there
exists a weight literal �.� � 1 � � � suchthat �.� � �1 � � . For this literal we have
M � �M 	��Y�,� F andconsequentlyM � �M 	�; �K � � 
 2 � �N

P �,� F whichis acontradiction.Now, consider
thecasewhen �:� ���� �� . This meansthatthereexistsa weight literal �����51 �I� such
that ��� � �1 � �� . Note that �E� � 1�	%�/! � �� � andfor this literal M � �M 	���� � H and
consequentlyM � �M 	 ���,� F . Again,wearriveat a contradictionM � �M 	�; �K � � 
 2 � �N

P � ��H . �	

Proposition3. � � 	�� �Y� F � �	� 	�� � for everyaggregateatom � .

Proof (Sketch). Fix a partial interpretation �G . If ; �K �

 2 �
N P �H; �K � � 
 2 � �N

P 1 � � 	�� � suchthat
	�� � � � � � ��' 	%� � � ��� �� � then M��M 	�; �K �


 2 �
N P �G% � M��M 	�; �K � � 
 2 � �N

P � . Consequently, removing the
disjunct ; �K � � 
 2 � �N

P from � � 	�� � will notaffect its truth value. �	
Theproofsof Proposition4 andProposition6 arebasedon thefollowing two lem-

mas.

Lemma 3. LetR 	��G� � � beanaggregateatomwhere R is a monotoneaggregaterelation.
Then

� �	� 	 R 	��G� � ��� �
�

- ; �K �

 2 �
P 4 ; �K �


 2 �
P

is a minimalsetof literalssuch that

� �I� � and ; �K �

 2 �
P 4 � R 	%�I� � � 7 ,

As a consequence,all weight literals in thesetexpression� which areusedin the
translationkeeptheir sign.

Lemma 4. Let R 	��G� � � be an aggregateatomwhere R is an anti-monotoneaggregate
relation.Then

� �	� 	 R 	%�I� � ��� �
�

-8; �K�� 2 �
N P 4 ; �K�� 2 �

N P
is a minimalsetof literals such that

� � � � and ; �K�� 2 �
NHP 4 � R 	��G� � �>7*,

As a consequence,all weight literals in thesetexpression� which areusedin the
translationchangetheir sign.

6 Related Work

A closelyrelatedwork is theextensionof thestablesemanticsto programswith weight
constraintrules[14]. A weightconstraint is anexpressionof theform &Z� �W��� where
� is a setexpressionand & and � arerealnumbersor oneof thesymbols !�� � ��� . In
our syntaxsuchexpressioncorrespondsto theformulaSUM K 	��G�H& �TU SUM � 	��G�H�9� . The
preciserelationshipbetweenthestablesemanticsof weight constraintrulesandexact
stablemodelsof aggregateprogramsasde�ned in [11] and in the presentpaperhas
beenstudiedin [11]. We have shown that for weightconstraintswithout upperbound,
i.e. � �H��� , thetwo semanticscoincide.However, for weightconstraintswith upper
bound,thetwo semanticsmaybedifferent.
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Example6. ConsidertheweightconstraintprogramC � � �C- � � -!����� � 7L�>�&7 . Intu-
itively, theruleexpressesthefactthat � is trueif ����� � is falseorequivalently, � is trueif� is true.Theaggregateprogramcorrespondingto C � � is C6�C- � � CARD �Y	 -!����� � �
�:7G� �G� , 7 . Accordingto De�nition 3 thisis ade�nite aggregateprogramwith amonotone> 7 ( ( #? operator. Its least�xpoint is theemptyset.By Proposition5 thisis alsothesingle
stablemodel.This canalsobeseenby thetranslationto anormallogic programwhich
is � � 	 CARD � 	 -!����� � � �:7!� �!��� � � and � � 	�CL�Y�=- � � � , 7 .

However, underthesemanticsof weightconstraintsa rule with anupperboundis
translatedto a rulewith a lowerboundby introducinganintermediateatom:

� � ����� � ,� � �N�K-!����� � ���:7 ,
This programis equivalentto theprogramC � �E- � � ����� � , � � ����� � , 7 which has
two stablemodels - � 7 and - � 7 . So thestablemodelsof theoriginal programare - � 7
and ' , contraryto intuition. �	

A translationof weight constraintsto nestedexpressionswhich preservesthe set
of answersetsis given in [6]. The semanticsof weight constraintsandconsequently
thetranslationof [6] is de�ned only for setexpressionswith non-negativeweights.For
multisetsof suchnumbers,theaggregaterelationSUM K is monotone.For weightcon-
straintsof the form &�� � , the translationof [6] is exactly thesameas � �	� . However,
becauseof thedifferentsemanticsof weightconstraintswith upperboundsthetransla-
tion whichwegiveandtheonefrom [6] aredifferent.

7 Conclusion

If astrati�ed aggregateprogramhasa two-valuedwell-foundedmodelaccordingto the
semanticsof [11] thenany othersemanticsof aggregateprogramswhichis moreprecise
(accordingto ApproximationTheory)alsohasa two-valuedwell-foundedmodel. In
particularthis holdsfor theultimatesemanticsof aggregateprograms[5].

Our de�nition of strati�cation canalsobe appliedto other languagesandseman-
tics in which onecanmake a distinctionbetweenmonotone,anti-monotone,andnon-
monotoneaggregates.Forexampleweightconstraintswith lowerbounds[14] aremono-
tone1 while weightconstraintswith upperboundsareanti-monotone.

In this paperthe proof that strati�ed aggregateprogramshave a two-valuedwell-
foundedmodelwasdoneby a translationto a normallogic program.We believe thatit
is possibleto de�ne standardmodelof strati�ed aggregateprogramsin thesameway
as[1] andperfectmodelin thesameway as[13] thusgiving a semanticsof strati�ed
aggregateprogramswhich is independentof [11].
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