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Abstract. We de ne a translationof aggregate programsto normallogic pro-
gramswhich preseresthesetof partialstablemodels We thende ne theclasses
of de nite andstrati ed aggr@ateprogramsandshav thatthetranslationof such
programsare, respectrely, de nite andstrati ed logic programs.Consequently
thesetwo classesf programshave a single partial stablemodelwhich is two-
valuedandis alsothewell-foundedmodel.Ourde nition of strati cationis more
generathantheexisting oneandcoversastrictly largerclassof programs.

1 Introduction

In therecentyearsthereis anincreasingnterestin extendingthe syntaxandsemantics
of answersetprogrammingsystemswith aggreyateatoms[2, 8, 14]. Currentwork sup-
portsonly alimited numberof aggreatefunctions.For examplethe SMODEL S system
supportonly cardinalityandsummatioraggreyatesThedlv systemsupportsjn addi-
tion, MIN, MAX, andPROD aggreyatesbut it doesnot supportrecursionover aggreates
[2].

In two paperg[5, 11] we de ned partial stablesemanticdor logic programswith
arbitraryaggreyaterelations.The semanticarebasedn ApproximationTheory[3, 4]
which providesasolid algebraidramework for de ning non-monotonisemanticsThe
ultimatewell-foundedandstablesemantic®f aggreyateprogramg5] arethe mostpre-
cisesemanticsvhich couldbede ned within theframework of ApproximationTheory
They areextensionsof the ultimatesemanticgor standardogic programd4] to logic
programswith aggrgyatesandare,in generaldifferentfrom the standardvell-founded
andstablesemanticdor logic programsOn the otherhand,the semanticof [11] are
extensionf the partial stablesemanticof normallogic programg12].

In this paperwe continuethe investigationof aggreyatesby de ning atranslation
of aggre@ateprogramso normallogic programsThis translationhasthe propertythat
partial stablemodelsof the aggreyateprogram[11] coincidewith partial stablemodels
of its translation[12]. For someaggraatesour translationis equivalentto the trans-
lation of weight constraintsto nestedexpressiondy Ferrarisand Liftshitz [6]. How-
ever, ourtranslatioris de nedfor arbitraryaggreyaterelationsncludingnon-monotone
oneswhile weight constraintsare essentiallya combinationof a monotoneand anti-
monotoneaggreaterelations.

As anapplicationof thetranslationwe presentnovel de nition of strati cation of
aggreyateprogramsTheexistingde nitions [2, 5, 10] treataggreyateatomsasnegative
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literals. So, all atomsde ning the setexpressionof an aggrejateatomhave to beata
strictly lower stratumthanthe atomin the head.Thedifferenceof our de nition is that
for monotoneaggreyaterelations the positive atomsof the setexpressiorcanbe atthe
samestratumastheatomin the head.Similarly, for anti-monotoneaggreyaterelations,
the negative atomsin the setexpressioncanbe at the samestratumasthe atomin the
head.In this way we obtain a more generalde nition which coversa strictly larger
classof programsUnderthe semantic®f [11] suchstrati ed aggreyateprogramshave
a two-valuedwell-foundedmodel which coincideswith the single two-valuedstable
model.

Thepaperis organizedasfollows. We startby presentinghe necessarpackground
on ApproximationTheoryin Section2. In Section3 we recallthe syntaxof aggreyate
programsand the partial stablesemanticsof [11]. The main resultsof the paperare
presentedh Section4 andthe proofsaregivenin Section5. Finally, we discusselated
work (Section6) andgive someconcludingremarkgSection?).

2 Preliminarieson Approximation Theory

We rst presenthe necessarpackgroundn ApproximationTheoryfollowing [4] on

which the semanticof aggrejateprogramsof [11] is based.The basicconceptis that
of anapproximationof the elementf a lattice (L, <) by pairs(z,y). If z < y then
we call the pair (x,y) consistenandif z = y thenwe call the pair exact We denote
the setof all consistenpairson L with L¢. We call the elementsn the setL¢ partial

elementsFor exampleif L is asetof interpretationghentheelementof L¢ arecalled
partial interpretationsThe partial orderrelation< on L canbe extendedin two ways
to partialorderson L°¢:

truth order: (z,y) <¢ (x1,91) if andonlyif z < 27 andy < yy
precisionorder: (z,y) <, (z1,y1) if andonlyif z < z; andy; <y

A consistentpair (z,y) can be seenas an approximationof all elementsin the
interval [z,y] = {#z € L | z < z < y} whichis alwaysnon-emptyIn this sensethe
precisionorder<, correspondso theprecisionof theapproximationthatis (z,y) <,
(z1,y1) if andonly if [z,y] D [z1,¥1]. Exactpairs(z, z) approximatea singleelement
2 andrepresentheembeddingf L in L€.

Considerthelattice TWQO = {f, t} of classicalruth valuesorderedasf < t. We
denotethe setof consistenelementsTWO° of TWO with THREE. Theexactpairs
(f,f) and(t, t) aretheembeddingf theclassicalkruth valuesf andt respectrely and
aremaximalin the precisionorder Only the pair (f,t) approximatesnorethanone
truth value,namelythe set{f, t}, andcorrespondso the valueof unde ned denoted
with u. The truth order <; is usedto de ne conjunctionanddisjunctionin THREE
whichareinterpretedasgreatestowerboundA; andleastupperboundv; respectiely.
Negationin THREE isde ned as—(zx,y) = (—y, ~x). In particulay —-f = t, =t = f,
and—u = u. Thisinterpretatiorof the connectves—, A, andV is the sameastheone
givenby Kleenes strongthree-aluedlogic.

We brie y recallthede nition of partial stableoperatorthe de nition of different
classe®f stable xpoints, andsomebasicproperties.
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De nition 1 (Partial Approximating Operator). LetO : L — L beanopematorona
completdattice L. We saythat A : L¢ — L€ is a partialapproximatingoperatorof O
if thefollowing conditionsare satis ed:

— AextendsO, i.e. A(z,z) = (O(x), O(z)) for everyz € L;
— Ais <,-monotone

Becaused is a <,-monotoneoperatoron a completesemilatticethenit hasa least
xpoint. It is calledthe Kripke-Kleenexpoint of A anddenotedvith KK (A).

We denotethe projectionof an approximatingoperator4 : L¢ — L€ onthe rst
andseconccomponentsvith A* and A2, i.e.if A(z,y) = (u,v) thenAl(z,y) = vwand
A?%(z,y) = v. Fromthe <,-monotonicityof A followsthatA! is monotonen the rst
argumentand A2 is monotonein the secondargument.Recallthatfor a x ed element
b € L, theoperatord! (-, b) is de ned only onthedomain|[_L, b]. However, it is possible
that for someelementz € [L,b], A'(z,b) ¢ [L,b]. Similarly, for a x ed element
a € L, theoperator4?(a, -) is de ned onthedomain(a, T] but it is possiblethat for
someelementy € [a, T], A%(a,y) & [a, T]. Denecler etal. [4] shavedthatif (a,b)
is a post- xpoint of A4, i.e. (a,b) <, A(a,b) thenthe operators4!(-,b) and A%(a, )
are well-de ned on the domains[.L, b] and[a, T| respectrely. Suchpairs (a, b) are
called A-reliable Let L™ denotethesetof A-reliablepairs.Thepartial stableoperator
S: L" — L¢is de nedasfollows:

S(a,b) = (Ifp(Ax. All[L’b](.Z',b)),
Lfp(Ay. A%|fa,71(a,9)) ).

The xpoints of S are called partial stable xpoints of A. The stableoperatorS is
monotonein the precisionorder <, andhasa least xpoint, calledthe well-founded
xpoint of A anddenotedwith W F'(A). This xpoint canbe computedby trans nite
iterationof S startingfrom the bottomelementin the <, orderwhichis (L, T). Of
specialinterestare elementsin the set ST (A) = {z € L | (z,z) is a xpoint of
S} which arecalledexact stable xpoints of A. An importantpropertyof exactstable
xpoints is thatthey areminimal xpoints of O. For such xpoints it is possibleto give
a simplercharacterizationz is an exact stable xpoint if andonly if O(z) = z and
Ifp(Al(-,2)) = @.

In logic programmingwe are interestedin approximatingthe immediateconse-
quenceoperatorT’p. The standardpartial approximatingoperatorof T'p is Fitting's
three-\alued® p operatol7]. TheKripke-Kleenexpoint of & p is equalto theKripke-
Kleenesemanticof P [7]. Although partial stablemodels[12] arede ned in a very
differentway they do coincidewith partial stable xpoints of ép [3]. Finally, exact
stable xpoints of #p are equalto the setof stablemodelsde ned by Gelfondand
Lifschitz [9]. To seethis, let GL(P; I) denotethe Gelfond-Lifschitztransformatiorof
aprogramP with respecto aninterpretation!. It is easyto shav that®},(I;, I,) =
Ter(p;1,)(I1). Thuslfp(®}(-,I)) is equalto the leastmodel of GL(P;I). Conse-
quently I is anexactstable xpoint of &p if andonlyif I is astablemodelof P.
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3 Aggregate Programs

3.1 AggregateFunctions and Relations

An aggreyateis typically understoodasa functionfrom a multisetto a singleelement.
A multiset(alsocalledabag) is similarto a setexceptthatanobjectcanoccurmultiple
times. The mostgeneralde nition of a multiset M on a domainD is a mappingM :
D — Card whereCard is the classof cardinalnumbersFor every elementz € D,
M (x) givesthe multiplicity of . In this work we consideronly nite multisets.First,
we de ne amultisetwith nite multiplicity asafunction M : D — IN wherelN is the
setof naturalnumbersA nite multisetis a multisetwith nite multiplicity suchthat
M (z) > 0 only for a nite numberof elementsWe denotethesetof all nite multisets
on D with M(D). The subsetelationbetweermultisetsis de ned asfollows: M; C
M, if andonly if M, (z) < Ms(z) for all z € D. Theadditiveunion M = M; & M,
of M; and M- is de ned as M (z) = Mi(z) + Ms(z) for all z € D. The multiset
differenceM = M; — M, of My and M- is de ned as M (z) = My (z) — My(x) if
Mi(z) > M»(z) and M (x) = 0 otherwise We denotethe emptymultisetwith §. For
therestof the paperby multisetwe meana nite multiset.

In this work we treataggrejatesasrelations— an aggregaterelationon D is ary
relationR C M(D;) x D,. An aggreyaterelationRr representsn aggregatefunction
whenfor every multiset M thereis exactly oneelementd € D, suchthat(M,d) € R.
Examplesof aggrejaterelationsare CARD C M (D) x IN for ary setD de ned as
(M,d) € carD if andonlyif d = > ., M(z) andsum C M(R) x IR “return-
ing” the sumof the elementsn the input multiset,i.e. (M,d) € sum if andonly if
d =3 ,cpr-M(z). Becausave consideronly nite multisetsthenbothrelationsare
de ned for all input multisetsand consequentlyhey arealsoaggreatefunctions.An
aggregaterelationR C M(D;) x D, represents partial aggregatefunctionwhenfor
every multiset M thereis at mostoneelementd € D, suchthat(M,d) € R. For ex-
ampletaking an averageof anemptymultisetis not de ned. Sothe aggreyaterelation
AVG C M(IR) x IR is apartialaggreyatefunction.

Anotheradvantageof representingggreatesasrelationsis thatwe canobtainnew
aggreyaterelationsby compositionof an existing aggreyatewith anotherrelation.Let
R C M(D;) x D, be anaggrgaterelationand P C D, x D3 a binary relation.
The compositionof R and P is anaggreaterelationRp C M(D;) x D3 de ned as
follows: (M,d) € Rp if andonly if thereexistsa € D, suchthat(M,a) € R and
(a,d) € P.Typically, thebinaryrelation P is somepartialorderrelationonthedomain
D. For examplethe suM > aggreaterelationmeanghatthesumof theelementsn the
multisetis greaterthanor equalto the secondargument.

Monotonicity of aggreyaterelationsis de ned asfollows.

De nition 2. LetR beanaggregaterelationon D. We saythatR is:

— monotondf (M;,d) € RandM; C M, implies(Ma,d) € R;
— anti-monotonéf (M>,d) € Rand M, C M, implies(M;,d) € R.
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3.2 SetExpressionsAggregateAtoms, and Logic Programs

Aggregateprogramsarebuilt over a setof propositionalatomsAt andadomainD. A
literal is anatoma (positiveliteral) or the negationof anatomnot a (negativeliteral).
The complement. of aliteral L isdened asL = not aif L = aandL = a if
L =not a.

A weightliteral is anexpressionl = w whereL is aliteralandw € D istheweight
associatedvith L. A setexpressionis a nite setof weightliterals. Syntactically we
denotea setexpressioras{L; = wx,...,L, = w,}. Thesetof all setexpressions
denotedwith SE. It formsa lattice underthe subsebrder However, sincewe consider
only nite setexpressionsthis lattice is not complete.For a setexpressions, w(s)
denoteghe multisetconsistingof the weightsof all weightliteralsin s.

An aggregateatomhasthe form R(s, d) wherer is anaggregaterelation, s is a set
expressionandd € D. An exampleof anaggrgateatomis SUM> ({a = 1,b = 2}, 2).
It is truein aninterpretatior/ if theaggreaterelationis truefor themultisetconsisting
of theweightsof theliteralstruein I, i.e. if the sumof thoseweightsis greatetthanor

equalto 2.
Arule hastheform A < B A...AB, whereA is anatomcalledtheheadof therule
andevery B; is a aliteral or anaggreyateatom.ThesetB = {By, ..., B,} is called

thebodyof therule. It canbe partitionedin threesetsnamely positive literals pos(B),
negative literals neg(B), and aggr@ateatomsaggr(B). An aggregate programis a
(possiblyin nite) setof rules.A normallogic programis a setof ruleswhich doesnot
containaggreyateatoms.

De nition 3. A monotoneaggrgyateatomis anaggregateatomr(s, d) suc thateither
R is @ monotoneaggregaterelation and s containsonly positiveweightliterals, or R
is an anti-monotoneaggregaterelation and s containsonly negative weightliterals.
A de nite aggreyateprogramis a program which containsonly positiveliterals and
monotoneaggregateatoms.

3.3 Semanticsof Aggregates

An interpretatiorfor anaggreyateprogramis de ned asthe setof atomswhich areas-
signedthevaluetrue.Thesetof all interpretationss denotedvith Z. It formsacomplete
lattice underthe subsetnclusionorder Satis ability of aliteral L by aninterpretation
I is de nedin theusualway anddenotecby I |= L.

For a setexpressions and an interpretation] we denotewith s’ the subsetex-
pressionof s which containsonly the literals which aretruein I thatis s’ = {L =
w € s | I = L}. We now de ne an evaluation function for set expressionsas
[s]; = w(s!) thatis the multiset of weightsof all literals in s which are true in
I. Satis ability of an aggr@ateatomR(s,d) is de ned asfollows: I = R(s,d) if
andonly if ([s];,d) € R. For example,{b} = sum>({a = 1,b = 2},2) while
{a} l?é SUMZ({a =1,b= 2}7 2)

With everylogic programwith aggregatesP we canassociat@nimmediateconse-
quenceoperatorT's??" in anobviousway.

De nition 4. T3 (I)={A| A+ Be€ PandIl |= B}
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For de nite aggreyateprogramghis operatolis monotone.
Proposition1. If P is ade nite aggregateprogramthenthe 75" is monotone

Examplel (Party Invitation). A setof peopleS areinvitedto a party. A persomp € S
acceptgheinvitationif andonly if atleastk, of his friendsalsoattendthe party. With
every personp € S we associat@natomp denotingwhetherp acceptgheinvitation.
Let F, = {q1,...,qn,} C S bethesetof friendsof p. For every persorp we have the
following rule:

p CARD>({q1 = 1,...,qn, = 1}, kp).

We notethatCARD> is amonotoneaggreaterelationandthereareno negative literals
in theprogramandin thesetexpressiorsothe programis ade nite aggreateprogram.
Consequentlythe T;%9" operatolis monotone.

Considertwo peoplea andb suchthata will acceptthe invitation if andonly if b
doesandvice versa.The preciseinputis S = {a,b}, F, = {b} andF, = {a}, and
ko = ky = 1. Theprogramis thefollowing:

a < CARD>({b =1},1).
b < CARD>({a = 1},1).

Theleast xpoint of theT2?Y" operatoiis theinterpretatiorin which all atomsarefalse.
Thatis neithera norb will attendthe party. O

3.4 Partial StableModels

We now recallthede nition of the partialstablesemantic$11] of aggreyateprograms.
It is de ned usingApproximationTheorysowe have to de ne a partialapproximating
operatorof T59". We do this by extendingFitting's #p operatorfor standardogic
programg7] to aggreyateprogramsAs a consequencthe semanticés anextensionof
thepartial stablesemantic®f logic programd12]. The @ p operatoiis de ned by eval-
uatingthe bodiesof therulesin three-aluedlogic. Our goalis to extendthis function
to aggreyateatoms.

First,we extendthe evaluationfunction[s] , of setexpressionso partialinterpreta-

tionsasfollows:
[slir ) = (w(s™), w(s™)).

The resultof [s] ,, ;) is a partial multisetof the form (M1, M>), i.e. My and M
are multisetssuchthat M; C M,. For example,considerthe partial interpretation
(I, I) = (0,{p,q}) andthe setexpressions = {p = 1,q = 1}. Then[[s]](IlJz) =
(0, M) where M is a multiset containingtwo times 1 and no other elements,i.e.
M(1)=2andM(z) =0forallz # 1.

In three-waluedlogic, aggreyatesareinterpretedaspartial relationswhich take par
tial multisetsasinput. In [11] we introducedawholeframework for de ning semantics
of aggrgateprograms.Any interpretationof an aggreyatesymbol satisfyingcertain
propertiegyivesriseto a differentsemanticsWe alsoproposedhe semanticobtained
by takingthe mostpreciseapproximatingaggreyate calledultimateapproximatingag-
gregate



Translationof AggregateProgramgo NormalLogic Programs 35

De nition 5. LetR C M(D) x D be an aggregaterelation. The ultimate approxi-
mating aggre@yateof R is a functionR : M(D)¢ x D — THREE. It is de ned as
R((MlaMQ)ad) = (Rl((MlaMQ)Jd)JﬁQ((MlaMQ)ad)) whee Rl R : M(D)C x
D — TWO are the projectionsof R on the r stand secondcomponentde ned as
follows:

R ((My, Ms),d) = t if andonlyif YM € [M;, My] : (M,d) €
R?((My, Ms),d) = t if andonlyif 3M € [M;, M] : (M,d) €

Thenext stepis to de ne avaluationfunctionfor aggreyateformulasin three-\alued
logic. For corvenienceywe view a partialinterpretation(/y, I) asafunctionl : At —
THREE de nedasi(a) = (I1(a), Iz(a)).

De nition 6 (Partial valuation function).

A) I(A), for anatomA
R(s,d)) = R([s];,d), for anaggregateatomr(s, d)

i
i
H(=F) HI()
i
i

F AG) = Hi(F) A Hi(G)
FV G) = Hi(F) Vi Hi(G)

X R

Basedon #H; we de ne athree-waluedimmediateconsequenceperatordz’?" for
aggreyateprograms.

De nition 7. #p(I) = J whee J(A \/ {H3B) | A+ B € P}.

For logic programswithout aggrejatesthe /9" operatorcoincideswith Fitting's
& p operatof7] andthe¥p operatoide ned by Przymusinskf12]. Partial stablemodels
of programswith aggrgyatesarede ned asthe partial stable xpoints of 359"

Example2. Reconsidethe programfrom Examplel:

a < CARD>({b =1},1).
b < CARD>({a = 1},1).

It hasa two-valuedwell-foundedmodelin which botha andb arefalse.This modelis
alsoequalto theleast xpoint of Tp?" andto the singleexactstablemodel. O

4 Tranglation to Normal Logic Program

In this sectionwe preseni translationof anaggrejateprogramto a normallogic pro-
gramwhich preseresthe setof partialstablemodels Thenwe de ne the classof strat-
i ed aggreyateprogramsandshown thatthey have two-valuedwell-foundedmodels.
For two formulasF andG we denotethatthey areequivalentin two valuedlogic
with F' = G andthatthey areequialentin three-aluedlogic with F' =3 G, thatis
H;:(F) = H;(G) for ary partialinterpretation/. Becausawo-valuedinterpretations
arealsopartial interpretationgquivalencen three-waluedlogic impliesequivalencein
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two-valuedlogic. The oppositeis not true. This is becausehereareno tautologiesin
three-aluedlogic. For example,p A (gV —q) = pbutp A (¢ V —q) #3 p.

Thetranslationtr(R(s, d)) of anaggreyateatomR(s, d) is a propositionaformula
F in disjunctive normalform — \/,_; F; wherel is anindex set.Every disjunctF; is
a conjunctionof literals usingonly atomsfrom the setexpressions andF; = R(s, d).
More precisely the disjunctsFstz) of F' areindexedby pairs(si, s2) of subsetex-
pressionss; andss of s suchthats; C s,. Thesetexpressions; containsthe literals
which haveto betrueands — sy containgheliteralswhich have to befalse:

Fiuy = NI L=wes}ANI|L=we (s —5)}.

Thetranslationof anaggreyateatomR(s, d) is de ned as

tr(R(s,d)) = V{F(851,sz) | 51 C s CsandFy, .,y FER(s,d)}
Proposition2. A =3 tr(A) for everyaggregateatomA.

Becausesetexpressionsre nite we canobtainasimplertranslationf we consider
only minimal (treatinga disjunctasa setof literals) disjuncts (31,5 LELETM denote
thistranslation:

trm(R(s,d)) = \/{F(SSMZ) | F{y, s,) is@aminimal setof literalssuchthat
$1CsyCs andF(sshsz) = R(s,d)}
Example3. Considerthe programP consistingof thefollowing rule:
a < SUM>({a=1,b=2},2).
Thetranslationér (P) of P is the program

a <+ b.
a+ aANb.
a+ notaAb.

Ontheotherhand,thetranslationérm (P) is theprogram

a < b.

Proposition 3. tr(A) =3 trm(A) for everyaggregateatomA.

Thetranslationof aprogrampP is obtainecby rst translatingall aggreyateatomsin
all rulesfrom P. Then,we rewrite thebodyof everyruleto disjunctive normalform and
replacetherule with onerule for every disjunct.We denotethetranslationof aprogram
P with ¢r(P) or trm(P) dependingon which translationwe usefor aggreyateatoms.
Themainresultis anequivalenceof the associate@peratorf thetwo programs.
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Theorem1. 89" = &, (py = Py (p)-

As a consequencéhe original and the translatedorogramshave the sameset of
partial stablemodels.
We now look atthetranslationof de nite aggreyateprograms.

Proposition4. If P is a de nite aggregateprogramthentrm(P) is a de nite normal
program.

De nite logic programshave a two-valuedwell-foundedmodel which coincides
with the single exact stablemodel. Consequentlythis propertyalsoholdsfor de nite
aggreyateprograms.

Proposition5. A de nite aggregate program hasa leastmodelwhich is equalto the
singletwo-valuedpartial stablemodelandthewell-foundednodel.

More generally we cande ne a strati cation of a programwith aggreateswhich
correspondso a strati cation of its translation.

De nition 8 (DependencyGraph). Thedependenggraphof a program P is a signed
directedgraph. Its nodesare the setof atomsof the program P. Ther is an edge from
a to b if andonlyif thereis arule in P with a in theheadandb in thebodyor in a set
expressionof an aggregateatom.Theedge is positive if all occurrencesof b in all rules
for a are eitherin a positiveliteral, in a positiveweightliteral of a monotoneaggregate
relation, or in a negativeweightliteral of an anti-monotoneaggregaterelation.In all
othercasegheedg is negative.

De nition 9 (Stratied AggregateProgram). An aggregate programis strati ed if
thedependencgraphdoesnot havea cyclecontaininga negativeedge.

For normallogic programsthenotionsof dependenggraphandstrati cation coin-
cidewith the standardie nitions [1]. The previousde nition of strati cation of aggre-
gateprogramg10] (alsousedin [5]) is morerestrictve thanoursandcoversa smaller
classof aggreyateprograms.The differenceis thatthey do not differentiatebetween
monotoneanti-monotoneandnon-monotonaggreaterelations.

Proposition 6. If anaggregateprogram P is strati ed thentrm/(P) is strati ed.

For strati ed logic programswithout aggreatesthe well-foundedmodelis two-
valuedandcoincideswith the perfectmodelandthe singleexactstablemodel.Conse-
quently strati ed aggreyateprogramsalsohave atwo-valuedwell-foundedmodel.

Example4. ConsidertheprogramP consistingof thetwo rules:

a ¢ CARD>({a =1},1).
b + CARD<({a = 1},0).

This programis strati ed accordingto De nition 9. but it is not strati ed accordingto
[2,10]. Also, theassociated'5?’" operatolis non-monotone.
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Thetranslationgr(P) andtrm(P) arebothequalto

a < a.

b+ not a.
whichis astrati ed logic programwith a two-valuedwell-foundedmodel{b}. O

We nish the sectionwith a a remarkthat our de nitions of de nite andstrati ed
aggreyateprogramglonotcovertheentireclassof aggreyateprogramswhich aretrans-
latedto de nite (resp.strati ed) programs.

Exampleb. Considerthe programP consistingof thesinglerule:
a < SUM> ({not a = —2,b = 3},0).

Becausethe set expressionof the aggreyatein the body containsboth positive and
negatve numbersthe sum> aggrgateis non-monotoneSo, the programis neither
de nite norstrati ed. However, thetranslatiorof theaggreateis trm(sums ({not a =
—2,b=3},0)) = aV bandof theprogramis trm(P) =

a < a.
a < b.

whichis a de nite normalprogram.Usinganalgebraidransformatiorof sum derived
aggreyateq14] whichis alsovalid underour semanticsthe aggreateatomis equiva-
lentto sum> ({a = 2,b = 3},2) andthe programP hasthe samesetof partial stable
modelsasthe programP”’:

a < SUM> ({a = 2,b=3},2).

whichis now ade nite aggrejateprogram. O

5 Proofs

To shaw thatfor de nite aggreyateprogramsthe 75" is monotone(Proposition1)
we only needto shawv that monotoneaggrejateatomsare monotonewith respecto
interpretations.

Lemmal. If R(s,d) is a monotoneaggregateatomand I and J are interpretations
sudthatI C J thenI = R(s,d) impliesJ = R(s, d).

Proof. First, considerthencasewhens containsonly positive weightliteralsandRr is
monotoneThen[s], C [s], andconsequently[s],,d) € R implies([s],,d) € R.
Similarly, if s containsonly negative weightliteralsthen[s], D [s],. Consequently
([s];,d) € rRimplies([s] ;,d) € R because is ananti-monotoneggrejaterelation

Beforeproving Proposition2 we give an alternative characterizatiorof Ff81 5) =
R(s, d) in termsof the ultimateapproximatingaggreyater of R.
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Lemma2. i, _, E R(s,d) if andonlyif for all M € [w(s1), w(s2)] : (M, d) € Rif
andonlyif ((w(s;),w(sz)),d) € R*.

Proposition2. A =3 tr(A) for everyaggregateatom A.

Proof. We have to prove equivalencefor the two components4{! and#? of # and
for eachcomponentve have to prove two directions.Let A be an aggrejateatom of
the form R(s, d). Fix a partial interpretation/ andlet (s;,ss) = s! and (M, M,) =
(w(s1),w(sz2)). In theproofwetreatir(A) asasetof formulas.

(H', =) Supposethat #1(A) = t. This implies that (w(s1), w(s2),d) € R'
andby Lemma2 F(, . | R(s,d). So, F(, ., € tr(A). It is alsothe casethat
H(F,, 4,)) = t andconsequentlf}(F) = t.

(H!, <) SupposehatH}(tr(A)) = t. Thismeanghatthereis adisjunctF(ss,l,s,Q) €
tr(A) suchthatH}(F(ss,l’sé)) = t. Thismeanghat(s}, s5) <, (s1,s2) andso[si, s2] C
[s],s5]. By de nition of tr(A), Flu o) € tr(A) only if for all M € [w(s}),w(sh)],
(M,d) € R. Becausds;,ss] C [s},sh] thenalsofor all M € [w(s1),w(s2)] =
[Mi, M>], (M, d) € RandhenceH }(A) = t.

(H?, =) Assumethat?—t%(R(s,d)) = t. Thismeanghatthereexists M € [M;, M>)
suchthat(M,d) € R. Lets’ € [s1, s2] bethesetexpressiorsuchthatw(s’) = M. This
meanghatF(, ., € tr(A) andit hastheform

Foomv= N LA N Ian A\ T

L=we€s, L=weEs—s2 L=weEsa—s1

wherethe sign of the literals in the third group dependon whetherL = w € s'.
The importantthing is thatall literalsin the rst andsecondgrouparetruein I and
all literals in the third groupareunde nedin I. So’H%(F(SS,’S,)) = t. Consequently
’H%(tr(A)) =t.

(H?, <) Supposethat?—(%(A) = f. This meanghattheredoesnot exist a multiset
M € [My, M) suchthat(M, d) € R whichis equivalentto

VM € [w(s1),w(s2)]- (M,d) & R. (1)

Assumealsothat%?-(tr(A)) = t. This meansthatthereexistsadisjunctFé‘s,1 s €
tr(A) suchthat?-l%(F(s ) = t. By de nition of tr(A) for this disjunctwe have that

51,55)
(w(s)),w(sh),d) € R orVM' € [w(s}), w(sh)]. (M',d) € R. Togethewith (1) this
implies
[s1,82] N [, 53] = 0. @)

Thenext stepis to shawv thefollowing:
(51 € 82) V(51 C 83) 3

Assumethe oppositej.e. s} C s2 ands; C s andlets’ = sy U s{. Becauses; C s9
andsj C s thenalsos’ C sq. Similarly, s" C s}. Thus,s’ € [s1, s3] ands’ € [s], s5]
whichis a contradictiorwith (2).
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Finally, we do a caseanalysisof (3). Supposéhats] € s2. This meanghatthere
existsa weightliteral L = w € s} suchthatL = w ¢ s». For this literal we have
H%(L) =f andconsequenth%(F(ss,l’3,2)) = f whichis acontradictionNow, consider
thecasewhens; ¢ s). This meanghatthereexistsaweightliteral L = w € s; such
thatL = w ¢ s. Notethat L = w € (s — s5) andfor this literal (L) = t and
consequently{%(f) = f. Again,we arrive atacontradictiorﬂi%(F(ss,l’5,2)) =t. O

Proposition 3. tr(A) =3 trm(A) for everyaggregateatomA.

Proof (Sletch). Fix a partial interpretation/. If F(; 52),F(SS,1 s) € tr(A) suchthat
(s1,82) <p (s1,sh) thean(F(SSI,sz)) >y Hf(F(ss,l,s,Q)). Consequentlyremoving the

disjuncths,1 o) from tr(A) will notaffectits truth value. O

The proofsof Propositiord andProposition6 arebasedon the following two lem-
mas.

Lemma 3. LetR(s, d) beanaggregateatomwhere R is a monotoneaggregaterelation.
Then

trm(R(s,d)) = \/{F&hs) | F(, 5 is @minimalsetof literals sud that
s1 CsandFy;,  F R(s,d)}

As a consequencall weightliteralsin the setexpressions which areusedin the
translatiorkeeptheir sign.

Lemmad4. LetR(s,d) be an aggregateatomwhee R is an anti-monotoneaggregate
relation. Then

trm(R(s,d)) = V{F(SQ,SZ) | F(p,s,) is @ minimalsetof literals such that
s2 CsandFj ..y ER(s,d)}.

As a consequencall weightliteralsin the setexpressions which areusedin the
translationchangetheir sign.

6 Redated Work

A closelyrelatedwork is the extensionof the stablesemantic$o programswith weight
constraintrules[14]. A weightconstaint is anexpressiorof theform < s < u where
s is asetexpressiorand! andu arerealnumbersor oneof the symbols—oo, +00. In
our syntaxsuchexpressiorcorrespondso theformulasum > (s, 1) A SUM<(s,u). The
preciserelationshipbetweerthe stablesemanticof weight constraintrulesandexact
stablemodelsof aggreyateprogramsasde ned in [11] andin the presentpaperhas
beenstudiedin [11]. We have showvn that for weight constraintsvithout upperbound,
i.e.u = 400, thetwo semanticEoincide.However, for weightconstraintsvith upper
bound thetwo semanticsnay bedifferent.
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Example6. ConsidetheweightconstrainporogramP,,. = {a + {not a} < 0}. Intu-
itively, therule expresseshefactthata istrueif not a isfalseorequialently, a is trueif
a istrue. Theaggregateprogramcorrespondingo P, is P = {a <~ CARD<({not a =
1},0).}. Accordingto De nition 3thisis ade nite aggreyateprogramwith amonotone
Tp%" operatorlts least xpoint is theemptyset.By Propositiorb thisis alsothesingle
stablemodel. This canalsobe seerby thetranslationto a normallogic programwhich
istr(CARD< ({not a = 1},0)) = a andtr(P) = {a + a.}.

However, underthe semanticof weight constraintsa rule with an upperboundis
translatedo arule with alower boundby introducinganintermediateatom:

a « not b.
b+ 1< {nota=1}.

This programis equivalentto the programP’ = {a <+ not b. b < not a.} whichhas
two stablemodels{a} and{b}. Sothe stablemodelsof the original programare {a}
and@, contraryto intuition. O

A translationof weight constraintso nestedexpressionswvhich preseresthe set
of answersetsis givenin [6]. The semanticof weight constraintsand consequently
thetranslationof [6] is de ned only for setexpressionsvith non-neyative weights.For
multisetsof suchnumbersthe aggreaterelationsum > is monotone For weightcon-
straintsof theform [ < s, the translationof [6] is exactly the sameastrm. However,
becausef thedifferentsemanticof weightconstraintawith upperboundshetransla-
tion which we give andthe onefrom [6] aredifferent.

7 Conclusion

If astrati ed aggrejateprogramhasa two-valuedwell-foundedmodelaccordingo the
semantic®f [11] thenary othersemantic®f aggreateprogramsavhichis moreprecise
(accordingto ApproximationTheory) also hasa two-valuedwell-foundedmodel. In
particularthis holdsfor the ultimatesemantic®f aggreyateprogramg5].

Our de nition of strati cation canalsobe appliedto otherlanguagesand seman-
tics in which onecanmale a distinctionbetweenmonotone anti-monotoneandnon-
monotoneaggreatesFor exampleweightconstraintsvith lowerboundq14] aremono-
tone* while weightconstraintsvith upperboundsareanti-monotone.

In this paperthe proof that strati ed aggreyateprogramshave a two-valuedwell-
foundedmodelwasdoneby atranslatiornto anormallogic program.We believe thatit
is possibleto de ne standardnodelof strati ed aggrgateprogramsn the sameway
as[1] andperfectmodelin the sameway as[13] thusgiving a semanticof strati ed
aggreyateprogramswhichis independenof [11].
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