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Abstract. We describe a novel method for the generation of tangent-linear code
by augmentation of LL-parsers generated by the software tool ANTLR. The main
advantage of this approach to source code augmentation is the missing require-
ment for an internal representation of the original program. We consider this work
as the basis for further investigations into how far this technique can be extended
in the context of more sophisticated transformations, for example, the automatic
generation of adjoint codes. Our prototype tool AD C ANTLR currently accepts
a subset of the ANSI C standard. We discuss its theoretical basis, and we present
case studies to underline the elegance of the parser-based approach to source
augmentation.

1 Motivation and Summary of Results

What are tangent-linear models good for? Consider the elliptic partial differential
equation

−∆y − λey = 0 (1)

on the unit square Ω where y(x1, x2) = 0 on ∂Ω.1 The Laplacian operator is
defined as
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It can be solved using a centered finite difference scheme by approximating the
first derivative with respect to x1 and x2 at the midpoints of the discretization
intervals
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We have chosen uniform step size h both in the x1 and x2 directions such that
1/h ∈ IN. Similarly, the second derivatives with respect to x1 and x2 at (x1

i , x
2
j )

1 Our intention is not to discuss state-of-the-art methods for solving this problem. We would
rather like to give an intuitive example to motivate the need for tangent-linear models. Similar
situations occur in the context of more sophisticated numerical methods.
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It follows that a numerical approximation to the solution of the partial differential
equation can be computed by solving the discretized problem

f(y) = −
yi+1,j − 2 · yi,j + yi−1,j

h2

−
yi,j+1 − 2 · yi,j + yi,j−1

h2
− λeyi,j = 0

(2)

for i, j = 1, . . . , 1/h − 1. Since the values of y on ∂Ω are known Eqn. (2) is a
system of (1/h−1)2 nonlinear equations in the same number of unknowns. Given
a good start estimate y0 it can be solved by Newton’s method with quadratic
convergence as follows:

δyi = −(f ′(yi))−1 · f(yi)

yi+1 = yi + δyi

for i = 0, . . . At each step the algorithm requires the Jacobian f ′ of f at the cur-
rent estimate yi. Alternatively the Newton step can be obtained as the solution
of the linear system

f ′(yi)δyi = −f(yi) (3)

at each Newton iteration. Direct methods may be prohibitive due to the size
of the problem. Iterative methods are likely to be more suitable. For example,
iterative refinement computes the iterates as

δyi+1 = δyi + B(f(yi) − f ′(yi)δyi) (4)

for a suitable preconditioner B. Note that Eqn. (4) involves the computation
of a Jacobian-vector product. This is done by a tangent-linear code that can be
generated efficiently from a routine implementing f by the source transformation
technique proposed in this paper. There is no need to form the whole Jacobian
explicitly.

Tools for automatic differentiation (AD) [25, 16, 10, 4, 9, 7] by source trans-
formation such as ADIFOR2.0 [6], its successor ADIFOR3.0 [8], TAF [15], the
commercial successor of TAMC [14] distributed by FastOpt GmbH, TAPENADE
[19], the successor of Odyssee [13], ADiMat [5], and OpenAD [26] transform nu-
merical simulation programs into an abstract internal representation (annotated
parse tree, symbol tables, control flow graphs, call graph). The transformation
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algorithms operate on this often very complex data structure to obtain the seman-
tically modified code that computes derivatives of various kinds. The intermedi-
ate representation allows for a large number of static analyses to be performed
with the objective to optimize the resulting transformed code. However, the de-
velopment of a complete compiler front-end is a difficult and time-consuming
task. Many AD-related code transformations can be integrated directly with the
parser. Parser generators such as Bison [12] and ANTLR [23] provide a very
convenient platform for this integration.

Our main intention is to investigate the level of complexity in terms of se-
mantic transformations that can be realized by a single-pass compiler through
augmentation of the parser. Initially we focus on LL(k)-parsers [1] for a subset of
ANSI C that are generated by ANTLR. Similar, investigations are underway for
LR(1)-parsers generated by Bison. In this paper we present a feasibility study
for the parser-based generation of tangent-linear code. After a brief introduction
to the underlying principles of AD in Sec. 2 we present algorithmic details of the
augmented LL-parser in Sec. 3. In Sec. 4 we present our prototype tangent-linear
model compiler AD C ANTLR followed by case studies in Sec. 5. Conclusions
are drawn in Sec. 6 together with an outlook to the possible application of similar
techniques in the context of adjoint codes.

2 Background: Automatic Differentiation

For a given implementation of a vector function

f : IRn → IRm

as a computer program2 we use AD by source transformation to generate code
for computing first derivatives of f. Therefore the computation of y = f(x) is
expected to decompose into a sequence of elemental assignments

vj = ϕj(vi)i≺j (5)

for j = 1, . . . , p + m and i ≺ j if and only if vi is an argument of ϕj . Eqn. (5) is
referred to as the code list of f. We set vi−n = xi for i = 1, . . . , n and vp+j = yj

for j = 1, . . . ,m. The vk, k = 1 − n, . . . , p + m, are called code list variables.
Forward mode AD transforms f into the tangent-linear model ḟ that computes
a total (or directional) derivative ẏ = ḟ(x, ẋ) as ẏ = f ′ẋ. The m × n matrix
f ′ = f ′(x) is the Jacobian of f with entries defined as

f ′

ji =
∂yj

∂xi

for i = 1, . . . , n and j = 1, . . . ,m. This transformation is achieved by applying
well-known differentiation rules to the elemental functions

ϕj ∈ {+,−, ∗, /, sin, exp, . . .}

followed by the application of the chain rule as

v̇j =
∑

i≺j

cjiv̇i (6)

2 From now on we will use f to refer to this implementation as a computer program.
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for j = 1, . . . ,m and total derivatives v̇k of the code list variables vk, k =
1 − n, . . . , p + m. The elemental functions ϕj are assumed to be continuously
differentiable in a neighborhood of the current argument. The corresponding
local partial derivatives are denoted by

cji =
∂ϕj

∂vi

.

As a convenient alternative to source transformation, tools for the automatic
differentiation of numerical programs can be implemented by operator overload-
ing. Established representatives are ADOL-C [17], AD01 [24], and FADBAD [3].

3 Augmented LL-Parsing

We present an algorithm that augments scalar assignments described by the
context-free grammar

G = (N,T, S, P )

with non-terminals

N = {ASGN,EXPR,EXPR LIST} ,

terminals
T = {′=′, ′(′, ϕ, ′)′, ′,′ } ,

where ϕ ∈ {ϕj , j = 1, . . . , p + 1}, start symbol

S = ASGN ,

and production rules

P =































ASGN := var ′=′ EXPR

EXPR := var

EXPR := ϕ ′(′ EXPR LIST ′)′

EXPR LIST := EXPR

EXPR LIST := EXPR ′,′ EXPR LIST































.

LL-parsers traverse the abstract syntax tree (ast) in depth-first order, making
recursive calls to “matching” routines defined for each non-terminal and terminal
symbol. For example, the simple assignment y = x1 ∗ x2 is parsed as follows:

ASGN
var(y)
EXPR(∗)

EXPR LIST
EXPR

var(x1)
EXPR LIST

EXPR
var(x2)
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We associate post-order actions A, Φ, and V with ASGN, EXPR, and var,
respectively. In order to relate the indexing to the code list in Eqn. (5) we set
Φ ≡ Φ(j) and V ≡ V (j) in the following definition.

A : CALL Φ(p + 1)
EMIT(ẏ = v̇p+1)
EMIT(y = vp+1)

Φ ≡ Φ(j) : CALL Φ(i), ∀i ≺ j
P := POP(|{i : i ≺ j}|)
if (P = ∅) then

CALL V (vj = xk)
else

EMIT(v̇j =
∑

k∈P cjk · v̇k)
EMIT(vj = ϕj(vk)k∈P )
PUSH(j)

end if

V ≡ V (j) : if NEW(x) then
EMIT(vj = x)
PUSH(j)

else
PUSH(ID(x))

end if

Processing an assignment starts with processing its right-hand-side whose value
is stored in vp+1 as in Eqn. (5). Hence, the required assignments of the value vp+1

and its directional derivative v̇p+1 to the corresponding left-hand-side variables
are generated by calling the EMIT function. Expressions are processed recur-
sively. A stack is used to PUSH and POP the indexes of the respective code list
variables. When matching a variable x the boolean function NEW is called to
check if x has already been assigned to a code list variable. If so, then ID(x)
returns the corresponding index. According to the assumption that V = V (j)
is called with the correct code list variable index we have implicitly ID(x) = j.
However, the emission of the assignment vj = x is omitted in this case. The
algorithm is illustrated with the help of a simple example in Fig. 1.

The augmentation can be performed irrespective of the flow of control. Hence,
an existing parser can easily be extended to become a tangent-linear code gen-
erator.

4 Implementation

A first prototype has been implemented using ANTLR. The grammar of the pro-
totype is based on the GNU C grammar provided by John Mitchell and Monty
Zukowski provided on the website of ANTLR at www.antlr.org. The portion
of the grammar implementing ANSI C was separated from code for building the
AST, so that only the rules for recognizing C input remained. Support for the
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[1] A :
[2] . Φ :
[3] . .Φ :
[4] . . . V :
[4] . . . . EMIT(v̇0 = ẋ2)
[5] . . . . EMIT(v0 = x2)
[6] . . . . PUSH(0)
[7] . .Φ :
[8] . . . Φ :
[9] . . . . V :
[9] . . . . . EMIT(v̇−1 = ẋ1)
[10] . . . . . EMIT(v−1 = x1)
[11] . . . . . PUSH(−1)
[12] . . . Φ :
[13] . . . . Φ :
[14] . . . . . V :
[14] . . . . . . PUSH(0)
[15] . . . . P := POP(1) = {0}
[16] . . . . EMIT(v̇1 = − sin(v0) ∗ v̇0)
[17] . . . . EMIT(v1 = cos(v0))
[18] . . . . PUSH(1)
[19] . . . P := POP(2) = {1,−1}
[20] . . . EMIT(v̇2 = v−1 ∗ v̇1 + v1 ∗ v̇−1)
[21] . . . EMIT(v2 = v−1 ∗ v1)
[22] . . . PUSH(2)
[23] . .P := POP(2) = {2, 0}
[24] . .EMIT(v̇3 = 1/v2 ∗ v̇0 − v0/v2

2 ∗ v̇2)
[25] . .EMIT(v3 = v0/v2)
[26] . .PUSH(3)
[27] . P := POP(1) = {3}
[28] . EMIT(ẏ = v̇3)
[29] . EMIT(y = v3)

The following tangent-linear code is generated:

v̇0 = ẋ2

v0 = x2

v̇−1 = ẋ1

v−1 = x1

v̇1 = − sin(v0) ∗ v̇0

v1 = cos(v0)
v̇2 = v−1 ∗ v̇1 + v1 ∗ v̇−1

v2 = v−1 ∗ v1

v̇3 = 1/v2 ∗ v̇0 − v0/v2

2 ∗ v̇2

v3 = v0/v2

ẏ = v̇3

y = v3

Fig. 1. Example: y = x2/(x1 ∗ cos(x2))
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symbol table, scoping, and unparsing was dropped completely. The implementa-
tion language was changed from Java to C++. The full source of the current pro-
totype can be downloaded from www.stce.rwth-aachen.de/research/antlr.
Below we briefly explain the implementation of the actions associated with as-
signments, operators or function calls, and variable references.

All grammar rules handling expressions take a flag as argument that selec-
tively activates the generation of tangent linear code. For example, the generation
is switched off if indexes of arrays are computed, or when parsing the conditions
in loops or in branch statements. A pair of identifiers is returned consisting of
the names of the variables that the result of the last computation and the value
of the corresponding total derivative are assigned to, respectively.

Assignments are implemented as described in Sec. 3. Derivative code is generated
only if the type of the variable on the left-hand side is float or double.. The
prototype stores the association of variables and their types in a simple map that
is far from a full featured symbol-table.

The right-hand side of the assignment is known to return a pair of names of
temporary variables. The output generated is the assignment of the temporary
variable to the variable on the left-hand side. The C-compiler’s copy propagation
algorithm [2, 20] is set in charge of removing these obsolete assignments.

Multiplications and other operators and calls to intrinsic functions are treated
by distinct grammar rules preserving priority. After such a rule is matched com-
pletely, two new temporary variables are allocated. The declaration of these
variables is written to a second stream which is merged to the output stream
when the current statement list is closed, i.e. when the associated closing curly
bracket is parsed. The expressions to compute the derivative is usually written
to the output stream first followed by the expression to compute the original
expression. The order of the derivative and original computation is arbitrary.
Only for the division operator and the exponential the order is exchanged to
take advantage of the computed original result in the derivative expression. An
illustration of these statements can be found in Sec. A.

Variables are looked up in the map of variables. A derivative variable is generated
and its declaration is emitted depending on their type.

5 Case Studies

In this section we present two tangent-linear codes that were generated by
AD C ANTLR. First we consider a very simple example that is similar to the
one used in Sec. 3. The original input code is given as follows.

void f(double *x) {

x[2]= x[1]/(x[0] * exp(x[1]));

}

It implements a scalar function f : IR2 → IR1. AD C ANTLR produces the
following tangent-linear code.

void f(double * x, double * g_x){

double v_00;

double g_v_00;
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double v_01;

double g_v_01;

double v_02;

double g_v_02;

v_00= exp(x[1]);

g_v_00= g_x[1]* exp(x[1]);

g_v_01= g_x[0]* v_00+ x[0]* g_v_00;

v_01= x[0]* v_00;

v_02= x[1]/ v_01;

g_v_02= (g_x[1]- v_02* g_v_01)/ v_01;

g_x[2]= g_v_02;

x[2]= v_02;

;

}

The gradient f ′ ∈ IR2 can be computed by two executions of the tangent-
linear code initializing g x[0]=1, g x[1]=0 and g x[0]=0, g x[1]=1, respectively.
These initializations are performed within the following driver routine.

#include <stdio.h>

void f(double * x, double * g_x);

int main(int argc, char **argv) {

double x[]={2.0 , 4.0, 0.0};

double g_x[]={0,0,0};

int j;

for(j=0;j<2; ++j) {

g_x[j]=1;

f(x, g_x);

printf("%f\n", g_x[2]);

g_x[j]=0;

}

return 0;

}

Running the corresponding executable results in the following output

-0.018316

-0.027473

that is exactly equal to the gradient of x[2] with respect to x[0] and x[1]

at the point (2.0, 4.0).
Our second example code implements the discretized differential equation

describing an explosion. Both the original source code for the corresponding
vector function F : IR7 → IR7 and parts of the tangent-linear code are shown in
the appendix. We are primarily interested in the derivative of the output f ∈ IR7

with respect to the input x ∈ IR7. The nonzero entries of the tridiagonal 7 × 7
Jacobian can be computed by three evaluations of the tangent-linear code using
Curtis-Powell-Reid seeding [11]. We use the following seed matrix

ST =

0

@

1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0

1

A

to obtain the compressed Jacobian (F ′)T

0

@

−1.89 1.01 1.01 −1.87 1.01 1.01 −1.89
1.01 −1.87 1.01 1.01 −1.87 1.01 0.00
0.00 1.01 −1.87 1.01 1.01 −1.87 1.01

1

A .
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Decompression using a simple substitution algorithm delivers the Jacobian ma-
trix F ′

0

B

B

B

B

B

B

B

B

@

−1.89 1.01 0.00 0.00 0.00 0.00 0.00
1.01 −1.87 1.01 0.00 0.00 0.00 0.00
0.00 1.01 −1.87 1.01 0.00 0.00 0.00
0.00 0.00 1.01 −1.87 1.01 0.00 0.00
0.00 0.00 0.00 1.01 −1.87 1.01 0.00
0.00 0.00 0.00 0.00 1.01 −1.87 1.01
0.00 0.00 0.00 0.00 0.00 1.01 −1.89

1

C

C

C

C

C

C

C

C

A

that we were looking for. Details can be found in Sec. A.

6 Conclusion and Outlook

An approach to the automatic generation of tangent-linear code was presented
that does not rely on the construction of an intermediate representation of the
original program. Special post-order traversal actions were associated with an
LL(k)-parser generated by ANTLR to cover a subset of the ANSI C standard.
The simplicity of the implementation is apparent from the freely available source
code. Feasibility and correctness of this approach was illustrated by two case
studies.

An obvious disadvantage of the single-pass approach is the missing infrastruc-
ture for static data-flow analysis [18]. Nevertheless we believe that the parser-
based source transformation represents a reasonable trade-off between efficiency
and ease of implementation.

We are currently working on the extension of AD C ANTLR to the parser-
based generation of adjoint code defined by

v̄j =
∑

k:j≺k

ckj v̄k, for j = p . . . , 1 − n.

Adjoint code requires the reversal of the flow of control [21]. The straight-forward
approach is to augmented the original code with statements to PUSH values of
overwritten variables and indexes of basic blocks [22]. These values are POPed
in the adjoint section of the code to achieve the control-flow reversal and to
compute the local partial derivatives ckj.
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A Explosion Example

A.1 Original Code

void ex(int n, double *x, double *p, double *f) {

int i,v;

double h;

h = 2.0/ (n + 1);

f[0] = -(2*x[0]) + h*h*p[0]/12*

(1 + 10*(exp(x[0]/(1 + p[1]*x[0]))));

f[1] = x[0] + h*h*p[0]/12*

(exp(x[0]/(1 + p[1]*x[0])));
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v= n-1;

for(i=1;i<v;++i) {

f[i-1 ] = f[i - 1] + x[i] + h*h*p[0]/12*

(exp(x[i]/(1 + p[1]*x[i])));

f[i] = f[i] - 2*x[i] + h*h*p[0]/1.2*

(exp(x[i]/(1+ p[1]*x[i])));

f[i+1] = x[i] + h*h*p[0]/12*

(exp(x[i]/(1 + p[1]*x[i])));

}

f[n-2] = f[n-2] + x[n-1] + h*h*p[0]/12*

(exp(x[n-1]/(1 + p[1]*x[n-1])));

f[n-1] = f[n-1] - 2*x[n-1];

f[n-1] = f[n-1] + h*h*p[0]/12*(1 + 10*

(exp(x[n-1]/(1 + p[1]*x[n-1]))));

}

A.2 Tangent-Linear Code

void ex(int n, double * x, double * g_x,

double * p, double * g_p,

double * f, double * g_f) {

double g_h;

double v_00;

double g_v_00;

double v_01;

double g_v_01;

...

double v_92;

double g_v_92;

int i,v;

double h;

g_v_00=0;

v_00= n+1;

v_01= 2.0/v_00;

g_v_01= (0.0F- v_01* g_v_00)/v_00;

g_h= g_v_01;

h= v_01;

// The total derivative g_h of h is zero

// since h is passive. Static activity

// is required to avoid the generation

// of this obsolete code section

g_v_02= 0*x[0]+ 2* g_x[0];

v_02= 2* x[0];

// The partial derivative wrt. a constant is

// zero. Hence, the generation of 0*x[0]

// could be avoided. Code optimizations of

// this type are the subject of ongoing work.

...

g_v_07= g_p[1]* x[0]+ p[1]* g_x[0];

v_07= p[1]* x[0];

// A typical example for the product rule.

...
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v_09= x[0]/ v_08;

g_v_09= (g_x[0]- v_09* g_v_08)/ v_08;

// The result of a division can be used

// to compute the partial derivatives more

// efficiently. Hence, the computation of

// the intermediate function value precedes

// the computation of the derivative in this

// case. A similar statement applies to the

// exp intrinsic ...

v_10= exp(v_09);

g_v_10= g_v_09* v_10;

...

g_v_14= g_v_03+ g_v_13;

v_14= v_03+ v_13;

// A typical addition followed by

// a typical assignment ...

g_f[0]= g_v_14;

f[0]= v_14;

// The flow of control remains unchanged.

for(i= 1;i<v;++i) {

double v_25;

...

double v_57;

double g_v_57;

...

g_v_28= g_h* h+ h* g_h;

v_28= h* h;

// Algebraic simplifications such as

// h*h=h**2 are beyond the scope of

// the current prototype.

}

...

g_f[(int)v_78]= g_v_92;

f[(int)v_78]= v_92;

// Currently, all temporary variables

// have type double. Hence, a explicit

// cast to integer is required when using

// temporary variables inside of array index

// expressions.

}

A.3 Driver Routine

#include <stdio.h>

void ex(int dim, double * x, double * g_x,

double * p, double * g_p,

double * f, double * g_f);

int main(int argc, char **argv) {
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double x[]={1.72, 3.45, 4.16, 4.87,

4.16, 3.45, 1.72};

// seed matrix

double g_x_col1[]={1,0,0,1,0,0,1};

double g_x_col2[]={0,1,0,0,1,0,0};

double g_x_col3[]={0,0,1,0,0,1,0};

double f[7];

double g_f[7];

double p[]={1.3, 0.245828};

double g_p[]={0.0,0.0};

int i;

ex(7, x, g_x_col1, p, g_p, f, g_f);

for(i=0; i<7; ++i)

printf("%f ", g_f[i]);

printf("\n");

ex(7, x, g_x_col2, p, g_p, f, g_f);

for(i=0; i<7; ++i)

printf("%f ", g_f[i]);

printf("\n");

ex(7, x, g_x_col3, p, g_p, f, g_f);

for(i=0; i<7; ++i)

printf("%f ", g_f[i]);

printf("\n");

return 0;

}

A.4 Screen Dump

-1.887 1.011 1.012 -1.871 1.012 1.011 -1.887

1.012 -1.871 1.012 1.012 -1.870 1.012 0.000

0.000 1.012 -1.870 1.012 1.012 -1.871 1.012

We have decreased the precision of the displayed floating-point values to make
them fit on the page.
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1990-15 ∗ Manfred Nagl, Andreas Schürr: A Specification Environment for Graph

Grammars
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2003-02 Jürgen Giesl, René Thiemann: Size-Change Termination for Term

Rewriting

2003-03 Jürgen Giesl, Deepak Kapur: Deciding Inductive Validity of Equations
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